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Abstract
Thisthesisisdevotedtothestudyofthepropertiesoflightemittedbyacolectionof
atomicscatterersdistributedatrandompositionsinEuclideanspace.Inthisrespect,
anabinitiotheoryofrandomlasingisformulatedintermsofthestatisticalproperties
oftheso-caled‘Green’smatrix’. ThismatrixbelongstothefamilyofEuclideanran-
dommatrices(ERMs),forwhichwedevelopananalytictheorygivingaccesstotheir
eigenvaluedistribution.
First,wederivequantum microscopicequationsfortheelectricﬁeldandatomic
operators,andshowhowthenon-HermitianGreen’smatrix(amatrixwithelements
equaltotheGreen’sfunctionoftheHemholtzequationbetweenpairsofatomsinthe
system)emergesinthequantumformalism. Weprovideexpressionsfortheintensity
andthespectrumoflightintermsoftheGreen’smatrix,characterizequantumLangevin
forces,andrevealhowthesemiclassicalrandomlaserthresholdiswashedoutbyquantum
ﬂuctuations(chapters2and3).
Amesoscopicandsemiclassicaldescriptionoflightscatteredbypumpedatomsis
thesubjectofchapter4. Weprovideamicroscopicderivationofthetransportequation
inthepresenceofgain,revealamappingtoERMs,andanalyzethelasingthreshold
inferredfromthetransportequation.
Inchapters5and6,wedevelopananalytictheoryforHermitianandnon-Hermitian
ERMsinthelimitoflarge matrixsize. Weobtainself-consistentequationsforthe
resolventandtheeigenvectorcorrelatorofanarbitraryERMandapplyourresultsto
threediﬀerentERMsrelevanttowavepropagationinrandommedia:therandomGreen’s
matrix,itsimaginarypart,anditsrealpart. Weareabletodescribeanalyticalywith
reasonableprecisionthefulprobabilitydistributionofdecayratesoflightemittedby
alargenumberofatoms,aswelasofthecolectivefrequencyshiftinducedbythe
light-matterinteraction.ThesignaturesofAndersonlocalizationinthepropertiesofthe
Green’smatrixarealsodiscussed.
Finaly,wecombinemicroscopicequationsofmotionoflight-matterinteractionwith
ourresultsfornon-HermitianERMstotackletheproblemofrandomlasing(chapter
7).Thelasingthresholdandtheintensityoflaseremissionarecalculatedanalyticalyin
thesemiclassicalapproximation,andthespectrumoflightbelowthresholdiscomputed
bytakingintoaccountquantumeﬀects.Ourtheoryappliesfromlowtohighdensityof
atoms.
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R´esum´e
Cetteth`esepr´esenteunee´tudedespropri´et´esdelalumi`eree´misepardesdiﬀuseurs
atomiquesdistribu´esal´eatoirementdansl’espaceeuclidien.Danscecadre,uneth´eorieab
initiodeslasersal´eatoiresestformul´eeentermedespropri´et´esstatistiquesdela‘matrice
deGreen’. Cettederni`ereappartienta`lafamiledesmatricesal´eatoireseuclidiennes
(MAE)pourlesquelesnousd´evelopponsuneth´eorieanalytiquedonnantnotamment
acc`es`aladistributiondeprobabilit´edeleursvaleurspropres.
Dansunpremiertemps,nouse´tablissonslese´quationsquantiquesmicroscopiques
r´egissantladynamiqueduchamp´electriqueainsiqueceledesop´erateursatomiques,et
explicitonscommentlamatricedeGreen(dontles´el´ementssont´egaux`alafonctionde
Greendel’´equationdeHelmholtz´evalu´eeentrelesdiﬀ´erentespairesd’atomesconstitu-
antlemilieu)e´mergeduformalismequantique. Nousexprimonsa`lafoisl’intensit´eet
lespectredelalumi`ereentermesdelamatricedeGreen,caract´erisonslesforcesde
Langevinquantiques,etmontronsdequelemani`ereleseuilsemi-classiqued’unlaser
al´eatoireestaﬀect´eparlapriseenconsid´erationdesﬂuctuationsquantiques(chapitres
2et3).
Unedescriptionm´esoscopiqueetsemi-classiquedelalumi`erediﬀus´eepardesatomes
soumisa`unepompeexterneestpr´esent´eedanslequatri`emechapitre. Nousd´erivons
une´equationdetransportob´eieparl’intensit´emoyenneenpr´esencedegain,´etablissons
un‘mapping’aveclesMAE,etanalysonslaconditiondeseuillaserd´eduitedel’´equation
detransport.
Dansleschapitres5et6,nousd´evelopponsuneth´eorieg´en´eraledes MAE,hermi-
tiennesetnonhermitiennes,validedanslalimitedegrandetaile matriciele. Nous
obtenonsdes´equationscoupl´eespourlar´esolvanteetlecorr´elateurdesvecteurpropres
d’uneMAEarbitraire,puistestonslavalidit´edenosr´esultatssurtroismatricesjouant
unrˆoleimportantdansl’´etudedelapropagationdesondesenmilieuxd´esordonn´es:la
matricedeGreen,sapartieimaginaire,etsapartier´eele.Noussommesainsicapablesde
d´ecrireanalytiquementavecunebonnepr´ecisionladistributiondeprobabilit´edestaux
d’´emissionlumineuxdusa`ungrandnombred’atomes,ainsiqueceledud´eplacement
lumineuxcolectifdˆua`l’interactionlumi`ere-mati`ere. Lessignaturesdelalocalisation
d’Andersondanslespropri´et´esdelamatricedeGreensont´egalementdiscut´ees.
Finalement,nouscombinonslese´quationsmicroscopiquesdel’interactionlumi`ere-
mati`ereavecnosr´esultatsrelatifsauxMAEnon-hermitiennesaﬁndecaract´eriserdansle
d´etaillecomportementdeslasersal´eatoires(chapitre7).Leseuillaserainsiquel’intensit´e
audel`aduseuilsontcalcul´esanalytiquementdansl’approximationsemi-classique,etle
spectredelalumi`eresousleseuilest´evalu´eenprenantencompteleseﬀetsquantiques.
Notreth´eories’appliqueaussibien`abassedensit´equ’`ahautedensit´edediﬀuseursatom-
iques.
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Chapter1
Introduction:Randomlasinginanutshel
1.1 Howcanalaserberandom?
Aconventionallaserisadeviceconstructedfromtwoessentialelements:anactive
mediumthatampliﬁeslightbystimulatedemission,andacavitythatprovidesfeed-
back.Ifthegainissuﬃcienttoexceedthelosses(duetopartialreﬂectionsonthe
mirrorsofthecavity,orabsorption),thesystemreachesathresholdbeyondwhichthe
propertiesoftheemittedlightareradicalydiﬀerentfromwhatcanbeobservedbelow
threshold. Threemainsignaturesoflaserlightmaybeidentiﬁed:(1)itshighdegree
ofmonochromaticity,(2)itsdirectionalityandbrightnessand(3)thePoissonstatistics
ofthenumberofemittedphotons[1,2].Thesekeypropertiesoflaserlightfolowfrom
thespecialwayofgeneratingit,andinparticularfromthefactthatthegainmediumis
placedinacavitywithahighqualityfactor.Narrowresonancesofthecavitygiveriseto
wel-deﬁnedlasingmodes,ensuringsmalﬂuctuationsoftheemittedﬁeld(ﬁrst-odertem-
poralcoherence).Ifthewave-frontisweldeﬁned,lighthasalsoagoodspatialcoherence
thatmaygiverisetohighdirectionality,eventualylimitedbydiﬀraction.Inaddition,
smalﬂuctuationsoftheintensity(second-ordercoherence)areduetosaturationofgain
inducedbynonlineareﬀectsbeyondthreshold.
Obviously,ifweremovethecavityofalaser,feedbackissuppressedandlasingstops.
Awaytorestorefeedbackistointroducedisorderintheactivemedium. Wecal‘random’
alaserinwhichthefeedbackisprovidedbymultiplescatteringoflightontherandom
heterogeneitiesoftheactivemediumandnotbyawel-deﬁnedcavity[3,4].Arandom
laserhascompletelyopenboundarieswithstrongcouplingtotheenvironment,andlight
canescapefromthemediumviaanypointontheboundaries,seeFig.1.1.Itshould
notbeconfusedwithchaoticcavitylaserswhichhavewel-deﬁnedreﬂectingboundaries
withafewopenings,andarecharacterizedbychaoticraydynamics[5].
SincethepioneeringworkofLetokhovandco-workersinthe1960’s[6–8],lasingin
disorderedmediahasbeenthesubjectofvarioustheoreticalandexperimentalstudies,
witharesurgenceofinterestinthemid1990’sbecauseofapossiblerelationtothe
phenomenonofAndersonlocalization[9].Theterm‘randomlasing’wasactualyintro-
ducedin1995[10].Inthecourseofthelastdecade,randomlasinghasbeenobservedin
diﬀerentkindsofopticalythickdisorderedmaterials:powders[11],polymerﬁlms[12],
clusters[13],ceramics[14],porousmaterials[15],orcoloidalsolutionsofnanoparticles
[16,17],andhenceitcanberegardedasauniversalpropertyofdisorderedstructures
1
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Figure1.1:Inarandomlaser,feeedbackisprovidedbymultiplescatteringoflighton
therandomheterogeneities(scatterers)oftheamplifyingmedium.
(forareviewsee[3,4]).
Withtherenewedexperimentalinterestinrandomlasers,numerousattemptsto
generalizelasertheorytosuchsystemshavebeenundertaken.Inparticular,twoob-
servations,thatseemedatﬁrstsightcontradictory,stimulatedtheelaborationofnew
theoreticalmodels.Ontheonehand,thevastmajorityofexperimentsonrandomlasers
wereperformedintheweakscatteringregime(diﬀusiveorquasi-balisticregime),mean-
ingthatthemodes(orresonances)ofthepassivedisorderedsystemstronglyoverlap,
incontrastwithahigh-Qcavitylaser. Andontheotherhand,sharplaserpeakswere
observedinthespectrumoflightemittedbyarandomlaser,thatemergedonebyone
whenincreasingthepumpabovethreshold. Thesituationwasconfusingbecausethe
commonbeliefisthatinterferenceeﬀectscanbetosomeextentneglectedinthediﬀusive
regime1,whilethestructureofsharplaserlinescanbeunderstoodonlyifinterferences
inthemultiplescatteringareconsidered[3]. Variousexoticscenariosweretherefore
originalyproposedtoexplaintheexistenceofsharppeaks. Mostofthemwerebased
on‘rareevents’thatbreakawayfromthediﬀusivepicture.Itwassuggestedthatthe
feedbackisprovidedbyclosedtrajectoriesformedbymultiplyscatteredlight[11].Then,
thispicturewasdevelopedandtheprobabilityofhavingring-shapedresonatorswith
indexofrefractionhigherthanaverage(correspondingthereforeto‘prelocalizedstates’)
wascalculated;itwasshowntobesubstantialyincreasedbydisordercorrelationdueto
ﬁnite-sizescatterers[18]. Morerecently,mechanismsinvolvingbreakdownofdiﬀusion
[19],orspontaneouslyemitted‘luckyphotons’thattravelmuchlongerdistancesthan
theaverageones[20]wereputforward.Asaresultofthemultiplicationofthevarious
possiblescenarios,asimplecomprehensivepictureofrandomlasingwaslacking.
Inordertoclarifythesituation,itmaybeusefultomakethefolowingcomments:
•Sayingthatadisorderedsystemisinadiﬀusiveregimedoesnotmeanthatthe
1Ifwedisregardeﬀectsduetoweak-localizationcorrections,suchas,e.g.,coherentbackscattering,
thedynamicsoflightisweldescribedbyadiﬀusionequationfortheaverageintensity(seechapter4).
§1.2 Theﬁrstsimplepicture 3
underlyingmodesofthesystemareinaccessibleorirrelevant.
•Amongaltheresonancesofanopensystem,modessupportedbyrareeventsare
notaprioribettercandidatesthanmodesgivingrisetodiﬀusiontoexplainboth
thelaserthresholdandtheexistenceofsharppeaksabovethreshold.
•Althoughalthescenariosmentionedabovemayeﬀectivelyariseinarandomlaser,
identifyingforeachspeciﬁcsystemthespecialconﬁgurationresponsibleforlasing
isnotrealysatisfactory:wewouldpreferauniﬁedpicturethattelsuswhenthe
diﬀusionpredictionisreliableandwhenandtowhichextentrareeventsneedto
beconsidered.Suchapictureisbrieﬂyintroducedinthenextsection.
Atthepresenttime,itseemsacceptedthatarandomlaserispotentialyamultimode
systemthathasthereforetobetreatedwithintheframeworkofacompletemultimode
lasingtheory[21,22].
Fromabroaderperspective,randomlasersareusualyconsideredtobediﬃcultto
describeanalyticalybecauseseveralfeaturesmustbetreatedwithcare:(1)saturationof
thegainmediumandnonlinearitiesofthecoupledmatter-ﬁeldequations,(2)opennessof
themediumcoupledtoitsenvironment,(3)interferenceeﬀectsthatmayplayaroleinal
regimesofdisorder,(4)quantumnatureofthelight-matterinteraction.Thegoalofthis
thesisistoprovidefoundationsofanabinitioanalytictheorythatcorrectlydescribes
thesediﬀerentaspects.Inthestandardlasertheory[23],thesituationissimpliﬁedfortwo
reasons:disorderisabsent,andthereisawel-deﬁnedcavity.Existenceofthecavityhas
deepconsequences,inasmuchasitalowstodecouplethetreatmentoffeatures(1),(2),
and(4).Indeed,onceahigh-Qcavityisassumed,wealreadyknowalmosteverything
aboutthenatureofthemodesthatwilsupportlaseraction. Therefore,thereisno
needforareﬁneddescriptionofthelight-matterinteraction,inthesensethatboththe
opennessofthecavityandquantumﬂuctuationsarewelcapturedbytheintroduction
ofaphenomenologicalbathforthelasermodes(see[23]andsection2.2). Thisisin
sharpcontrastwithrandomlasers,forwhichamodaltheory(semiclassicalorquantum)
isstil underconstruction[21,22]. Theresultofourexperiencefacingtheproblem
ofconstructingananalyticrandomlasertheoryisthatfeatures(1)-(4)mustnotbe
consideredasindependentbuildingblocksthatweshouldproperlyadjusttogether.On
thecontrary,althesefeaturesshouldbeseenasmanifestationsofasinglewel-deﬁned
problem:thelight-matterinteractionatamicroscopiclevel.Inthisthesis,weshalsee
thatstartingfromtheverybottomoflightmatter-interactionnaturalyleadstoaproper
descriptionoftheopennessofthesystem(andthenon-Hermiticitythatfolows),aswel
asofquantumﬂuctuations.2
1.2 Theﬁrstsimplepicture
Therearetwoalternativewaystodealwiththeproblemoflightinteractingwithan
arbitrarymedium:eitherwepayattentiontothelightdynamics,andinthatcasewe
2Complicationsmayoccurwhentryingtoconsidertheproblemtheotherwayaround.Forexample,
ifwewishtodeﬁneanappropriatebasisofmodestoquantizetheﬁeldinanopenmedium,usingthe
Feshbachprojectiontechnique[24],wehavetoidentifyaninterfacebetweentheopensystemandits
environment,whichisingeneraldiﬃcult(thinkofatomsdistributedinfreespacewithanarbitrary
density),leadingeventualytoexpressionsforthemodesthatrequireafairamountofcomputationto
beconstructedexplicitly[21,24–27].
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attempttoworkwithadynamicalequationfortheﬁeldortheintensity;orwefocus
oncolectiveexcitationsofthe‘light-matter’system(seesection2.4). Webelievethat
keepinginmindthesetwofacesofthelight-mattercoin—andconfrontingthemasoften
aspossible —isveryfruitful.Letusconsiderbothofthemtogetaﬁrstinsightinthe
physicsofrandomlasers,namelytostudythelasertransition.
Inastandardlaser,disorderisabsentfromtheamplifyingmedium.Formaly,this
meansthatthetransportmeanfreepathltrislargerthanthesamplesizeR(seechapter
4).Inthatcase,lightpropagationisdescribedbytheHelmholtzequationfortheelectric
ﬁeld.Interactionwithmatter(thegainmedium)canbedescribedbyasourcetermin
thisequationthatfeaturespolarizationofthemedium.Lasingstartswhenthegain(con-
tainedinthepolarizationterm)exceedslossesduetoabsorption(alsocontainedinthe
polarization)andtopartialreﬂectionsonthemirrorsofthecavity.Boundaryconditions
usedtoﬁndthesolutionsofthepropagationequationdeterminethelattersourceofloss.
Inthissense,themodeofthecavitythatminimizesthelossistheﬁrstlasingmode.
Whenweremovethemirrorssurroundingthegainmediumandaddimpurities(disor-
der),descriptionoflightpropagationneedstobereconsideredbecausebeyondltrthe
propagationdirectionofanemittedphotonislostanditsphaseisscrambled(seesections
4.3and4.5).Ifdisorderis‘weak’andR ltr,transportisweldescribedbyadiﬀusion
equationfortheaverageintensity. Again,asourcetermappearsinthisequationthat
featuresthegainprovidedbytheamplifyingmatrixwheretheimpuritiesareembedded.
ButcontrarytotheHelmholtzequation(whichistime-reversalinvariant),lossesarenow
directlyencompassedinthestructureofthediﬀusionequation,sinceattenuationofthe
radiationoccursduetodiﬀusionspreading. AsrealizedbyLethokovalongtimeago
[7],thereexistsathresholdatwhichtheradiationlossesarecompensatedbythegain.
Ifnowweincreasethestrengthofdisorder,ltreventualybecomesoftheorderofthe
wavelengthofthepropagatingwaveandthediﬀusivedescriptionbreaksdown.Inoderto
ﬁndthelasingthresholdinthisnewsituation,wecouldrepeatthepreviousprocedure:
ﬁrstestablishapropagation-likeequation,thenlookforitsinstabilitypoint. Rather
thanfolowingthisline,wewouldliketomentionaninherentdrawbackofthepreceding
approachesusedtodeterminethelasingthreshold.Thediﬀusionequationoranyother
dynamicequationfortheaverageintensityisbasedonsomeassumptionsaboutdisor-
der,andforthisreasonmaymisscertainfeaturesoflightpropagation,suchas,e.g.,the
existenceofrareevents.Inaddition,evenifthediﬀusionequationmaypredictthelaser
thresholdproperlyinacertainregimeofdisorder,itcannotcapturethemodestructure
ofarandomlaser.Inthissituation,wemaywonderwhetheradescriptionoflasing
validforanyrealizationofdisorderexists.Suchadescriptionispreciselygivenbythe
‘colectiveexcitation’picture(or‘modal’picture),thatwenowbrieﬂydiscuss.
Tobeconcrete,letusassumethatthedisorderedmediumismadeofNscatterersof
negligiblysmalsize,suchasatoms,distributedatﬁxedpositionsriinthegainmedium.
Apossiblewaytocharacterizecolectiveexcitationsofthissystembelowthresholdisto
consideritsscatteringmatrix.Inasemiclassicaldescription,wewilshowthatthelatter
isgivenby
S(ωL)∼ 1A(ωL)−1−G(ωL), (1.1)
whereωListhefrequencyoflight,andtheN×Nnon-HermitianmatricesA(ωL)and
G(ωL)arethe‘polarizabilitymatrix’andthe‘Green’smatrix’.Theformerisdiagonal:
theelementAii(ωL)=α˜i(ωL)isproportionaltothepolarizabilityofthescattereri
featuringthelinearresponsetotheﬁeld. AndtheelementijofG(ωL),Gij(ωL),is
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proportionaltotheGreen’sfunctionoftheHemholtzequationdescribingpropagation
oflightbetweenatomsiandj.3 Thegeneralexpression(1.1)appliesforanynumber
andconﬁgurationofatoms,anydimensionalityofspace,anypolarizability,andany
formoftheGreen’smatrixthat,inparticular,canaccountforanexternalcavityand
ampliﬁcationorabsorptionoflightinthespacebetweentheatoms.Verygeneraly,the
lineardescriptionbreaksdownandlasingstartswhenthescatteringmatrix‘diverges’,i.e.
whenatleastoneeigenvalueofthematrixG(ωL)A(ωL)isequaltoone.4Intheabsence
ofexternalcavity,theGreen’sfunctionhasnoresonanceinthefrequencydomainwhere
atomsscatterstrongly,thatisinthevicinityoftheiratomicfrequencyω0(weassume
two-levelatomsforsimplicity). Hence,wecanapproximateG(ωL)byG(ω0).5 Two
diﬀerentcasesmaybeconsidered.
•First,letusassumethatthescatterers(atoms)arepassive,meaningthatthegain
isprovidedbytheirsurroundingmediumonly.Then,Eq.(1.1)canberewritten
as
S(ωL)∼ 1ωL−He(ω0), (1.2)
whereHeistheeﬀectiveHamiltonianofthesystemunderstudy,simplyrelated
totheGreen’smatrixbyHe=(ω0−iΓ0/2)IN −Γ0G(ω0)/2(Γ0isthenatural
linewidthoftheatomictransition,andIN istheidentitymatrix).Intheabsence
ofpump,theeigenvectorsofHe[andthereforeofG(ω0)]arethemodes(orquasi-
modes,orquasi-boundsates)oftheopensystem,andthecorrespondingcomplex
eigenvaluesareits‘resonances’.Byvirtueofcausality,theseresonances—thatare
identicaltothepolesωL∈CoftheS-matrix(1.2) —arelocatedinthelowerhalf
ofthecomplexplane. Whengainisprogressivelyaddedtotheamplifyingmedium,
theformoftheGreen’smatrixismodiﬁed,andtheeigenvaluesoftheeﬀective
HamiltonianHecontinuouslyshiftinthecomplexplane.Lasingoccurswhenone
oftheseeigenvaluesreachestherealaxis.Inthispicture,itisreasonabletothink
thattheﬁrstlasingmodeoriginatesfromtheresonancethatwastheclosesttothe
realaxisintheabsenceofpump.ThiscorrespondstotheeigenvalueofG(ω0)that
hadthesmalestimaginarypart.Intuitively,thelargeristhedistancefromthe
realaxis,themoreitisnecessarytopumpinordertoreachthethreshold,andthe
morethespatialstructureofthelasingmodeatthresholdwildiﬀerfromwhatit
wasintheabsenceofpump[22].Thediﬃculttaskisthereforetounderstand,from
astatisticalpointofview,howthepolesoftheS-matrix(1.2),i.e.theeigenvalues
ofG(ω0),aredistributedinthecomplexplane.Theanalyticdeterminationofthis
distributionisoneofthetopicstreatedinthismanuscript.
•Asecondinterestingcaseisthesituationwherescatteringandgainarenotinde-
pendent,butduetothesameatoms.Forsimplicity,letusassumethattheseatoms
aredistributedinfreespace.Formaly,thismeansthatthegainisnotimplemented
intheGreen’smatrixG(ω0)appearinginEq.(1.1),butinthepolarizabilitymatrix
3Weusehere,forsimplicity,ascalarapproximationfortheelectromagneticﬁeld.Ifthevectornature
oftheﬁeldistakenintoaccount,A(ωL)andG(ωL)are3N×3Nmatrices,seesection4.2.
4Foramorerigorousstatement,seesection4.2.
5Notethatinthefolowingchapters,G(ω0)wilrefertotheGreen’smatrixwithoutgainmedium
betweenscatterers[thescalarGreen’smatrixinthree-dimensionalspaceisthengivenbyEq.(6.101)],
whiletheGreen’smatrixforatomsembeddedinagainmediumwilbedenotedGa(ω0)[Eq.(7.67)].In
thisintroduction,wedonotdistinguishbetweenG(ω0)andGa(ω0).
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A(ωL),incontrastwiththeprevioussituation.Ifthepumpprovidingthegainis
spatialyuniform[Aii(ωL)=α˜(ωL)fori=1,...,N],Eq.(1.1)reducesto
S(ωL)∼ 11/˜α(ωL)−G(ω0), (1.3)
showingthatlasingstartswhenoneoftheeigenvalueΛnofthefree-spaceGreen’s
matrixG(ω0)satisﬁesΛn=1/˜α(ωL).Nowthegain[describedbythepolarizability
α˜(ωL)]isdecoupledfromgeometry-dependentcolectiveeﬀects[quantiﬁedbythe
eigenvaluesofG(ω0)].Asaresult,diﬀerenttypesofmodescantriggerthelasing
transition,dependingonthespeciﬁcmodelofpolarizability. Quitestrikingly,for
thepolarizabilitymodelsconsideredinthisthesis,weshalseethatlasingmodes
aretheeigenvectorsofG(ω0)thathavethelargestimaginarypart,i.e.thosethat
have,intheabsenceofpump,thelargestdecayrates.Thissituationisoppositeto
whatwepredictedaboveforpassivescatterersembeddedinanamplifyingmedium.
Notealsothatthelasingmodes[theeigenvectorsofA(ωL)−1−G(ω0)atthreshold]
areidenticaltothemodesofthepassivesystem[theeigenvectorsofG(ω0)]only
ifthepumpisspatialyuniform.Statisticalpropertiesofthefree-spaceGreen’s
matrixG(ω0)arestudiedingreatdetailsinchapter6.
Themodalpicturepresentedaboveisperfectlyadaptedtodescribethelasingthresh-
oldfromthesemiclassicalpointofview.Itisabletopredictthespatialstructureofthe
modes,aswelastheirfrequencies,whateverthedensityofatoms.6Ontheotherhand,
inordertocharacterizethenonlineardynamicsbeyondthreshold,aswelasthequantum
aspectsofthelight-matterinteraction,amicroscopicmodelisrequired.
Amongtherecenttheoreticalstudiesofrandomlasing,wecandistinguishthree
diﬀerentandcomplementaryapproaches. Vanneste,Sebbah,Caoandcoworkers[22,
28,29],aswelasJiangandSoukoulis[30],orContiandFratalocchi[31]investigated
thenatureoflasingmodesandnonlineareﬀectsbeyondthresholdbysolvingnumericaly
Maxwel’sequationscoupledtorateequationsofafour-levelatomicsystem.Thismethod
islimitedbytheavailablecomputationalresourcesandthereforemainlyrestrictedtoone-
ortwo-dimensionalgeometries. Analternativeapproach,promotedunderthenameof
‘abinitioself-consistentlasertheory’,wasproposedbyT¨urecci,Stone,Geandcoworkers
[32–35].Itisbasedontheideathatlasingmodescanbesigniﬁcantlydiﬀerentfromthe
modesofthesystemintheabsenceofpump(the‘coldcavity’)andmustbedetermined
self-consistently.Themodesarefoundusinganexpansionontheso-caled‘constant-ﬂux’
statesthatobeyphysicalnon-Hermitianboundaryconditions. Neglectingpopulation
pulsationoftheactivemediumalowsonetotakeintoaccountnonlinearinteractions
inalordersintheﬁeldintensity(see[22]forarecentreview). Thetheorydeveloped
in[32–35]appliesforagivenrealizationofdisorder,andassuchitdoesnotmakeany
predictionaboutthestatisticalpropertiesofrandomlasers. Statisticalpropertiesof
randomlaserswithstrongradiativelosseswereﬁrststudiedbyHackenbroich[36],and
thenbyZaytsev,DeychandShuvayev[37,38]usingacombinationofadhocrandom
matrixmodelswiththeFeshbachprojectiontechniquedevelopedbyHackenbroichand
coworkers[24–27,36].Tosomeextent,theseworkswereinitialyinspiredbythestudyof
6Notethatthespectralwidthofamodeabovethresholdisdeterminedbythestrengthoftheﬂuc-
tuationsactingonthis mode. Ultimately,theseﬂuctuationsareofquantumnature. Therefore,the
semiclassicalpicturewithout‘noise’predictsthespectralwidthwhichiszero,whateverthenatureofthe
mode.
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modestatisticsinchaoticresonators[39].Forone-dimensionalsystems,modesfolowing
fromtheFeshbachprojectiontechniquecanbecalculatedwithareasonableeﬀort;their
statisticswasstudiednumericalyin[40](forarecentreviewsee[21]).
Alprecedingapproacheslackaproperstatisticaldescriptionoflasermodes,their
frequencies,anddecayrates.Theydonotprovideanyweljustiﬁedanalytictheoryfor
thestatisticalpropertiesofarandomlaser. Onegoalofthisthesisistoﬁlthisgap.
Inparticular,theanalytictheorydevelopedinchapter6forarbitrarynon-Hermitian
Euclideanrandommatrices,andilustratedwiththeproblemofrandomlasinginchapter
7,isaprioriapplicableforanygeometryordimensionalityoftheproblem.
1.3 Overviewofthethesis
ThephysicalsystemstudiedinthisthesisisanensembleofNatomsatrandompositions
interactingwiththeelectromagneticﬁeld. Amicroscopicquantumdescriptionofthis
systemisthesubjectofchapter2,wherecoupledequationsofmotionfortheelectric
ﬁeldoperatorandatomicoperatorsarederived.Aparticulareﬀortismadetodistinguish
eﬀectsthatareofpurelyquantumnaturefromthosethatmayalsoariseinasimpler
semiclassicalformalism.Inthisrespect,wedecidedtoworkintheHeisenbergpicture
ratherthanintheSchr¨odingerpicture(section2.2). Weshow,inparticular,howthe
Green’sfunctionoftheclassicalHelmholtzequationemergesinthequantumformalism.
TheGreen’s matrix,thatcouplesdiﬀerentatomsanddescribespropagationoflight
betweenatomsisintroduced(section2.4.1),andtherecentworkswherethismatrixhas
alreadybeenencounteredarereviewed(section2.5).
Thepumpprovidingthegainnecessaryforlasingisintroducedinchapter3. Two
simplebutweljustiﬁedpumpingmechanismsareconsidered(section3.2).Theyalow
ustostudyinsomedetailstheintensityandthespectrumoflightemittedbyacloud
ofatoms.Inthecaseoftwoincoherentlypumpedatomsatrestinfreespace,wederive
exactanalyticsolutionsforboththeintensityandthespectrum. Whilethesemiclassical
treatmentpredictstheexistenceofasharplaserthreshold(section3.4),thefulquantum
treatmentrevealsthatthesemiclassicalthresholdiscompletelywashedout(section3.5).
Atthesametime,weidentifysignaturesoftheGreen’smatrixinthespectrumoflight.
Usingtheformalapproachdevelopedinsection3.1,andtakingintoaccountquantum
eﬀects,weintroduceasimpleperturbativeproceduretoexpressthespectrumemitted
belowthelasingthresholdbyanarbitrarynumberofatomsintermsoftheeigenvalues
andeigenvectorsoftheGreen’smatrix(section3.6).PropertiesofthequantumLangevin
forcesthatnaturalyemergeintheequationsofmotionfortheatomicoperatorsarealso
discussedinsection3.3.
Chapter4isdevotedtothesemiclassicaldescriptionofthepropertiesoflightemitted
byanarbitrarilylargenumberofpumpedatomsrandomlydistributedinfreespace.
Afterderivingauniversallasingthresholdconditionvalidforanyconﬁgurationofatoms
(section4.2),wepresentthestatisticaltreatmentofdisorder.Inparticular,weprovide
amicroscopicderivationoftransportequationinthepresenceofgain,asituationthat
isnotsuﬃcientlywelcoveredbytheexistingliterature(section4.5). Folowingthe
originalideaofLetokhov,wediscussthelasingthresholdinferredfromthetransport
equation(section4.6).Chapter4istheoccasiontodeﬁneanddiscussfamiliarnotions
ofthemesoscopictransporttheory(scatteringcross-section,extinction,scattering,and
transportmeanfreepaths,opticaltheorem,etc.).Ontheotherhand,amappingtothe
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propertiesofEuclideanrandommatricesispresented,alowingtomakealinkbetween
diagrammatictechniquesusedinmesoscopictransport,andthosedevelopedinchapters
5and6intheframeworkofrandommatrixtheory(sections4.4and4.6).
Facingtheproblemofcharacterizinganalyticalythestatisticalpropertiesofthe
Green’smatrixthatbelongstothefamilyofEuclideanrandommatrices(ERMs),we
developinchapters5and6atheoryforarbitraryHermitianandnon-HermitianERMsin
thelimitoflargematrixsize.SincetheeigenvaluesofHermitianmatricesareconstrained
totherealaxis,incontrastwithnon-Hermitianmatrices,thetwocasesareconsidered
separately.Self-consistentequationsfortheeigenvaluedistributionofHermitianERMs
arederivedusingtwodiﬀerentmethods(sections5.5and5.6),andareappliedtoHermi-
tianERMsthatappearintheproblemofwavepropagationinthree-dimensionalrandom
media(sections5.7and5.8). Theseresultsarethengeneralizedtothenon-Hermitian
case. Weobtainself-consistentequationsfortheresolventandtheeigenvectorcorrelator
ofnon-HermitianERMs(section6.2),andilustrateourapproachbyapplyingittothe
three-dimensionalfree-spacerandomGreen’smatrix(sections6.5and6.6). Fromthe
physicalpointofview,weareabletodescribeanalyticalywithafairprecisiontheful
probabilitydistributionofdecayratesoflightemittedbyN 1atoms,aswelasof
thecolectivefrequencyshiftinducedbythelight-matterinteraction.Inaddition,we
promotetheideathattheeigenvaluedistributionoftheGreen’smatrix(eventualycom-
plementedwithadistributionoftheinverseparticipationratiooftheeigenvectors)can
serveasa‘map’onwhichsignaturesofvariousregimesofdisordercanbedistinguished
(balistic,diﬀusive,localized,eﬀectivemedium,andsuperradianceregimes),providing
thereforeasimple‘visual’anduniﬁedpictureoftheseregimes.Thedistributionofeigen-
valuesinthecomplexplanemayalsobeusedtotest‘visualy’variousapproximations
suchasthediﬀusionapproximation,apossibilitythatwasneverrealizedbefore.
Finaly,wecombinemicroscopicequationsofmotionintroducedinchapters2and3
withanalyticresultsderivedinchapter6fortherandomGreen’smatrixtostudythe
problemofrandomlasinginaensembleofalargenumberofidenticalatomsthatboth
scatterandamplifylight(chapter7). Weobtainanalyticresultsforthelasingthreshold
(section7.1)andtheemittedintensityabovethresholdinthesemiclassicallimit,aswel
asforthespectrumoflightemittedbelowthresholdtakingintoaccountquantumeﬀects
(section7.2.2). Thecaseofmore‘standard’randomlasersinwhichscatteringcenters
areembeddedinanamplifyinghomogenousmediumisbrieﬂydiscussedaswel(section
7.3).
Inthisthesis,aspecialeﬀortwas madetoconfront,combineor mergediﬀerent
conceptsortheoreticaltoolsshapedinvariousﬁeldsofphysics(atomicphysicsand
quantumoptics,mesoscopicandstatisticalphysicsofdisorderedsystems,randommatrix
theory,lasertheory).Althoughwebelievethatthepotentialinterestofthisthesiscomes
fromtheconfrontationofthesediﬀerentwaystolookatthesameproblem,it may
behelpfultosuggesta‘non-exhaustive’wayofreadingthismanuscript. Forareader
interestedinrandomlaserphysicsexclusively,inaspiritfolowingthelinesofsection1.2,
itistosomeextentsuﬃcienttoreadsection4.2andchapter7,eventualycomplemented
withsection6.4.2wherewepointoutthelinkbetweenthestatisticalpropertiesofthe
Green’smatrixandthoseofeﬀectiveHamiltonianusedtoanalyzeopenchaoticsystems.
TogetsomeinsightintothepropertiesoftheGreen’smatrix,wecouldsuggesttoread
sections2.5,6.5,and6.6.Inparticular,weattracttheattentionofthereadertosection
6.6,wherewestudythesignaturesofAndersonlocalizationinthestatisticalproperties
oftheGreen’smatrix.Thereadermoreinterestedinquantumaspectsofthelight-matter
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interactionmayﬁndbasicandmoreadvancednotionsinchapters2and3. Although
chapters5and6arethemost‘mathematical’chaptersofthisthesis,wetrytointroduce
thereadertotheﬁeldofrandommatrixtheoryandemphasizesimplephysicalpictures
wheneverpossible,asilustratedbythemappingtotheDysongas(sections5.3and
6.3.1).Finaly,inasmuchastheresultsdiscussedinthisthesisareinsomesensenicely
‘visual’,alazyreadermightstillearnsomethingbyjustlookingattheﬁguresofthe
manuscript.
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Chapter2
Light-matterinteractioninaquantum
framework
2.1 GeneralHamiltonian
Beforediscussingindetailsthecoupleddynamicsoftheelectromagneticﬁeldandatoms,
itissuitabletoremindwhatarethecornerstonesofelectrodynamicsthatwewilneed.
Altheworkpresentedinthismanuscriptdealswithasystemofchargedspinlessparti-
clesinteractingwiththeﬁeldinthenon-relativisticlimit,anddescribedbytheso-caled
‘standardLagrangian’[41].ThisLagrangianisbuiltinsuchawaythatLagrangeequa-
tionsexactlyreproducethe Maxwel-Lorentzequations. Then,redundantdegreesof
freedomareeliminatedbyﬁxingthegauge. Forexample,intheCoulombgauge,the
componentoftheelectricﬁeldparaleltothepropagationwave-vectorisnotaninde-
pendentquantity. Andﬁnaly,theidentiﬁcationofindependentparametersalowsto
proceedtoacanonicalquantizationofthelight-matterﬁeld.
TheHamiltonianassociatedwiththestandardLagrangianintheCoulombgauge
reads:
H=
α
1
2mα[pα−qαA(rα)]
2+VCoul+HR, (2.1)
wherethesumrunsoveraltheparticlesαinthesystem,ofmassmα,chargeqα,and
momentumpα.Theﬁrstterm,thatinparticularinvolvesthemagneticvectorpotential
A,isthekineticenergyoftheparticles,whereasthesecondandthethirdarerespectively
theenergyofthelongitudinalandthetransversecomponentsoftheﬁeld:
VCoul=
α

Coulα + 18π0β=α
qαqβ
|rα−rβ|

, (2.2)
HR= 0 d3rE2⊥(r)+c2B2(r)=
k
ωk(a+kak +12). (2.3)
TheCoulombenergyofeachparticle, Coulα ,formalydivergesbecausethestandardLagrangianfailstodescribeproperlytheinteractionoftheparticleswiththerelativistic
modesoftheﬁeld. Therefore,itisusualyregularizedwithacut-oﬀ ωc mαc2.
Quantizationisachievedbypromotingtheproperlynormalizedindependentvariablesto
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operators. Provided we impose standard equal-time commutation relations, Heisenberg
equations of motion of these variables lead to a quantum version of the Maxwel-Lorentz
equations. The choice of the independent variables used to quantize the ﬁeld depends
very much on the geometry. For example, in free space (or in a cubic box of volume
Vwith periodic boundary conditions), it is convenient to promote the spatial Fourier
components of the ﬁeld, which become the annihilation and creation operators,ak and
a+k of the modes|k, . In such a basis, the energy of the transverse ﬁeld has the standardform (2.3), whereωk=c|k|.
So far, we have not speciﬁed how the charged particles are spatialy distributed. We
wil suppose that they are packed to formN identical atoms located at positionsri
(i=1, .., N), whose spatial extent (a few Bohr radi) is much smaler than both the
interatomic distance and the relevant wavelengths of the ﬁeld that wil propagate among
them later on. Thus, the interatomic Coulomb interaction inVCoul = Ni=1VCouli +N
i=jVCouli,j , can be approximated by a dipole-dipole coupling:
VCouli,j Vdipi,j + 130Di·Djδ(ri−rj), (2.4)
whereDi= αiqαi(rαi−ri) is the dipole operator of the atomi. The delta functioncarries the essential information about the actual ﬁnite charge distribution of the atoms.
Its purpose is to yield the correct volume integral of the electric ﬁeld radiated by the
point-like dipoles [42].
To simplify further the problem, a unitary transformationU=e−iPNi=1Di·A(ri)/ is
usualy applied to the resulting Hamiltonian [41]. It modiﬁespαi−qαiA(ri)inpαi,andthe transverse electric ﬁeldE⊥(r)inE⊥(r)−P(r)/0,whereP(r)isthepolarization
operator :
P(r)=
N
i=1
Diδ(r−ri). (2.5)
Under this unitary transformation, the energyHRofthefreeﬁeldbecomes
HR→HR−
N
i=1
Di·E⊥(ri)+
N
i=1
dip
i −
N
i,j<i
Vdipi,j + 230
N
i,j<i
Di·Djδ(ri−rj). (2.6)
In this expression,dipi is again a diverging quantity :
dip
i = 120V k
(·Di)2= 120VDi·k
Δ⊥kDi= 130δ(0)D
2i, (2.7)
where we have used the properties of thek-transverse projector:
Δ⊥k=I−k⊗kk2 = ⊥k
⊗ . (2.8)
Interestingly, the dipole couplingVdipi,j appearing in Eq. (2.6) exactly compensates the
regular component ofVCouli,j in Eq. (2.4).Colecting al the remaining terms, the Hamiltonian (2.1) is ﬁnaly simpliﬁed into
H=H0+V,where
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H0=
N
i=1
Hati + dipi +HR, (2.9)
V=−
N
i=1
Di·E⊥(ri)+120i=j
Di·Djδ(ri−rj). (2.10)
InH0,Hati istheusualmonoatomicHamiltonianthatcontainsexternalandinternaldegreesoffreedomofanatom:Hati =p2i/2m+ αi(p2αi/2mαi+ Coulαi )+VCouli .Equations(2.9)and(2.10)deservethreecomments:
•Inseveraltextbooksandpublications[43,44],theδcontributions,dipi inEq.(2.9)andthecontactterminEq.(2.10),areomitted.Itisusualyassumedthatthey
onlygiverisetoeitherdivergentcontributionsthatsomehowcanbeincorporated
intheLambshift,ordonotplayanyphysicalrole.Inthefolowingsections,we
wilseethatitisnotalwaystrue,especialywhenmanymodesoftheﬁeldhaveto
betakenintoaccounttocatchtherelevantphysicsoflight-matterinteraction.
•Contrarytosomecommonandnaivebelief,HR= k ωk(a+kak+12)inEq.(2.9),isnottheobservablethatrepresentstheenergyofthefreeﬁeld.Thiswasonlytrue
inEq.(2.1)beforeapplicationoftheunitarytransformation.Inthenewpicture,
thefreeﬁeldisrepresentedbytheobservable(2.6),thatseemstomixatomicand
electromagneticdegreesoffreedom.
•Inthesamemanner,theobservableE⊥,whichcoupleswiththedipoleithrough
−Di·E⊥(ri),doesnotstandforthefreeelectricﬁeld.Thefreeﬁeldis
E(r)=E⊥(r)−10P(r). (2.11)
DespitethefactthatEdiﬀersfromE⊥ onlyattheatomicpositions,itobeysa
verydiﬀerentdynamicalequation,aswewilshowinsection2.3.1.
Itisimportanttoinsistonthetwolatterpoints. WhereasitistruethattheHamil-
tonian(2.9)istheobservablefortheatomicandelectromagneticenergieswithoutinter-
action,addingthecoupling(2.10)meansthattheunitarytransformUhasbeenapplied,
andthereforeEq.(2.9)losesitssimpleinterpretation.Sayingthattheinteractionbe-
tweenﬁeldandatomsisrepresentedby(2.10)isanoversimpliﬁedpicture.
ThestatespaceEthatsupportstheHamiltoniangivenbyEqs.(2.9)and(2.10)
containstheinternalandexternaldegreesoffreedomoftheNatoms,aswelasthose
oftheradiation,E=⊗Ni=1 EA,ini ⊗EA,exi ⊗ER.Needlesstosay,wewilexploreonlya
verytinypartofthisspace,whosestructureistremendouslycomplex.Sincethephysical
motivationofthisthesisisthecomprehensionoftheemergenceofacolectivebehaviour
inthelight-matterinteraction,wewouldliketoavoidthedetaileddescriptionofsomeof
thefeaturesofarealisticsituation. Wewil mainlyworkwithinthefolowingrestrictions:
•Wewiltreatthe N atomsasdistinguishableparticles,andthereforedisregard
theirbosonicorfermionicstatistics.
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•Wewilneglecteﬀectsduetoatomicmotion,suchastheDopplereﬀect. This
canbeachievedeitherbyﬁxingtheatomsinasolidmatrixoratighttrap,or
bycoolingtheatomstoasuﬃcientlylowtemperature.Typicaly,foratomswith
rmsvelocity v2 andinteractingwithlightthroughatwo-leveltransitionof
frequencyω0=ck0,thisrequiresatleastthatk0 v2 Γ0,withΓ0thenatural
linewidthofthetransition. Wewilalsoneglecttheatomiccolisions.Inpractice,
alexternaldegreesoffreedomwilbedisregarded.
•Inthesamespirit,theatomicstructurewilbeassumedassimpleaspossible. We
wilconsiderhydrogen-likeatoms,whosedipoleshavethesimpleformDi=−eRi,
withessentialytworelevantlevelsgandeseparatedbyabareatomicfrequencyω0.
ForanatomictransitionbetweenagroundstategwithangularmomentumJg=0
andanexcitedstateewithJe=1,wecanshowthat dipi =δ(0)D2i/30reducesto(2d2δ(0)/30)|ei,m ei,m|,wheremlabelsthemagneticquantumnumberofthe
excitedstate,andd= e|D|g/√2Je+1[45,46].Restrictingfurthertheexcited
subspacetoonlyonemvalue,|ei,m≡|ei,weendupwithaneﬀectivetwo-level
modelwithoutdegeneracythatobeys:
Hati + dipi = ω0+δω(1)0 |ei ei|, (2.12)
δω(1)0 = 2d
2
30 δ(0). (2.13)
Toalowforalasereﬀectinthistwo-levelmodel,wewilhavetospecifyamecha-
nismthatcreatesapopulationinversionbetweentheexcitedandthegroundstates.
Tothisend,wewilintroduceinchapter3anauxiliarythirdlevel. Wewilshow
howsuchthree-levelatomscanneverthelessbereducedtoeﬀectivetwo-levelatoms.
2.2 Choiceofaformalism
ConsiderNatomsatrestatrandompositionsinfreespace,interactingwiththeelec-
tromagneticﬁeldthroughtheHamitloniangivenbyEqs.(2.9),(2.10),and(2.12),and
eventualyexcitedbyanauxiliarypump(describedinchapter3).Thenaivequestionwe
wouldliketoaddressisformalyweldeﬁned:whatarethepropertiesofthelightemitted
bythisatomicsystem?Becausediﬀerentphysicalcommunitieshavebeendealingwith
thisquestion,ithasaratherlongandrichhistory.
Inthe‘atomicphysics’communityweredeveloped,almostsimultaneouslyinthe
ﬁfties,twoideasthatgiveananswertoourquestion:thesuperradianceandthelaser.
Indeed,theclassicalpaperbyDickeoncolectivespontaneousemission[47]waspublished
in1954. Andin1955,Townesproposedanewdeviceproducingcoherentmicrowaves
basedonthestimulatedemission,themaser[48].Intheiroriginalformsthesetwonew
conceptswerenotrelatedtotheproblemofmultiplescatteringoflight.
Ataboutthesametime,inthelateﬁfties,muchattentionwaspaidtothemultiple
scattering,notoflightbutofelectronsinsolids.InparticulartheconceptofAnderson
localizationemergedin1958[9]. Roughlyspeaking,ittookthenalmosttwentyyears
forthesenewideasrelatedtomultiplescatteringtomovefromthe‘condensedmatter
physics’communitytothe‘opticalphysics’community.Althoughthemultiplescattering
oflighthasbecome,sincetheeighties,anactiveareaofresearch,thebridgewiththe
quantum‘atomicphysics’isstilunderconstruction[49].
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Thepurposeofthissection —andmoregeneralyofthismanuscript —istodiscuss
howwecanmergeintoasingleformalismthetoolsofquantumatomicphysicsandthose
ofmesoscopicphysics.Toﬁxtheideas,supposewewanttocalculatetheintensityI(t)
producedbytheatomiccloudattimet.Asweshalseeinchapter3,theintensitycan
beexpressedasacombinationofatomicoperators,genericalydenotedbyOA(t).Hence,
thequantumexpectationvalueoftheintensityisobtainedbytracingthoseoperators
OA(t)overalthedegreesoffreedominthespacestateE=EA⊗ER:
OA(t)=TrA,R[σ(t)OA]=TrA[TrR[σ(t)]OA]=TrA[σA(t)OA], (2.14)
whereσ(t)isthedensityoperatorforthecompletesystem‘atoms+radiation’,and
σA(t)=TrR[σ(t)]isthereduceddensityoperatorfortheatomicsubsytem.Eq.(2.14)
showsusthat,toinfertheaveragedintensityI(t),wesimplyneedtocalculateσA(t).
Whentheradiationcanberegardedasareservoir(orbath)containingmanydegrees
offreedom,σA(t)isusualycalculatedwithintheframeworkofthe‘systemandbath’
formalism[50–53]. Generalyspeaking,thisapproachisweladaptedifthereservoir
(heretheradiation)RisnotaﬀectedessentialybythepresenceoftheatomicsystemA,
whereasA,subjecttobathkicks,evolvesattwodiﬀerenttimescales:arelaxationtime
TRassociatedwithadampingduetotheaveragedkicks,andamuchsmalercorrelation
timeτc,characteristicofkickﬂuctuations. Formaly,thedynamicshastofulﬁlthe
condition:
τc σA(t)dσA/dt TR. (2.15)
ForagenericcouplingoftheformV=OAOR,τcisthetypicalwidthofthecorrelation
functiong(t−t)=OR(t)OR(t),whereasaroughestimationofTRis[52]
TR∼
2
τcV2. (2.16)
Forexample,forasingletwo-levelatominteractingwiththevacuummodes,τc∼λ0/c
andTR ∼1/Γ0. Thecondition(2.15)alowstoperformtheso-caledBorn-Markov
approximation,whichisessentialyaﬁrst-orderexpansionofthedynamicsofσA(t)with
respecttotheparameter V2τc/.Attheevolutiontime-scaleofσA(t),al memory
concerningtheﬂuctuatingkicksshouldbelost(itisa Markovprocess),aswelasal
quantumcorrelationswiththebath(consequenceoftheBornapproximation).
Wewouldliketoknowifthisdensitymatrixapproachcanbeusedtodescribea
randomlaser.Tomakethediscussionclear,wewilﬁrstshowhowthisformalismapplies
inbothcasesofcolectivespontaneousemissionintheabsenceofpump(whenthesystem
sizeissmalcomparedwiththeatomicwavelength,thisprocessiscaledsuperradiance),
andlaser.
First,weconsiderN two-levelatomsinfreespace,initialyintheirexcitedstate,
inthepresenceoftheﬁeldinitsvacuumstate. Wedonotimposeanyrestrictionon
thesizeofthevolumecontainingtheNatoms. Theequationdescribingthetransient
dynamicsofthereduceddensitymatrixσA(t)controledbytheHamiltonian(2.9)and
(2.10)wasderived,wihtintheBorn-Markovapproximation,in1970,independentlyby
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Agarwal[54]andLehmberg[55]:
dσA
dt=−iω0
N
i=1
S+iS−i,σA −i
N
i=j
∆ijS+iS−j,σA
−
N
i,j
Γij S+iS−jσA+σAS+iS−j−2S−jσAS+i , (2.17)
whereS+i=|ei gi|andS−i=|gi ei|aretheatomicraisingandloweringoperatorsthatdeﬁnethetwo-leveldipoleoperatorsDi=di(S+i+S−i).Thisequationisrederivedanddiscussedingreatdetailsintwoveryinstructivereviews,in1974againbyAgarwal[43],
andin1982byGrossandHaroche[56].Inthesepublications,aswelasinacouple
offolowingonesinthenineties(see,e.g.,variouspapersstudyingindetailthecase
N =2[57–59])orevenveryrecentlyin2008[60],thecouplingterm∆ijispresented
asadipole-dipoleinteractionarisingfromthevirtualphotonexchangebetweenpairsof
atomsandΓijasasourceofcolectivedamping.Actualy,asitwilbecometransparentin
section2.3,∆ijissimplytherealpartofthefree-spaceGreen’sfunctionoftheHelmholtz
equationpropagatingtheﬁeldfromatomitoatomj,whereasΓijisitsimaginarypart
[61].
Anaturalquestionarises:istheBorn-Markovapproximation,usedtoderiveEq.
(2.17),validforanynumberNofatomsandanysizeRordimensionnalityofthevolume
whereatomsareconﬁned?Inotherwords,isthecondition(2.15)satisﬁed?Inthesmal
samplelimitk0R 1where‘perfect’superradianceoccurs[47],sincethemaximum
energyavailableisN timesthesingle-atomexcitation ω0,thetemporalwidthofthe
transientsuperradiant(orsuperﬂuorescent)pulsemustbeinversionalyproportionalto
N,TR∼1/NΓ0. Actualy,wecanevenshowthatmin|σA/(dσA/dt)|∼1/N2Γ0[56].
Becauseτc∼λ0/c,thecondition(2.15)becomesN c/λ0Γ0,whichisstilroughly
validfork0R>1,atleastinaquasi-one-dimensionalsample[56].Thisimposesanupper
limittothenumberofatomsoftheorderof104(λ0∼10−6m,Γ0∼108s−1).
Anothersevererestrictionfolowsfrom(2.15)ifweimaginethatanintenseandquasi-
monochromaticwavepropagatesorisgeneratedintheatomicsample.Foracoherent
waveofspectralwidth∆ωandintensityI,weshalhaveτc∼1/∆ωandTR ∼1/I,
leadingtoabreakdownoftheBorn-Markovapproximation. Hence,atﬁrstsight,it
seemsimpossibletodescribeinsuchawayalaser,andafortioriarandomlaser,where
coherentmodesdoexist.Infact,alaserdescriptionina‘system-bath’approachcan
stilbeachieved,providedweconsiderthelasermodesaspartofthesystemandnotof
thebath.SupposethatwestudyanensembleofNtwo-levelatomspumpedbyastrong
ﬁeldandplacedinsideacavity,themodesofwhicharewelknown.TheHamiltonianof
suchasystemcanbeformalywrittenasH=Hsys+Hsys/bath,with
Hsys = Hat+Hmodes+Vat/pump+Vat/modes, (2.18)
Hsys/bath = HR+Vat/R+HR +Vmodes/R. (2.19)
Hsyscontainsaldegreesoffreedomthatweareinterestedin:thoseofatoms(Hat)
interactingwiththeopticalpump(Vat/pump)andthelasermodes(Hmodes+Vat/modes).
Ontheotherhand,wehaveputinHsys/bathaldegreesoffreedomthatwewanttotrace
out:alcavitymodesthatdonotparticipateinthelasingprocessandconstituteabath
(HR)actingontheatoms(Vat/R),aswelasacontributionthatispurelyphenomeno-
logical,aﬁctitiousbath(HR)coupledtothelasermodes(Vmodes/R).Clearly,thereis
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nosuchaterminthetrue‘atoms-ﬁeld’Hamiltonian(2.9)and(2.10).Itisintroduced
byhandtotakecareoftheneteﬀect,mediatedbytheatoms,ofthebathofcavity
modesonthelaserﬁeldoperators. ThespacestateisthereforeE=ES⊗ER⊗ER,
withES=EA⊗Emodes.ThedynamicsofthedensitymatrixreducedtoES,σS,isthen
obtainedagainwithaBorn-Markovapproximation:
dσS
dt=−
i[Hsys,σS]+LatσS+LmodesσS, (2.20)
wheretheLindbladoperators,LatandLmodes,arecalculatedasifthetwobathswere
independent[23,52,62]:
LatσS = −
N
i=1
Γ0
2 S
+iS−iσS+σSS+iS−i−2S−iσSS+i , (2.21)
LmodesσS = −
M
m=1
κm a+ma−mσS+σSa+ma−m−2a−mσSa+m , (2.22)
witha±m theannihilationandcreationoperatorsoftheM cavitylasermodes,andκmtheirrespectivedampingrates. Withinthemasterequationapproach,Eqs.(2.20),(2.21),
and(2.22)are,stiltoday,thecornerstonesofmultimodelasertheories[63–65].
Canwegeneralizethesuperradiantandlasermasterequations,(2.17)and(2.20),to
describearandomlaser?Sofar,wehaveformulatedthefolowingobjections.First,we
candoubtthattheBorn-MarkovapproximationisvalidforalargenumberNofatoms,
aswediscussedforsuperradiance.Second,toapplythisapproachinthepresenceof
coherentandintensemodes,wehavetoknowtheirstructureinadvance,asitisthe
caseinastandardlaser,wherethemodesarethoseofthecavity.Inarandomlaserthe
problemisthatthenatureofthemodescannotbeguessedbecausethereispreciselyno
cavity.Theintroductionofaﬁctitiousbathforhypotheticlasermodesisacompletely
uncontroledprocedureinthiscontext.
Amoregeneralobjectioncanbeformulatedagainstamasterequationapproach.In
general,thedensitymatrixσA(t)isahugemathematicalquantitywith22N elements
(fortwo-levelatoms),whichgivesthecluefortheevaluationofanydipolecorrelation
atequaltimes.Actualy,ifweareonlyinterestedintheintensity,wedonotneedthat
muchinformation. Ratherthanwritingthequantumexpectationvalueofanatomic
operatorintheform(2.14),wecanalsoexpressitintheHeisenbergpictureas
OA(t)=TrA,R[σ(0)OA(t)]. (2.23)
Hence,wecansettleforcalculatingOA(t).Interestingly,movingfromSchr¨odingerto
Heisenbergpictureisnotasinnocentasitmayseem.Notonlyitwilalowustoformu-
laterandomlaserequationswithoutanystrongoruncontroledapproximations,butalso
itwilrecasttheprobleminaformforwhichsemiclassicalapproximationbecomesvery
intuitive.Inthischangeofperspective,asimpleequationforacomplicatedquantity,
σA(t),wilbereplacedbyasetofcouplednonlinearequationsforsimplequantities,the
atomicdipoles. ThisalternativebetweenSchr¨odingerandHeisenbergpictures,which
istosomeextentsimilartothedualitybetweenFokker-PlanckandLangevinequations
inclassicalphysics,clearlyappearsinthelaser[23,50,53],aswelasinthesuper-
radiancelitterature[56]. Morerecently,itwasalsodiscussedinthestudyofcoherent
backscatteringoflightfromcoldatoms[66].
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Ourplanwilbe,therefore,asfolows. First,wewilderiveHeisenbergequations,
fortheelectricﬁeldaswelasforatomicoperators,thatsomehowgeneralizethewel-
knownMaxwel-Blochequations.Andthen,wewiltrytosolvetheminthepresenceof
disorder,usingtoolsdevelopedeitherinmesoscopicorinstatisticalphysics.
Beforeclosingthissection,itisimportanttomentionathirdoption,diﬀerentfrom
themasterequationandHeisenbergapproaches,thatcanbefolowedtocalculatethe
intensityradiatedbytheatomicsystem.Itisthequantumscatteringformalism,where
theconceptofeﬀectiveHamiltonianemergesrigorously.Thiswilbebrieﬂydiscussedat
theendofsection2.4.2.
2.3 Heisenbergequationsof motion
Inthissection,weworkwiththeHamiltoniangivenbyEqs.(2.9),(2.10),and(2.12),
thatdescribesthedynamicsofNtwo-levelatoms(withoutdegeneracy)interactingwith
theelectromagneticﬁeld,intheCoulombgaugeandthedipoleapproximation. We
reproduceitsexpressionforthereader’sconvenience:
H=
N
i=1
ω0+δω(1)0 |ei ei|+
k,
ωk a†kak +12
−
N
i=1
Di·E⊥(ri)+120i=j
Di·Djδ(ri−rj), (2.24)
wherethedipoleoperatorshave,inthetwonon-degeneratelevelapproximation,the
simpleform:
Di=D+i+D−i=di(S+i+S−i)=di(|ei gi|+|gi ei|), (2.25)
andtheﬁeldoperatorE⊥writes[41]:
E⊥(r)=i
k,
Ek ak eik·r−a†k e−ik·r , (2.26)
whereEk= ωk20V withVthequantizationvolume,and aunitpolarizationvector
orthogonaltok(wedropthecorrespondingsubscripttosimplifythenotation). Once
again,westressthatE⊥isnottheelectricﬁeld.Instead,itstandsfortheelectricdis-
placementoperator 0E⊥[41],whereastheelectricﬁeldisgivenbyEq.(2.11).Choosing
themodesofaboxofvolumeVtoquantizetheﬁeldisveryconvenientwhenthephysical
problemunderstudyinvolvesonlyasmalnumberofthesemodes.Thisisparticularly
thecasewhenwestudyalaserinaplaneparalelresonator(aFabry-Perot).Forconfocal
resonatorshowever,aquantizationintermsofgaussianmodeswouldbemoreappropri-
ate[1,2]. Aquestionimmediatelyshowsup:isthereasuitablebasisfortherandom
laser?Inanaivepicture,wecanseetheN atomsrandomlydistributedinspaceasa
colectionofmoreorlesssmalcavitiesofvariousshapes.Hence,weexpectthatmany
modes|k, participateintherandomlasingprocess. Andthereispracticalynoway
toguessabasisthatcouldbemoreadaptedthananother,sincethereisnospatialsym-
metryintheproblem(seechapters1and7foradiscussionaboutthemodesofrandom
lasers).
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Therefore,thebeststrategyis,accordingtous,toabandonanymodaldecomposition
atthisstage.Inotherwords,ratherthanlookingattheinteractionofeachatomwith
eachmode|k, ,wecandirectlyfocusontheinteractionofeachatomwiththetotal
electricﬁeldoperatorE.Thisprocedureisdetailedinsection2.3.2.Inthesamemanner,
ratherthanlookingatthedynamicsofeachmodeseparately,wecansettlefortheelectric
ﬁelddynamics.Aswepointedoutinsection2.1,thecommutationrelationsadoptedin
thequantizationprocedureoftheﬁeldaresuchthatHeisenbergequationsofmotion
leadtoaquantumversionofthe Maxwel-Lorentzequations. Withthisinmind,we
expecttheﬁeldtoobeyaquantumversionoftheHelmholtzequation,withasource
terminvolvingthepolarization(2.5). Theexplicitderivationofsuchequationisthe
subjectofsection2.3.1.
2.3.1 Electricﬁelddynamics
TheideaconsistsinsolvingtheHeisenbergequationsofmotionforoperatorsak,
dak
dt=−
i[ak(t),H]=−iωkak(t)+1
N
i=1
EkDi(t)·e−ik·ri, (2.27)
inordertoexpressthetransverseﬁeldE⊥deﬁnedbyEq.(2.26)intermsofatomicdipoles
only. Bydoingsointhefrequencydomain,theretardedtransverseﬁeld,E⊥(r,ωL)=
limη→0+ ∞−∞dtei(ωL+η)tE⊥(r,t),reads
E⊥(r,ωL)=E0(r,ωL)−1
N
i=1 k,
E2k e
ik·(r−ri)
ωL−ωk+iη+
e−ik·(r−ri)
−ωL−ωk−iη [k⊗ k]Di(ωL),
(2.28)
whereE0(r,ωL)istheFouriertransformofthefreecomponentoftheelectricﬁeld.In
theabsenceofatoms,al modescontributetotheﬁeldE0(r,t),oscilatingaccordingto
theirnaturalfrequencies:
E0(r,t)=i
k,
Ek ak ei(k·r−ωt)−a†k e−i(k·r−ωt) . (2.29)
Inasmuchaswewouldliketoshowthattheelectricﬁeldisthesolutionofapropagation
equation,itisconvenienttorewriteEq.(2.28)intheform
E⊥(r,ωL)=E0(r,ωL)+10
N
i=1
g⊥(r−ri,ωL)Di(ωL), (2.30)
with
g⊥(r,ωL) = −
k,
ωk
2V
eik·r
ωL−ωk+iη+
e−ik·r
−ωL−ωk−iη [k⊗ k]
= dk(2π)3e
ik·rωk
2
1
ωL−ωk+iη+
1
−ωL−ωk−iη ∆
⊥k
= dk(2π)3e
ik·r −k2
k2L+iη−k2
∆⊥k, (2.31)
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wherekL =ωL/cand∆⊥k isthek-transverseprojector(2.8). Anticipatingwhatistocome,wementionthatg⊥ istheGreen’sfunctionofanequationsatisﬁedbythe
transverseﬁeldE⊥.
Wearenowabletoinfertheequationobeyedbythetotalelectricﬁeldgiven,accord-
ingtoEq.(2.11),by:
E(r)=E⊥(r)−10
N
i=1
Diδ(r−ri). (2.32)
Insertingtheexpression(2.30)ofthetransverseﬁeldintothisequationleadsustoin-
troduceafunctiong,similartog⊥,suchthat
E(r,ωL)=E0(r,ωL)+10
N
i=1
g(r−ri,ωL)Di(ωL). (2.33)
ThespatialFouriertransformofthekernelfunctiongis
g(k,ωL)=g⊥(k,ωL)−I
= −k
2
k2L+iη−k2
∆⊥k−I
= −k
2L
k2L+iη−k2∆⊥k
. (2.34)
Sincek2∆⊥k behavesinthereciprocalk-spaceasdoestheoperator∇×∇× inrealspace,Eq.(2.34)showsthatg(r,ωL)is,asexpected,theretardedGreen’sfunctionof
theHelmholtzequation:
−∇×∇×+k2L+iηg(r,ωL)=−k2LIδ(r). (2.35)
ItisrelativelyeasytoshowthatthesolutionofEq.(2.35)inthree-dimensionnalspace
reads
g(r,ωL)=−13δ(r)I+k
2L
eikLr
4πr P(ikLr)I+Q(ikLr)
r⊗r
r2 , (2.36)
with
P(x)=1−1x+
1
x2,
Q(x)=−1+3x−
3
x2.
(2.37)
Inparticular,inthefar-ﬁeld,theradiationbecomesr-transverse:
g(r,ωL)∼r→∞ k
2L
eikLr
4πr∆
⊥r. (2.38)
Finaly,combiningthesolution(2.33)withEq.(2.35),weinferthedynamicalequation
satisﬁedbytheelectricﬁeldoperator:
∇×∇×E(r,t)+1c2∂
2tE(r,t)=− 10c2∂
2tP(r,t), (2.39)
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whereP(r,t)isthepolarizationassociatedwiththeNatomicpoint-likedipoles,already
deﬁnedinEq.(2.5).NotethatEq.(2.39)canequivalentlyberewrittenas
∆E(r,t)−1c2∂
2tE(r,t)= 10c2∂
2tP(r,t)−10∇⊗∇P(r,t). (2.40)
Interestingly,althoughtheGreen’sfunctiong⊥ characterizingthetransverseﬁeldE⊥
inEq.(2.30)diﬀerstrivialyfromg,thedynamicsofE⊥issubstantialydiﬀerentfrom
thatofE.Inparticular,thesourcetermintheequationforE⊥ doesnotinvolveany
temporalderivativeofthepolarization:
∆E⊥(r,t)−1c2∂
2tE⊥(r,t)=−10∆P⊥(r,t), (2.41)
whereP⊥isthetransversecomponentofthepolarization:
P⊥(r,t)= dk(2π)3e
ik·r∆⊥kP(k,t). (2.42)
NotealsothatthetransverseﬁeldE⊥doesnotcoincidewiththetransversecomponent
oftheelectricﬁeldE,becausethepolarization,thatmakesthelinkbetweenthemin
Eq.(2.32),isnotlongitudinal.
Thepropagationequation(2.39)isthequantumversionofthestandardwaveequa-
tioninclassicaloptics[42].Initsfulquantumform,itrarelyappearsintheliterature,
presumablybecausethestudyofopticalquantumpropertiesinamediumwithoutsimple
spatialsymmetry(likearegularcavity)isnotaverypopulartopic.Thatsaid,equations
similarto(2.39)showupinsomestudiesdevoted,forexample,tosuperradiance[56,67]
(whereE⊥ andEareoftenconfused),tothequantizedmotionofatomsinlaserﬁeld
[68],ortothepropagationofquantumﬁeldsunderconditionsoftheelectromagneticaly
inducedtransparency[69].
2.3.2 Dynamicsofatomicvariables
2.3.2.a Rotatingwaveapproximation
TocalculatetheevolutionofatomicvariableswewilslightlysimplifytheHamiltonian
(2.24)bymeansoftheso-caledRotatingwaveapproximation(RWA).Itsjustiﬁcation
requiresdecompositionoftheelectricﬁeldinitspositiveandnegativefrequencyparts
[70,71],E(r,t)=E+(r,t)+E−(r,t),with
E+(r,t)=
∞
0
dωL
2πE(r,ωL)e
−iωLt, (2.43)
andE−(r,t)=[E+(r,t)]†,orequivalentlyE−(r,ω)=[E+(r,−ω)]†sinceEisHermitian.
Inthesamemanner,wedeﬁneE+⊥ andE−⊥,aswelasE+0 andE−0. Wenowobservethat,becauseofEq.(2.29),thepositivefrequencypartofthefreeﬁeldisgiven,inthe
plane-wavebasis,by
E+0(r,t)=i
k,
Ekak ei(k·r−ωt). (2.44)
Wewilassumethatsucharelationalsoholdsinthepresenceofatoms,whichmeans
that
E+⊥(r,t)=i
k,
Ekak(t)eik·r. (2.45)
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Furthermore,inEq.(2.25)weintroducedtheatomicraisingandloweringoperators,
which,logicaly,deﬁnetheraisingandloweringcomponentsofthepolarization(2.5):
P+(r,t)=
N
i=1
D+i(t)δ(r−ri), (2.46)
andP−(r,t) =[P+(r,t)]†. Unfortunately,thisnotationdoesnotcoincidewiththe
deﬁnitionofthefrequencycomponentsthatweusedfortheﬁeld.Actualy,asitwilsoon
becomeclearfromatomicHeisenbergequations,P+(r,t)turnsouttobethenegative
frequencycomponentofthepolarization.Thisistruewhenatomsevolvefreely,andagain
wewilassumethatthisholdsinthepresenceofinteractionwiththeﬁeld.Therefore,
thepositivefrequencypartofthetotalelectricﬁeld(2.11)reads
E+(r,t)=E+⊥(r)−10
N
i=1
D−i(t)δ(r−ri). (2.47)
Moreover,thepositivefrequencypartofthepropagationequation(2.39)leadstothe
analogofEq.(2.33):
E+(r,ωL)=E+0(r,ωL)+10
N
i=1
g(r−ri,ωL)D−i(ωL), (2.48)
where,werecal,gistheretardedGreen’sfunctionoftheHelmholtzequation(2.35).
WearenowabletointroduceRWA.Itconsistsinneglectinghighlyoscilatoryterms
thatappearinthetwocontributions(D+i+D−i)·E+⊥(ri)+E−⊥(ri)and(D+i+D−i)·(D+i+D−i)oftheHamiltonian(2.24).ProvidedthatthetypicalfrequenciesωLoftheﬁeldwhichwilcontributetotherandomlaserprocessareclosetotheatomicfrequency
(|ωL−ω0| ω0),wecansimplifytheHamiltonian(2.24)intoaformwherenon-resonant
contributionshavebeendisregarded:
H=
N
i=1
ω0+δω(1)0 |ei ei|+
k,
ωk(a†kak +12)
−
N
i=1
D+i·E+⊥(ri)+D−i·E−⊥(ri)+10
N
i=j
D+i·D−jδ(ri−rj). (2.49)
ItisworthnotingthatwedidnotmadeuseoftheRWAtoderivethequantumwave
equation(2.39).Ifweselectedonlytheresonanttermofthepositivefrequencypart
inEq.(2.28),wewouldhavefoundasolutionoftheform(2.48),butwiththeGreen’s
functiongreplacedbyitsimaginarypart.Thismeansthatnon-resonantcontributions
areessentialasfarastheﬁeldisconcerned: withoutthemwewouldnotbeableto
recoverthestandardwaveequationinthesemiclassicallimit.
2.3.2.b Dipoleandpopulationimbalancedynamics
InternaldegreesoffreedomofNtwo-levelatomswithoutdegeneracyareentirelycharac-
terizedbyasetof2Noperators. Wecanchoose,forexample,thedipoleraisingoperator
andthepopulationimbalanceofeachatom:
D+i=diS+i=di|ei gi|=dD+i=ddi|ei gi|,
Πi=|ei ei|−|gi gi|. (2.50)
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WhencomputingHeisenbergequationsofmotionfortheseoperatorsweshalkeepin
mindthat,whereasanyatomicoperatorcommutesatequaltimewiththecomponents
E±⊥qofthetransverseﬁeld(2.26),itisnotalwaysthecasefortheelectricﬁeld(2.11):
D±i(t),E±⊥q(r,t)=0, Πi(t),E±⊥q(r,t)=0,
[Di(t),Eq(r,t)]=0, [Πi(t),Eq(r,t)]=0, (2.51)
D±i(t),E±q(r,t)=0, Πi(t),E±q(r,t)=0.
UndertheactionoftheHamiltonian(2.49),thedipoleraisingoperatorofatomioscilates
accordingto
dD+i
dt =i(ω0+δω
(1)
0 )D+i+i[di⊗di]E−⊥(ri)Πi− i0 [di⊗di]
N
j=i
D+jδ(ri−rj)Πi.
(2.52)
InthisequationwecanforcetheﬁeldE−toappearbyexpressingitthroughE−⊥using
Eq.(2.47).Inthisoperation,anewdivergingfrequencyshiftδω(2)0 emerges:
dD+i
dt =i(ω0+δω
(1)
0 +δω(2)0 )D+i+i[di⊗di]E−(ri)Πi, (2.53)
with
δω(2)0 =−d
2
0
δ(0). (2.54)
NotethatwehavechosentowriteEq.(2.53)inthenormalorder[71],namelywithE−
appearingontheleftsideofΠi.Actualy,aswewilseeinthefolowing,thischoiceis
themostconvenienttogetthesemiclassicallimitofHeisenbergequations[72]. Withthe
antinormalorder,theshiftδω(2)0 wouldbereplacedbyitsoppositeinEq.(2.53):
dD+i
dt =i(ω0+δω
(1)
0 −δω(2)0 )D+i+iΠi(di⊗di)E−(ri). (2.55)
Ontheotherhand,theHeisenbergequationsatisﬁedbythepopulationimbalanceis
dΠi
dt=
2iD+i·E+⊥(ri)−E−⊥(ri)·D−i + 2i0
N
j=i
D+i·D−j−−D+j·D−i , (2.56)
whichtakesasimplerformifweexpressitintermsoftheelectricﬁeld:
dΠi
dt=
2iD+i·E+(ri)−E−(ri)·D−i . (2.57)
Again,wechooseherethenormalorder.However,although D±i(t),E±q(r,t)=0,thisequationlooksformalythesameintheantinormalorderbecausethetwocommutators
compensateeachother.
Therearereasonsfornotbeingentirelysatisﬁedbythedynamicalequationsofmotion
(2.53)and(2.57).First,becausewewouldliketogetridofdivergingshiftsδω(1)0 and
δω(2)0 . Second,becausewewouldliketoseeexplicitlytherelaxationrateofatomicoperatorsthatwearefamiliarwith.Infact,althisinformationisimplicitlycontained
intheelectricﬁeld,aswenowshow.
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2.3.2.c Ownradiationﬁeld,Lambshiftandspontaneousemission
Asitisclearfromexpression(2.33),theelectricﬁeldcontainsacontributiongenerated
bytheNatoms.Inparticular,eachatomradiatesaﬁeldtowardsalatomsincluding
himself. Thelattercontributiong(0)Di/0isapparentlypathologicsinceitdiverges.
Becausewewanttoemphasizeitsroleinequationsofmotion,wedeﬁnea‘smoothed’
electricﬁeld:
Es(r,ωL)=E(r,ωL)−10g(0,ωL)
N
i=1
Di(ωL)δr,ri, (2.58)
sothat,atthepositionriofatomi,itbecomes
E+s(ri,ωL)=E+0(ri,ωL)+10
N
j=i
g(r−ri,ωL)D−j(ωL). (2.59)
Assumingthatg(0,ωL) g(0,ω0)(whichisconsistentwithRWA),wereplacein
Eqs.(2.53)and(2.57)theﬁeldE(ri,t)byitsdecompositioninferredfromEq.(2.58).
Weobtain
dD+i
dt =i ω0+δω
(1)
0 +δω(2)0 − d
2
0
g∗(0,ω0)D+i+i[di⊗di]E−s(ri)Πi, (2.60)
dΠi
dt=
2iD+i·E+s(ri)−E−s(ri)·D−i −2d
2
0
Im[g(0,ω0)](Πi+1). (2.61)
WenowtakeadvantageoftherelationbetweenthesingularityoftheGreen’sfunction,
g(0,ω0),andthemonoatomicLambshift∆ω0andnaturallinewidthΓ0calculatedin
thegauge‘A·p’withouttheRWA[45,52]:
−d
2
0
g∗(0,ω0)=∆ω0+iΓ02+δω
(3)
0 , (2.62)
with
δω(3)0 = d
2
30 δ(0). (2.63)
Therefore,apartfromtheLambshift∆ω0,thedivergingcontributionsinEq.(2.60)are
δω(1)0 ,δω(2)0 andδω(3)0 .TheirexplicitexpressionsgivenbyEqs.(2.13),(2.54),and(2.63)revealthattheynicelycompensateeachother:
δω(1)0 +δω(2)0 +δω(3)0 =0. (2.64)
Thisisanindirectproofoftheconsistencyofourapproach.Thankstothedecomposition
(2.58)weevacuateal monoatomicquantumsubtletiesthatcouldbotheruslater. We
ﬁnalyobtaintheatomicequationsofmotionintheirusefulform
dD+i
dt =i(ω0+∆ω0)D
+i−Γ02D
+i+i[di⊗di]E−s(ri)Πi, (2.65)
dΠi
dt=−Γ0(Πi+1)+
2iD+i·E+s(ri)−E−s(ri)·D−i . (2.66)
Werecalthattheseequationsarewritteninthenormalorder.Equivalentequations
intheantinormalorderlooklessintuitive.Forexample,Eq.(2.66)isformalythesame
as dΠi
dt=Γ0(Πi−1)+
2iE+s(ri)·D+i−D−i·E−s(ri), (2.67)
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whereitseemsthatthepopulationimbalancespontaneouslydivergesinsteadofdecaying
asitisthecaseinEq.(2.66).Toclarifythispoint,letusconsiderthesomehowtrivial
situationwhereonlyoneatominteractswiththeﬁeld.Inthatcasethesmoothedﬁeld
reducestoitsfreecomponent,E±s =E±0. Supposealsotheradiationinitialyinitsvacuumstate|0R.Since,accordingtoEq.(2.29),0R|E−0 =0andE+0|0R =0,E±0doesnotcontributetothequantumexpectationvalueofEqs.(2.65)and(2.66)inthe
vacuumstate.Consequently,inthenormalorderpicture,spontaneousemissionaswel
astheLambshiftseemexclusivelyduetotheownradiationﬁeld —asindicatedby
Eq.(2.62) —andnottothe‘vacuumﬂuctuations’.However,thisinterpretationbreaks
downintheantinormalorderpicture,wheretermsinvolvingE±0 donotvanish. Forexample,intheexpectationvalueof(2.67),thevacuumﬂuctuations(namelyE±0)areprimordialtorestoretheproperdecayrate.Aspointedoutin[73],thetwointerpretations
are“merelytwosidesofthesamequantum-mechanicalcoin,witheach[..]beingan
oversimpliﬁcationmotivatedbytheorderingschemeadopted”. Weﬁnalyreportthat
in[72],Cohen-Tannoudjiproposestouseneitherthenormalnortheantinormalbutthe
symmetricpicture,whereboththeownradiationﬁeldandthevacuumﬂuctuationsare
responsiblefortheLambshiftandspontaneousemission.
Atomicequationsofmotion(2.65)and(2.66)—orEqs.(2.53)and(2.57)—together
withEq.(2.39) —orEq.(2.59) —formaclosedsetthatcontainsaltheinformation
necessarytoinferthedynamicsofboththeﬁeldandtheinternalatomicdegreesof
freedom.Equationsofthistypearesometimescaled‘Maxwel-Blochequations’[56,67].
WestressagainthattheﬁeldcoupledtoatomsinEqs.(2.65)and(2.66)isnotthetotal
electricﬁeldEthatappearsinthewaveequation(2.39),butonlyitssmoothedpart
Es.Inthecomputationoftheatomicpolarizabilityinchapter4,weshalseethatthis
seeminglytechnicaldetailmighthavenontrivialconsequences.Thephysicalcontentof
thesecoupledequationsaswelasthestrategytosolvethemisthesubjectofthenext
section.
2.4 Microscopicand mesoscopicpictures
Generalyspeaking,whenlookingattheinteractionbetweenatomsandlight,wecan
adopttwopointsofview. Intheperspectiveof mesoscopictransport,wefocuson
lightbehaviorwithoutpayingverymuchattentiontomatter,whereasinamicroscopic
treatmentwetrytointegrateouttheradiativedegreesoffreedomtohighlightatomic
excitations[49]. Whileintheﬁrstpicturewewishtofolowthelightinitsdynamics,in
thesecondweadoptamuchmorestaticglancethatleadsustointerpretmanifestations
ofthelight-matterinteractionintermsofmany-bodyphysics,emergenceofcolective
properties,orphasetransitions.ThisalternativeissomehowreminiscentofLagrangian
andEulerianspeciﬁcationsofaﬂowﬁeld:eitherwesitintheboatanddriftdownthe
river,orwepreferitsbankandwatchthewaterpass.Itisinstructivetomakealink
withourdiscussionofsection2.2aboutSchr¨odingerandHeisenbergpictures.Inthe
masterequationapproach(Schr¨odingerpicture),oftenusedinatomicphysics,wealways
considertheradiationasareservoirthatwetrytointegrateout.Inthisperspective,the
masterequationformalismclearlybelongstothemicroscopicpicture.Situationismore
versatileintheHeisenbergpictureforwearefreetochoosebetweenmesoscopicand
microscopicpointsofview.Indeed,ontheonehandwehavethewaveequation(2.39)
fortheelectricﬁeldoperator,andontheotheratomicequationsofmotion(2.65)and
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(2.66).Atourconvenience,wecanformalyeliminatetheatomicortheﬁeldvariables.
2.4.1 Microscopicexcitations
First,weadoptthemicroscopicpictureandeliminatetheﬁeldvariables.Rigorously,we
havetoinsertthesmoothedﬁeldsolution(2.59)rewritteninthetimedomaininatomic
Eqs.(2.65)and(2.66).Onecanverifythattheresultingequationssimplifyprovidedthat
theatomiclevelspacingisweldeﬁned(Γ0 ω0)andthatthetimeofﬂightthrough
thesampleoftypicalsizeRisnegligible(Γ0 c/R).Inthatcasewecansimplyreplace
g(ri−rj,ωL)byg(ri−rj,ω0)inEq.(2.59).Notethatitisonlypossiblebecausethefree
spaceGreen’sfunctionghasnoresonanceinthefrequencydomainwhereatomsscatter
strongly(namelyinthevicinityofω0).Ifatomsweresurroundedwithacavityofhigh
ﬁnesse,thefrequencypatternofgwouldcontainsharppeaksrepresentingcavitymodes,
andoursimpliﬁcationschemewouldbreakdown.Havingsaidthat,hereweobtain
dD+i
dt = iω0−
Γ0
2 D
+i+id
2
0
k30
6π∆i
N
j
G∗ij(ω0)D+jΠi+id∆iE−0(ri)Πi, (2.68)
dΠi
dt=−Γ0(Πi+1)−
d2
0
2k30
3πIm

D+i·
N
j
Gij(ω0)D−j

−4dImD+i·E+0(ri),
(2.69)
whereweuseaslightlylooseoperatornotationImO=(O−O†)/2i,andtheLambshift
∆ω0hasbeenabsorbedinthedeﬁnitionoftheatomicfrequencyω0;∆i=d˜i⊗d˜iisthe
projectionoperator(onthedipoled˜i),and˜diandD±iaredeﬁnedinEq.(2.50).Finaly,thecouplingcoeﬃcientGij(ω0)isthedimensionlessfreespaceGreen’sfunction:
Gij(ω0)=6πk30(1−δij)g(ri−rj,ω0). (2.70)
Next,thankstothedeﬁnitionofthespontaneousdecayrate,
Γ0=2π2
k,
E2k|d·|2δ(ω0−ωk)=d
2k30
3π0 , (2.71)
Eqs.(2.68)and(2.69)reduceto
dD+i
dt = i
ω0
Γ0−
1
2 D
+i+i2∆i
N
j
G∗ij(ω0)D+jΠi−i2∆iΩ
−0(ri)Πi, (2.72)
dΠi
dt=−(Πi+1)−2Im

D+i·
N
j
Gij(ω0)D−j

+2Im D+i·Ω+0(ri), (2.73)
wherethetimeisfromnowoninunitsofΓ−10 ,andΩ±0isthedimensionlessRabifrequencyassociatedwiththefreeﬁeld,Ω±0=−2dE±0/Γ0[52].Equations(2.72)and(2.73)describethematter-ﬁelddynamicsinthemicroscopicpic-
ture.Quiteinterestingly,wedidnotneedtomakeanystrongapproximationtogetthem.
Actualy,weonlyusedtwosimpliﬁcations:theRWAforinternaldegreesoffreedomand
§2.4 Microscopicandmesoscopicpictures 27
theapproximationGij(ωL) Gij(ω0).Bothofthemcanberelaxed:equationswould
onlylookabitmorecomplicated,andwouldinvolveconvolutionproducts.Inparticular,
weemphasizethatwedidnotinvokeanyapproximationoftheBorn-Markovtype,asit
itisnecessaryinthemasterequationapproach.
Itisalsoworthnotingthatequationssimilarto(2.72)and(2.73)werederivedquite
alongtimeago,intheseventies,byLehmberg[55]andAgarwal[43]. Nevertheless
thespiritoftheirderivationdiﬀerssubstantialy.Indeed,thekeytoourderivation
liesinthecleardivisionofthematter-ﬁelddynamicsintoawaveequation(2.39)and
atomicequations(2.53)and(2.57),sothattheoriginofthecouplingGijinEqs.(2.72)
and(2.73)isobvious. Conversely,theauthorsof[43,55]lookedattheinteractionof
eachatomwitheachmodeoftheﬁeld|k, andthensummedupthecontributionsof
althemodes. Becauseofthisblurringsummation(andalsobecausetheauthorsdid
notusethecompleteHamiltonian(2.24),andmadenodiﬀerencebetweenEandE⊥),
theyapparentlyoverlookedthefactthatthecouplingtensorGwassimplytheGreen’s
functionoftheHelmholtzequation.Havingthispointinmindclariﬁesthesituation.For
example,italowsforastraightforwardgeneralizationofEqs.(2.72)and(2.73)tothe
casewhereatomsareembeddedinahomogeneousmediumorsurroundedbyacavity.
Beforediscussingthephysicalcontentofequations(2.72)and(2.73),wewouldlike
toshowwhattheybecomewhenweneglectthevectorialnatureoftheﬁeld.Inthis
procedure,thedipolarcouplingDi·E⊥(ri)intheHamiltonian(2.24)isapproximated
bydSiE⊥(ri),alsummationsoverpolarizations,likeinEq.(2.26),areomitted,and
projectorsontodipoles,∆i=di⊗di,aresimplyreplacedbytheidentityoperator.Moreover,thescalarelectricﬁeldoperatorEobeysthescalarwaveequation
∆E(r,t)−1c2∂
2tE(r,t)= 10c2∂
2tP(r,t). (2.74)
ItsretardedGreen’sfunctionginreciprocalspace,
g(k,ωL)= −k
2L
k2L+iη−k2
, (2.75)
isnothingbutthetransversecomponentofthedyadicGreen’sfunctiong(2.34),
g(k,ωL)=−∆k+g(k,ωL)∆⊥k. (2.76)
Finaly,notethatinthescalarapproximationthevalueofthespontaneousemissionrate
isdiﬀerentfrom(2.71):
Γ0=2π2
k
Ekd2δ(ω0−ωk)=d
2k30
2π0 (scalarﬁeld). (2.77)
Hence,thescalarversionofEqs.(2.68)and(2.69)is
dS+i
dt= i
ω0
Γ0−
1
2 S
+i+i2Πi j
G∗ij(ω0)S+j−i2Ω
−0(ri)Πi, (2.78)
dΠi
dt=−(Πi+1)−2Im

S+i
j
Gij(ω0)S−j

+2Im S+iΩ+0(ri), (2.79)
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whereGij(ω0)istheijelementofaN×Nnon-Hermitianmatrix,whichwewilcalin
thismanuscriptthescalarGreen’smatrix:
Gij(ω0)=4πk30(1−δij)g(ri−rj,ω0). (2.80)
NotethatthenormalizationcoeﬃcientisnotthesameasinEq.(2.70).Itischosen
suchthattheaverageofGij(ω0)overthesolidangledΩij=drij/r2ijdrijcoincideswithGij(ω0): 1
4π dΩijGij(ω0)=Gij(ω0). (2.81)
Inthreedimensionalspace,ithastheform
Gij(ω0)=(1−δij)e
ik0|ri−rj|
k0|ri−rj|. (2.82)
Forfutureuse,wealsointroducethedimensionlesssmoothedﬁeldΩ+s =−2dE+s/Γ0anditsscalarversionΩ+s=−2dE+s/Γ0. WithEqs.(2.59),(2.70),(2.71),(2.77),and(2.80),weobtain
Ω+s(ri,ωL)=Ω+0(ri,ωL)− ωLω0
3 N
j=i
Gij(ωL)D−j(ωL), (2.83)
Ω+s(ri,ωL)=Ω+0(ri,ωL)− ωLω0
3 N
j=i
Gij(ωL)S−j(ωL). (2.84)
Couplednonlinearquantumequations(2.78)and(2.79)deserveafewcomments:
•Bothofthemcontainthreecontributions:(1)amonoatomicpartthatcorresponds
tothewel-knownBlochequationsofatomicphysics[52],(2)apartduetointer-
atomiccoupling,thekernelofwhichisthematrixG,(3)theactionofthefree
ﬁeldE±0 oneachatom. Theinformationaboutaneventualopticalpumpisnotcontainedintheseoperatorialequationsbutinthestateoftheﬁeldthatwewil
usetotaketheirexpectationvaluelateron.If,forthetimebeing,weaverageover
|0R,thetermscontainingΩ±0vanish.Tosomeextent(thatisdetailedinsection3.3),andwithrespectto|0R,thesetermsbehaveasLangevinforces,andforthis
reasonarecaledquantumLangevinforces[52,66,74].
•AtomiiscoupledtoatomjthroughGijthatpropagatestheﬁeldfromonetothe
other.Thisisnotsurprisinginasmuchasthesameoccursforclassicaldipoles:Gij
isaclassicalquantity.Lesstrivialy,thiscouplingdoesnotvanishintheabsenceof
photons,giventhatvacuumexpectationvaluesofinteratomictermsinEqs.(2.78)
and(2.79)arenonzero.JustastheLambshiftandthespontaneousdecayrateare
relatedtothetheownradiationﬁeldthroughgii—seeEq.(2.62) —a‘colective
Lambshift’andvanderWaalsforcesarisefromtherealandimaginarypartsofthe
interatomiccouplingGij.Astheydonotneedthepresenceofexternalphotonsto
buildup,theyaresometimessaidtobeduetovirtualphotonexchangebetween
atoms[49,52,60,75].Notethatthevacuumﬂuctuationsdepictedbythequantum
Langevinforcesseemherenotnecessarytoexplaintheseeﬀects.Aswediscussed
insection2.3.2.c,thisisonlybecauseEqs.(2.78)and(2.79)arewritteninthe
normalorder.
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•Aswewilshowlateron,Eqs.(2.78)and(2.79)admitasemiclassicallimit,where
quantumLangevinforcesaredisregardedandtheremainingoperators,S±iandΠi,arereplacedbyc-numbers.Inthislimit,Eqs.(2.78)and(2.79)featurethedynam-
icsofclassicaldipoleswithlong-rangecouplingcoeﬃcientGij. Theycorrespond
toaneﬀectiveHamiltonian —see,forexample,Eq.(2.98) —whichisstrongly
reminiscentoftheHamiltonianoftopologicalydisorderedsystems,suchasspin
glasses. Thelatterarealoysinwhichmagneticimpuritiessubstituteatomsat
randompositions. TheyareweldescribedbyarandomizedversionoftheIsing
modelsuchastheSherrington-Kirkpatrickmodel[76]. TheHamiltonianofthis
modelisH=− ihiSi− i=jJijSiSj,wherehiisthelocalexternalmagneticﬁeldandJijistheinteractionbetweenimpurities.Inametal,localizedmagnetic
momentsinteractindirectlyviapolarizationofconductionelectronsthroughthe
Ruderman-Kittel-Kasuya-Yosida(RKKY)potential.Inthreedimensionalspace
thelatterisoftheform[77]
Jij=Jcos(2kF|ri−rj|)|ri−rj|3 , (2.85)
wherekF istheFermiwavevector.Jijinaspinglassplaysthesameroleas
Gijinanensembleofatoms. Moreover,aswewilseeinchapter3,thelocal
magneticﬁeldforspinsiswel mimickedbytheincoherentlocalpumpforatomic
dipoles.Looselyspeaking,wecanthereforeconsiderarandomlaserasakindof
opticalspinglass. Transposingtorandomlaserstherichphysicsofspinglasses,
aswelasthetheoreticaltoolboxpromotedtodescribethem[76],ispotentialy
fruitful.Forexample,wecanexpect(atzerotemperature)aphasetransitionto
occurdependingontherespectivestrengthofthepumpandtheinteraction:this
ispreciselythethresholdoftherandomlaser.
2.4.2 Toward mesoscopictransport
Theformulationofmatter-ﬁeldinteractionintermsoflighttransportconsistsinelimi-
natingtheatomicdegreesoffreedomthatappearinthecoupledequations(2.39),(2.65),
and(2.66).Idealy,thiscouldbeachievedbyexpressingthepolarizationasafunctionof
theelectricﬁeldonly.However,contrarytothemicroscopicpicture,suchoperationcan-
notbeperformedexactly.Tounderstandwheretheproblemcomesfrom,wereformulate
atomicequations(2.65)and(2.66)inthefrequencydomain:
D−i(ωL)= 1ωL−ω0+iΓ0/2
dω
2π Πi(ωL−ω)[di⊗di]E
+s(ri,ω), (2.86)
Πi(ωL)=− 2iπΓ0ωL+iΓ0δ(ωL)+
2
ωL+iΓ0
dωdω
(2π)2
[di⊗di]E−s(ri,ω)·Πi(ωL−ω−ω)E+s(ri,ω)
ωL−ω+ω0+iΓ0/2 +h.c.(ω↔ω). (2.87)
WithEq.(2.86),thequantumwaveequation(2.39)becomes
∇×∇×−k2L E+(r,ωL)= dω2π0
N
i=1
k2LΠi(ωL−ω)
ωL−ω0+iΓ0/2[di⊗di]δ(r−ri)E
+s(r,ω).
(2.88)
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Equations(2.87)and(2.88)formaclosedsetfromwhichpopulationimbalanceΠi
cannotbeeasilyeliminated.Simpleobservationoftheseequationsrevealsthatpopu-
lationimbalanceisresponsibleforbothinelasticscattering(ωL → ω)andnonlinear
responseoftheatomic mediumtotheﬁeld. Despitethesesubtleties,ifweassume
thatastationaryregimeexistsinwhichthepopulationimbalanceistimeindependent,
Eq.(2.88)canbereducedtoaneﬀectivepropagationequationoftheform
k2L−Hf E+(r,ωL)=0, (2.89)
with
Hf=Hf0+Vf=(∇×∇×)+
N
i=1
viδ(r−ri), (2.90)
whereviisaneﬀectivepotential,theexplicitformofwhichwilbediscussedandusedin
chapter4.Inastandardmanner,wecaninterpretE+(r)asthereal-spacerepresentation
ofaket|E+ embeddedinaﬁctitiousHilbertspaceEf,andwhosedynamicsisgoverned
bytheﬁctitiousHamiltonianHf.Inthisframework,theelementarybuildingblockthat
characterizesthebehavioroftheﬁeldisthereforetheresolvent1oftheHamiltonianHf,
Gf=1/(k2L−Hf)=Gf0+Gf0VfGf,withGf0=1/(k2L−Hf0).Inordertoavoidanyconfusion,westressthatr|E+ isatthesametimeacomponentof|E+ inEf,and
anoperatorthatactsinthetrueHilbertspaceE=EA⊗ER. Moreover,Hfshould
notbeconfusedwiththe matter-ﬁeldHamiltonianH (2.24)thatweusedtoderive
Eqs.(2.89)and(2.90).Inparticular,HfisnotHermitian,contrarytoH. Forthe
studyoflightpropagationinthepresenceofgainwithintheframeworkofmesoscopic
scatteringformalism[usingEqs.(2.89)and(2.90)],wereferthereadertochapter4.
Obviously,wecanarguethatthescatteredﬁeldmayalsobecomputedbydirectly
usingtheresolventG(z)=1/(z−H)oftheHamiltonianH=H0+VgivenbyEq.(2.24).
Inthisapproach,scatteringof|E+ inEfisreplacedbyscatteringofmatter-ﬁeldex-
citations|ψA|ψR inE=EA⊗ER.Itisapriorimuchmorediﬃculttokeeptrackof
|ψA|ψR undertherepeatedactionofVthanof|E+ undertheactionofVf. This
explainswhypublicationsdevotedtosuchquantummicroscopicscatteringformalism
restrictthemselvestothestudyofpropagationofasinglephoton|ψR =|k ,inthe
presenceofN atomsintheirgroundstate|ψA =|N:g[78–83].Itisinterestingto
ilustratethisfactbecausethisprovidesanoccasiontointroducetheconceptofeﬀective
Hamiltonianproperly.Forthispurpose,letuscalculatethematrixelement O|T|Iof
theToperator,T=V+VGV,where|Iand|O areeigenstatesofH0containingone
photonicexcitation,|I=|N:g|kinin and|O =|N:g|koutout:
O|T(EI+iη)|I= O|VG(EI+iη)V|I= O|VPG(EI+iη)PV|I, (2.91)
whereEI= I|H0|I= ωin= ω0(photononresonance),andPistheprojectoron
thesubspaceformedbytheeigenstatesofH0containingoneatomicexcitation:
P=
N
j=1
|jj| with |j=|(N−1):g,j:e|0R. (2.92)
1Inthismanuscriptweusetheterm‘resolvent’ratherthan‘Green’sfunction’toavoidanyconfusion
withtheGreen’smatrix(2.82).
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TheprojectedresolventPG(EI+iη)PappearinginEq.(2.91)isgivenbyaverygeneral
expressionthatfolowsfromsimplealgebra(see,forexample,Ref.[84]):
PG(EI+iη)P= PEI+iη−He(EI+iη). (2.93)
TheeﬀectiveHamiltonianHeisnontrivialinasmuchasitisdiﬀerentfromPHP:
He=PH0P+PR(EI+iη)P, (2.94)
withR(z)deﬁnedas
R(z)=V+V Qz−QHQV=V+V
∞
n=0
Q
z−QH0QV
n Q
z−QH0QV, (2.95)
whereQ =1−P. Fortheparticularprojector(2.92),wehavetocalculateRjj=
j|R(EI+iη)|jandRjj(j=j).Forsimplicitywegivethemforascalarﬁeld.According
totheexplicitformofH0andV—seeEq.(2.24) —theyare
Rjj=
k
VjkVkj
EI+iη−Ek= ∆ω0−iΓ0/2, (2.96)
Rjj=
k
VjkVkj
EI+iη−Ek=
Γ0
2
eik0|ri−rj|
k0|ri−rj|, (2.97)
wherethelabelkreferstostateswithasinglephotonicexcitation,|k=|N:g|k,or
|k=|(N−2):g,2:e|k(non-resonantprocesses).Therefore,theeﬀectiveHamiltonian
(2.94)becomes
He=
N
i=1
ω0−iΓ02 |ei ei|−
Γ0
2
N
i=j
Gij(ω0)S+iS−j, (2.98)
wheretheLambshifthasbeenabsorbedinω0andGij(ω0)isgivenbyEq.(2.82). We
emphasizethatthiseﬀectiveHamiltonianisapriorivalidonlywithrespecttothesingle-
excitationsubspacecharacterizedbytheprojectorP(2.92),contrarytoEqs.(2.87)and
(2.88)validforanyquantumstateofthematter-ﬁeld.TheeigenvaluesofHedeﬁnethe
excitationspectrumforlightcoupledtoscatterers.Incidentaly,notethatHeisanon-
Hermitianoperator,thatmustnotbeconfusedwiththeﬁctitiousHamiltonianHf(2.90)
ofthemesoscopicscatteringapproach.ThiseﬀectiveHamiltonianHewasexplicitlyused
byseveralgroups.Recently,in2008,Akkermansetal.[79]usedittostudytheinterplay
ofphotonlocalizationandDickesuperradianceinacolectionofatomsatrestatrandom
positions.Andin2009,AntezzaandCastin[85]madeusedofHebytakingintoaccount
thevectorialnatureoflight,aswelasexternalatomicdegreesoffreedom(eachatom
harmonicalytrapped),tocalculatethespectrumoflightinaperiodicstructure(no
disorder).
Althoughwewilnotadoptthemicroscopicscatteringapproachintherestofthis
manuscript,wesignalthatthecombinationofequations(2.98)and(2.93)clearlyalows
tosolvethescatteringproblem(2.91).
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2.5 TheGreen’s matrixintheliterature
Microscopicequations(2.72)and(2.73),ortheirmesoscopicversion(2.87)and(2.88),
potentialycontainanimpressiveamountofopticalphenomenasuchassuperradiance,
colectivespontaneousemission,subradiance,laser,inelasticscattering,nonlinearoptics,
quantuminterferences,orAndersonlocalization.Andintheseequations,alinformation
aboutdisorderandinteraction,i.e.aboutpositionsofscatterersandthewaytheycouple
toeachother,iscontainedinGij(ω0)deﬁnedinEq.(2.70).Thismeansthatalclassical
informationrelatedtotheemergenceofcolectivebehaviorissomehowhiddeninthe
propertiesoftheGreen’smatrix.Inthissection,webrieﬂyreviewtherecentworks
wheretheGreen’smatrixhasbeenencountered. Mostofthemcanbeformulatedand
understoodasvarioussimpliﬁcationsofEqs.(2.72)and(2.73).
2.5.1 Cooperativeemissionoflargeatomicsamples
Abasicproblemoftraditionalandmodernquantumopticsisthe‘single-photonsuperra-
diance’:aphotonisstoredinanensembleof(cold)atoms,andonestudiestheproperties
(frequency,directionofpropagation,etc.)ofthephotonre-emittedbytheatomsata
latertime.Itisaspeciﬁccaseofthesuperradianceprotocol,withonlyonephotonand
norestrictionconcerningthesizeofthesystem. Theoreticaly,thisproblemhasbeen
addressedalongtimeago,in1969,byErnst[86],buthasbeenpopularizedonlyvery
recentlybythegroupofSculy[60,75,81–83,87–90],aswelasbyManassahandFried-
berg(seeforexample[91]andreferencestherein).Thereasonforthisrenewedinterest
isprobablytherecentdevelopmentofexperimentalsetupswherecooperativeemission
canbeobservedwithoutobscuringeﬀects(e.g.,Dopplereﬀectornearﬁeldatom-atom
interactions),eitherwithcoldatomsorwithultrathinsolidsamples[92].Anotherreason
isthedevelopmentofmemoriesbasedonstorageofphotonsinatomicmedia[93,94],
withinparticulartheimplementationofquantumrepeatersandlong-distancequantum
cryptographynetworks[95,96].Thetheoreticalframeworkoftheunderlyingphysicsis
alinearizedversionofscalarequations(2.72)and(2.73),andisstrictlyequivalenttothe
one-photonscatteringformalismassociatedtotheeﬀectiveHamiltonian(2.98).Namely,
Sculyandcoworkersstudythedynamics,intheSchr¨odingerpicture,ofapurestateof
theform
|Ψ(t) =
N
j=1
βj(t)|(N−1):g,j:e|0R +
k
γk(t)|N:g|k
+
N
i<j k
αijk|(N−2):g,i:e,j:e|k, (2.99)
wherethelastsum,thatdescribesstateswithatomsiandjintheirexcitedstatesin
thepresenceofone‘virtual’photon,isnecessarytocapturenon-resonantprocessesthat
giverisetotherealpartoftheGreen’smatrix2.Theevolutionequationforthevector
β=(β1,.,βN)reads[88,90]:
dβ
dt=−β(t)+iG(ω0)β(t), (2.100)
2Seesections2.3.1,2.3.2.a,or2.4.2forrelateddiscussions.
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wherethetimeisinunitsofΓ−10 andG(ω0)isthescalarGreen’smatrix(2.82).Accordingtothisequation,aneigenvectorofGassociatedwiththeeigenvalueΛkdecayswitha
rateΓ=Γ0(1+ImΛk)andexperiencesafrequencyshift−Γ0ReΛk. Boththedecay
rateandthefrequencyshiftwerestudiedin[88,90]inthelimitofaverydenseatomic
cloud(ρλ30→ ∞),wherethesummation[Gβ(t)]i= Nj=1Gijβj(t)canbereplacedbyintegrationinthelasttermonther.h.s. ofEq.(2.100).Itisimportanttorealize
thatreplacingsummationbyintegrationisequivalenttoaveragingthisequationoveral
possibleconﬁgurations{ri}ofatoms.Itleads,therefore,totheneglectofthestatistical
natureoftheinitialproblem.Asaconsequence,theauthorsof[88,90]ﬁnddeterministic
eigenvaluesΛk. Besides,withthisapproximationalsubradiantstatesoftheGreen’s
matrix,theimportanceofwhichwasalreadypointedoutintheoriginalpaperbyErnst
[86],arelost.Thisquitesubtleeﬀectseemstobeoverlookedbytheauthorsof[88,90],
presumablybecausetheyareessentialyinterestedinsuperradiantstates.Foradetailed
discussionofthiseﬀect,wereferthereadertochapter6. Moreover,althoughthese
deterministicresultsareinteresting,atomiccloudsof moderatedensityρλ30 1arereadilycreatedinmodernlaboratories(see,e.g.,[97,98]).Itisthereforeimportantto
extendtheanalysistodiluteatomicclouds.Suchextensionisdiscussedingreatdetails
inchapters6and7.
WealsopointoutthatinRef.[79],Akkermans etal.claimedthatpropertiesofthe
decayrateΓcanbeunderstood,atleastqualitatively,bydroppingtherealpartofthe
Green’smatrix,inasmuchasthelatterisexpectedtoberesponsibleforthecolective
Lambshift(orVander Waalsdephasing). Webelievethatthispictureisnotentirely
correct,becausethisshiftisrelatedtotherealpartoftheeigenvaluesofG,andnotto
therealpartofthematrixitself. Nevertheless,wewilseeinchapters5and6thatin
certainregimesofdisorderΛk(ImG)andImΛk(G)haveindeedsomesimilarities. The
advantageofsuchapproximationisthatImGisanHermitianmatrix,contrarytoG,
andforthisreasonmucheasiertodealwith.Theauthorsof[79]observedthatthedecay
rateγonlydependsonwhattheycaledthe‘disorderstrength’,aquantityproportional
totheon-resonanceopticalthicknessoftheatomiccloud. Wewilproperlyjustifythis
dependenceinchapter5.
Finaly,wementiontherecentworksofPierratandCarminatiwhostudiedthestatis-
ticsoftheﬂuorescencedecayrateofasingledipoleemitterembeddedinastronglyscat-
teringmedium[99,100].Thekeyquantityoftheirnumericalapproachisthe3N×3N
vectorialGreen’smatrix(2.70).Sincethedecayrateisproportionaltothelocaldensity
ofstates,understandingitsstatisticsisimportanttoimproveimagingtechniques.
2.5.2 Andersonlocalizationinanopen medium
ThephenomenonofAndersonlocalizationiscommonforal wavesinrandommedia
[9,101,102].Itconsistsinatransitionfromextended(overthewholeavailablesample
volume)toexponentialylocalizedeigenstatesofawave(orSchr¨odinger)equationwitha
randomlyﬂuctuatingpotential,atasuﬃcientlystrongrandomness.Aparadigmsystem
inwhichAndersonlocalizationcanbestudiedforclassicalwavesisarandomarrangement
ofNidenticalpoint-likescatterersinavolumeV.Insuchanopensystemofﬁnitesize
thewaveenergycanleaktotheoutsideandoneexpectsAndersonlocalizationtohavean
impactondecayofphysicalobservablessuchas,e.g.,theintensityofthewaveemerging
fromtherandomsystem.
Severalauthorsstudiedthedistributionofdimensionlessdecayratesγ=Γ/Γ0in
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openrandommediaand,inparticular,promotedtheideaofusingitsprobabilitydis-
tributionp(γ)asacriterionforAndersonlocalization[103,104].Tobeprecise,p(γ)is
expectedtodecayas1/γinthelocalizedregime(seesection6.6.1).Inpoint-likedipole
models,asitisclearfromEq.(2.100),therelevantdecayratesarerelatedtotheimag-
inarypartoftheeigenvaluesΛkofthenon-HermitianmatrixG(2.82),γk=1+ImΛk
[105]. Pinheiroetal.[104]observedthisdecayp(ImΛ)∝1/(1+ImΛ)innumerical
simulationsathighdensityandclaimedthatitwasasignatureofAndersonlocalization.
Inchapter6,wewilprovidesomeanalyticalandnumericalevidencethatthistendency
isactualypresentassoonastheregimeofmultiplescattering(largeopticalthickness)
isestablished,anddoesnotseemtorequireAndersonlocalization.
Inaddition,motivatedbytherecentadvancesinthemanipulationofultracoldgases,
Castinandcoworkers[106,107]numericalyinvestigatedthelocalizationofamatterwave
inadisorderedpotentialmadeofatomspinnedatrandompositionsofanopticallattice.
Thekerneloftheircalculationis,again,theGreen’smatrix(2.82).Themaindiﬀerence
withopticalwavesisthepossibilityforthematterwavetohavenegativeenergyE,i.e.
discreteboundstatesthataretrappedwithoutbeingnecessarilyofAndersontype.In
particularinthreedimensionalsystems,authorsofRef.[107]identifyforE>0the
existenceofamobilityedgeforapositiveeﬀectivescatteringlengthoftheorderofthe
meandistancebetweenscatterers.
Inchapter6wewilidentifyeventualsignaturesofAndersonlocalizationinthe
spectrumoftheeigenvaluesofG,aswelasinitseigenvectors.Twoquantitiesthatshal
manifestsuchsignaturesaretheThoulessnumberandtheinverseparticipationratio
ofeigenstatesofG.Forthereaderwhomightbedoubtfulaboutthelinkbetweenthe
eigenvectorsofH(2.24)(whosenumberisinﬁnite)andthoseoftheN×NmatrixG,
werecalthatmostphysicalpropertiesaresensitivenotdirectlytothetrueHermitian
HamiltonianHbuttoeﬀectiveHamiltonians,similartoHedeﬁnedinEq.(2.98).Andthe
eigenstates|Ψα of(2.98)aredirectlyrelatedtotheeigenstatesofG.Indeed,ifwedenote
Ψα=(Ψα1,.,ΨαN)whereΨαi= (N−1):g,i:e|Ψα,theequationHe|Ψα =Eα|Ψα
becomes
(ω0−iΓ0/2)Ψα− Γ0GΨα/2=EαΨα. (2.101)
Hence,theeigenstatesofGcoincidewiththoseofHethatevolveintheone-excitation
subspacedeﬁnedbytheprojectorP(2.92).
2.5.3 Opticalinstabilitiesandrandomlasers
Nonlineardisorderedsystems,suchastheensembleofatomsdescribedbyEqs.(2.72)
and(2.73),canexhibitspeckleinstabilities:ifthenonlinearityisstrongenough,thereis
nostationarystateatlongtimesothatthespecklepatternsgeneratedbypointscatter-
ersﬂuctuateintime. Gr´emaudand Welensinvestigatedin[108]theseinstabilitiesby
consideringanintensity-dependentscatteringmatrix
t(I)=−2iπk0 1+e
iνI , (2.102)
whereIistheintensityoflightonthescattererandνisaphenomenologicalnonlinear
coeﬃcient.Forsmalν,Eq.(2.102)reducestoageneralχ(3)nonlinearity(Kerreﬀect),
andforrealvaluesofν,theopticaltheoremisfulﬁled,ensuringenergyconservation(see
chapter4). Theatomicdynamicsisdescribedbyascalarandsemiclassicalversionof
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Eqs.(2.65)and(2.66)wherethepopulationimbalancehasbeeneliminated:
dS+i
dt=i
ω0
Γ0−
1
2 S
+i−k08πt(Is,i)Ω
−s(ri). (2.103)
HereΩ−s(ri)isthedimensionlesselectricﬁelddeﬁnedbyEq.(2.84),thatalsogivesrisetotheintensityIs,i=|Ω+s(ri)Ω−s(ri)|2.Stationary,time-independentsolutionslosetheirstabilityandthesystemstartstoexhibitcomplex,spontaneousdynamicbehaviorwhen
thenonlinearcoeﬃcientνexceedsacriticalvalueνinstproportionalto[1+min(ImΛk)]3/2.
Inchapter6wewilseethateigenvaluesofGwiththesmalestimaginarypartbelong
tospiralbranchesofthestatisticaldistributionp(Λ)inthecomplexplaneΛ.Theyare
notrelatedtothediﬀusionoflightinthebulkoftherandomsamplebutoriginatefrom
sub-radiantstateslocalizedonpairsofmutualyclosescatterers[108].Inchapter6we
wilprovideananalyticderivationofthestatisticaldistributionp[1+min(ImΛ)].
Theaveragevalue1+ min(ImΛk)wasalsostudiednumericalybyPinheiroand
Sampaiointhecontextofrandomlasers[109].Theyconsideredanensembleofpoint-
likescatterersrandomlydistributedinavolumeﬁledwithsomecontinuousamplify-
ing mediumthatprovidesaconstantampliﬁcationrateγampl. Theyassumedthat
lasingshouldstartwhenγamplbecomeslargerthanthe minimumlossrateγmin =
1+min(ImΛk). Therefore,theaveragevalueofmin(ImΛk)deﬁnestheaverageran-
domlaserthreshold: γthampl =1+ min(ImΛk).Itturnsoutthatboththisthresholdcriterionandthephysicalinterpretationofitsvalueintermsofthediﬀusiontheoryof
lightscatteringmightbeincorrect.Thiswilbediscussedinchapters6and7.
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Chapter3
How much quantum is the radiation
process ?
3.1 Intensity and spectrum of light emitted by a cloud of
atoms
Let us consider a photodetector located atrdand iluminated by the light emitted byN
atoms, at rest in a volume of typical sizeR, described by the HamiltonianH(2.24). The
probability for this detector (made of atoms itself) to be excited during the time interval
Δtcan be calculated using the second order perturbation theory and reads [52, 71]
Pexc(Δt)=12
Δt
0
dt
Δt
0
dtCD(t−t)CR(t,t), (3.1)
whereCD(t−t)andCR(t,t) are the correlations function of the detector and the
radiation, respectively1. The explicit form of the latter is
CR(t,t)=E(rd,t)·E(rd,t)=TrE ρ(0)E(rd,t)·E(rd,t), (3.2)
whereρis the density matrix of the coupled system ‘atoms+ﬁeld’ that evolves in the
Hilbert spaceE=EA⊗ER. For the moment, external atomic degrees of freedom are
voluntarily disregarded: ‘disorder’ wil be discussed later. The expression (3.2) is com-
monly simpliﬁed by decomposing the ﬁeld into its positive and negative frequency parts.
Assuming the spectral width ΔωDof the detector to be much larger than the characteris-
tic frequency diﬀerence ΔωRfor which the ﬁeld correlation function decays signiﬁcantly,
only one of the four resulting terms contributes signiﬁcantly toPexc, which then becomes
[52]
Pexc(Δt)=N
Δt
0
dtE−(rd,t)·E+(rd,t), (3.3)
where the factorNquantiﬁes the detector eﬃciency. Hence we can deﬁne a measurable
dimensionless light intensity
I(rd,t)=Ω−(rd,t)·Ω+(rd,t)=TrE ρ(t)Ω−(rd,0)·Ω+(rd,0). (3.4)
1In the folowing we wil not make use of the explicit form ofCD. However, for a curious reader, we
indicate how it looks like for a simple model of detector —- an atom with a ground state|aand excited
states|c:CD(t−t)=Pc|a|D|c|2e−iωca(t−t), whereωcais the frequency diﬀerence between levelscanda,andDthe component of the dipole operator of the detector paralel to the incoming ﬁeld [52].
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HereΩ±(r,t)isthedimensionlesselectricﬁeldoperator:
Ω±(r,t)=−2dE
±(r,t)
Γ0 . (3.5)
ThepowerspectrumSisusualycalculatedbyassumingtheﬁeldemittedbytheatoms
tobeastationaryrandomprocess. Then,itisrelatedtotheautocorrelationfunction
(3.2)bythe Wiener-Khintchinetheorem.Itsmaincomponentis
S(rd,ωL)=
∞
−∞
dτe−iωLτΩ−(rd,ts+τ)·Ω+(rd,ts). (3.6)
Herethetimetsislargeenoughforthesystemtobeinthestationaryregime. Note
thatassumingasteadyspectrumisnontrivial:foralargeassemblyofatomswherelight
dynamicsmayexhibitchaosorrandomlasing,thishypothesiscannotbealwaysvalid.
Ourpurposeistocalculatethespectrum(3.6)aswelastheintensity(3.4)foranarbi-
trarynumberofatoms.Asitissuggestedbythetwodiﬀerentbutequivalentexpressions
oftheintensityinEq.(3.4),wecanuseeithertheSchr¨odingerortheHeisenbergpicture.
Intheformer,theforwardtimeevolutionoperatorU(t)thatdeﬁnesρ(t)=U(t)ρ(0)U†(t)
isexpressedastheFouriertransformoftheretardedresolventG(z)=(z−H+iη)−1,so
thattheintensityreads
I(rd,t)=
∞
−∞
dω
2π
∞
−∞
d∆ω
2πe
−i∆ωtTrE ρ(0)G†(ω−∆ω2)Ω
−0(rd)·Ω+0(rd)G(ω+∆ω2).
(3.7)
Thisexpressionisformalyequivalenttothesquare modulusofEq.(2.91),andfor
thisreasoncanbereasonablycalculatedonlyforafewphotonsintheinitialstate
ρ(0) =ρA(0)⊗ρR(0). Foronephoton,i.e.forρR(0) =|kinin kinin|,theinte-
grandofEq.(3.7)isproportionaltoasumofpropagationkernels,thegenericformof
whichisTrEA ρA(0)kinin|G(ω+∆ω2)|k k |G†(ω−∆ω2)|kinin .Suchquantitycanbecomputedwithinadiagrammaticframework,whereusualyonlyladderandmaxi-
malycrosseddiagramsareconsidered[78].
AnotheroptionistheHeisenbergpicture,inwhichwehavethepossibilitytochoose
betweenthemesoscopicandthemicroscopicrepresentations. Aswehaveseeninsec-
tion2.4,thiscorrespondstoeliminateeithertheatomicvariablesortheﬁeld. The
mesoscopicrepresentationissuitableifwecanreducethewaveequationtotheeﬀec-
tivesetofequations(2.89)and(2.90).InthatcasewewriteΩ±(rd,t)=rd|Ω±(t)
with|Ω±(t)thatbelongstotheﬁctitiousHilbertspaceEfdeﬁnedinsection2.4.2.The
intensity(3.4)takesaformsimilartoEq.(3.7),wheretheintegrandhastobere-
placedby Ω+(ω−∆ω2)|rd rd|Ω+(ω+∆ω2). WiththehelpoftheLippman-Schwingerequation,theﬁeld|Ω+(ω)isthenexpandedintermsoftheresolventGf,|Ω+(ω)=
|Ω+0(ω)+Gf(ω)Vf|Ω+0(ω)(seesection2.4.2). Hence,again,thecalculationreducestoevaluatingtheintensitypropagatorkernel,Gf(ω+∆ω2)⊗Gf†(ω−∆ω2),whichnowinvolvestheoperatorGfratherthanG.Thedynamicsofthisquantityinthepresence
ofgainwilbediscussedinchapter4.
Inthepresentchapterweshalconcentrateonthemicroscopicrepresentationofthe
Heisenbergpicture.Thisisachievedbymakinguseofthesolutionofthequantumwave
equation(2.39).AccordingtoEq.(2.48),thesolutionforthedimensionlesselectricﬁeld
(3.5)is
Ω+(r,ωL)=Ω+0(r,ωL)−
N
i=1
G(r−ri,ωL)D−i(ωL), (3.8)
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wherealnotationshavebeenalreadydeﬁnedinsection2.4.1. Forfutureusewealso
introducethescalarversionofEq.(3.8),
Ω+(r,ωL)=Ω+0(r,ωL)−
N
i=1
G(r−ri,ωL)S−i(ωL). (3.9)
Aswedidinsection2.4.1,infreespaceandwithΓ0 ω0,c/R,weapproximatethe
Green’sfunctionin(3.8)asG(r−ri,ωL) G(r−ri,ω0).InsertedintoEq.(3.4),this
leadstofourtermsofwhichthemostinterestingistheonethatisnonzerointheabsence
ofphotons(ρR(0)=|0R 0R|):
I(rd,t)=
N
i,j
Tr(3)G∗(rd−ri,ω0)D+i(t)⊗D−j(t)G(rd−rj,ω0), (3.10)
whereTr(3)indicatesthedyadictraceofa3×3tensor. Becausewewouldliketoget
ridofaldependenceonthepositionofthedetector,weplacethelatterinthefar-
ﬁeldk0|rd−ri| 1,suchthat,withEq.(2.38),G(rd−ri,ω0) 3∆⊥rdeik0|rd−ri|/2k0rd.Intensity(3.10)becomes
I(rd,t) 32k0rd
2 N
i,j
eik0(ri−rj)·rd/rdTr(3)∆⊥rdD+i(t)⊗D−j(t) . (3.11)
UsingEq.(3.9),wealsogetthescalarversionofEq.(3.11),
I(rd,t) 1(k0rd)2
N
i,j
eik0(ri−rj)·rd/rdS+i(t)S−j(t) (scalarﬁeld). (3.12)
Afterintegratingoverthedirectionofrd,weobtain
I(rd,t) 4π(k0rd)2
N
i,j
sink0|ri−rj|
k0|ri−rj| S
+i(t)S−j(t). (3.13)
Folowingexactlythesameline,thespectrum(3.6)ofascalarﬁeldtakes,inthefar-ﬁeld,
theform
S(rd,ωL) 8π(k0rd)2
N
i,j
sink0|ri−rj|
k0|ri−rj|Re
∞
−∞
dτe−iωLτS+i(ts+τ)S−j(ts)Θ(τ).
(3.14)
Fromnowon,wewildropthegeometricprefactor4π/(k0rd)2thatappearsinIandS.
Atthisstage,weneedtointroduceacoupleofnotations.First,forfuturepurpose,
wedeﬁnenewoperators
s±i(t)=e∓iωatS±i(t), (3.15)
whereωaisanauxiliarytunableparameterthatwilbeusefulinthenextsectionto
moveintherotatingframeofanopticalpump. Moreover,itisconvenienttointroduce
twoN×Nmatrices
Sij=sink0|ri−rj|k0|ri−rj|, (3.16)
Cij(τ)=s+i(ts+τ)s−j(ts)Θ(τ), (3.17)
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sothatthespectrum(3.14)takesthecompactformS(ωL)=2Tr(N)[SReC(ωa−ωL)].
ItisworthnotingthatthepresenceofthematrixSinEq.(3.13)orEq.(3.14)isnotin
anywayrelatedtotheinteractionsbetweendiﬀerentatoms.Itissimplyaconsequence
ofthefactthatsignalsaremeasuredinthefar-ﬁeld,whiletheinformationaboutdecay
ratesisentirely,andonly,containedinthedipolecorrelatorS+i(ts+τ)S−j(t). WealsodeﬁneamatrixYofsizeN ×N,
Ykj(τ)=xk(ts+τ)s−j(ts), (3.18)
wherexkdesignatestheNoperatorss+iaswelasanyatomicoperatorcoupledtotheminequationsofmotion. HenceN >N. Furthermore,letusassumethatthismatrix
obeysalineardiﬀerentialequation,
d
dτY=MY +R, (3.19)
whereM andRaretime-independentmatricesofsizesN×N andN×N,respectively.
Then,usingdeﬁnitions(3.17)and(3.18),andEq.(3.19),wereadilyobtainanexpression
forthespectrum(inunitsofΓ−10 )intermsofM,RandY(0):
S(ωL)=−2πTr(N)SPRe M(−1)R δ[(ωL−ωp)/Γ0]
+2Tr(N)SPRe [i(ωL−ωp)IN/Γ0− M]−1 Y(0)+M(−1)R , (3.20)
whereIN istheN ×N identitymatrixandPisaN×N matrixthatrepresents
theprojectoronthesubspacegeneratedbytheN operatorsS+i.InthisformulatheunknownquantitiesareY(0),M andR.TheﬁrstisdeﬁnedinEq.(3.18),andthetwo
othersweresupposedtocharacterizethedynamicsofYinEq.(3.19).Suchdynamics
existsifthequantumﬂuctuation-regressiontheoremisfulﬁled[110,111].Inthatcase
M isdeﬁnedasthekerneloftheevolutionofthevectorx=(x1,..,xN ),
d
dτx=Mx+λ. (3.21)
Thefreeparameterωathatiscontainedinthedeﬁnitionofxischosensuchthatthe
matrixM iseﬀectivelytime-independent.Ifitisnotpossibletowritethedynamicsof
xintheform(3.21),thenthespectrumisnotgivenby(3.20).ThematrixRisrelated
toλaccordingto
Rkj=λks−j(ts). (3.22)
Inordertoinferthespectrum(3.20)wesimplyneedtoﬁndthematrixM,andcalculate
Y(0)andRfromx(ts).Thiswilbeilustratedinthetwofolowingsections.Eq.(3.20)
nicelyshowsusthattheN eigenvaluesofM aretheresonancesofthespectrum:imag-
inarypartsgivetheirfrequenciesandrealpartstheirspectralwidths.Besides,notethat
thegeneralstructure(3.20)holdsforavectorialﬁeldaswel.Indeed,itissuﬃcient
toreplacetheproductofoperatorsthatappearsinEq.(3.13)bythetensorproductof
Eq.(3.11).Al matricesofsizeN×NorN ×N,likeY,become3N×3NorN ×3N,
andthematrixSreadsnowSij=S(ri−rj),where
S(r)=3sink0r2k0r ∆
⊥r+ 32(k0r)2 cosk0r−
sink0r
k0r I−3
r⊗r
r2 (3.23)
§3.2 Introductionofapumpingmechanism 41
isnothingbuttheimaginarypartofthedyadicGreen’smatrixGij(ω0),seeEqs.(2.36)
and(2.70).
Signals(3.13)and(3.14)containclassicalandquantumcontributions.Toemphasize
thisfactweisolatethedeviationofeachquantumoperatorfromitsquantumexpectation
value
S±i= S±i +δS±i, (3.24)
suchthatthecorrelationfunctionofS+i andS−j canbewrittenasasumof‘classical’and‘quantum’contributions:
S+i(t+τ)S−j(t)= S+i(t+τ)S−j(t)+ δS+i(t+τ)δS−j(t). (3.25)
Withinthestationaryspectrumhypothesis,classicaltermsgiverisetothemonochro-
maticcontributioninEq.(3.20),whilequantumtermsaccountforthesecondtermon
itsr.h.s.Inthesamemanner,theclassicalpartofthestationaryintensity(3.13)is
Ic=
N
i,j
sink0|ri−rj|
k0|ri−rj| S
+i(ts)S−j(ts), (3.26)
anditsquantumpartIq=I−Icreads
Iq=
N
i,j
sink0|ri−rj|
k0|ri−rj| δS
+i(ts)δS−j(ts). (3.27)
Onegoalofthischapteristounderstandtheroleandtheoriginofthesetwocontri-
butions.Inparticular,wewouldliketoassesstheimportanceofquantuminteratomic
correlations,δS+i(t+τ)δS−j(t)fori=j,whenweincreasethenumberN ofatoms.Inasmuchastheanswerverymuchdependsonthepumpingscheme,wewil makea
distinctionbetweencoherentandincoherentpumps.
3.2 Introductionofapumping mechanism
3.2.1 Coherentpump
Letusconsiderthelightinitialypreparedinacoherentstate,ρR(0)=|αp αp|,associ-
atedwiththemodekpp[seeFig.3.1(a)].Inatomicphysicsitiswelknown[52]that
aunitarytransformcanbeappliedtotheHamiltonian(2.24)suchthattheinitialstate
becomes|0R andthefreeﬁeldE+0(r,t)acquiresanewcomponent
E+p(r,t)=Eppei(kp·r−ωpt), (3.28)
withEp=αp ωp/20V.Takingintoaccountthisnewclassicalandcoherentﬁeld,we
replaceinequationsofmotions(2.72)and(2.73)theoperatorΩ±0(r,t)withΩ±0(r,t)+Ω±p(r)e∓iωpt,whereΩ±p(r)=−2dEppe±ikp·r/Γ0. Moreover,termsthatinvolveΩ±0behavenowasLangevinforcessincealquantumexpectationsvaluesaretakenwith
respectto|0R (seesection2.4.1fordetails). Explicitly,intherotatingframeofthe
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pump,Eqs.(2.72)and(2.73)readnow
dD+i
dt =− i∆p+
1
2 D
+
i+i2∆ij=i
G∗ij(ω0)D
+
jΠi
−i2∆iΩ
−p(ri)Πi+F+i(t), (3.29)
dΠi
dt=−(Πi+1)−2Im

D+i·
j=i
Gij(ω0)D
−
j


+2Im D+i·Ω+p(ri)+FΠi(t). (3.30)
HereD±i=e∓iωptD±i,∆p=(ωp−ω0)/Γ0,thetimetisinunitsofΓ−10 ,andLangevinforcesare
F+i(t)=−i2∆iΩ
−0(ri,t)Πi(t)e−iωpt, (3.31)
FΠi(t)=iΩ−0(ri,t)·D−i(t)−iD+i(t)·Ω+0(ri,t). (3.32)
ThescalarversionofEqs.(3.29)and(3.30)isstraightforwardtoobtainfromEqs.(2.78)
and(2.79).
BeforediscussingthespectrumthatwecaninferfromEqs.(3.29)and(3.30),we
wouldliketoshowwhattheseequationsbecomewhenthepumpisnotcoherent.
3.2.2 Incoherentpump
Theﬁrstideawecanhavetomimicanincoherentpumpistointroduceaphenomeno-
logicalstationaryvalueoftheatomicpopulationimbalanceΠeqi =−1.Eqs.(2.65)and(2.66)wouldtransforminto
dD+i
dt =iω0D
+i−Γ02D
+i+i[di⊗di]E−s(ri)Πi, (3.33)
dΠi
dt=−Γ0(Πi−Π
eq
i)+2iD+i·E+s(ri)−E−s(ri)·D−i . (3.34)
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Intheabsenceofinteratomicinteractions,Πeqi isthestationaryvalueofthepopulationimbalancecontroledbythepump. Thisapparentlyreasonableprocedure,whichis
commonlyusedinthestandardlasertheory[23],andalsoinnonlinearoptics[112],
doesnotleadtoanycontradictionaslongasweworkwithasingleatom. However,
alreadyfortwoatoms,thesolutionofEqs.(3.33)and(3.34)revealsthatthequantum
expectationvaluesΠi arenomorerestrictedto[−1,1],astheyphysicalyhaveto.
Therefore,togetridofunphysicalresults,weshalproceedtoamicroscopicandwel
controleddescriptionoftheincoherentpump.
Thesimplestmicroscopicschemeofaneﬀectiveincoherentpumpforatwo-levelatom
isacoherentﬁeldonresonancewithanauxiliarythirdlevel|a[seeFig.3.1(b)].The
atomicresponsetosuchapumpwasstudiedrecentlyindetailsbySavelsetal.within
themaster-equationformalism[113,114].HereweusetheHeisenbergpicture.Dealing
withthree-levelatomswithoutdegeneracy,descriptionofinternaldegreesoffreedom
requirestowritethedynamicalequationsofmotionfor5Noperators(insteadof2Nfor
two-levelatoms). Withoutgivingtheirlengthyderivations,wepresentherethemain
steps. First,weexpressthe5N Heisenbergequationsofmotionintermsofthetotal
electricﬁeldE,aswedidinsection2.3.2.b. Next,weisolatetheownradiationﬁelds
torevealthespontaneousdecayrates. Third,wedecomposethesmoothedﬁeldEsin
threeparts:itsfreecomponentthatfeaturesLangevinforces,acoherentclassicalﬁeld
Epoftype(3.28)associatedwiththecoherentstateofthepump,andtheﬁeldradiated
byatoms —seeEq.(2.59). Andﬁnaly,wesimplifytheresultingequationsunderthe
folowingassumptions:
|ωp−ωag| ωag, (3.35)
Γag Γ0,Γ0Ωp Γae ωag,ωae,ω0. (3.36)
Theassumption(3.35)indicatesthattheopticalpumpisquasi-resonantwiththeauxil-
iarylevel,and(3.36)meansthatallevelsarenotexcessivelybroadandeachexcitation
generatedbythepumpfrom|gto|aistransferredto|ealmostinstantaneously[see
Fig.3.1(b)]. Withtheseassumptions,itispossibletoreducethe5N equationsto
eﬀective2Nequationsthatonlyinvolvethelevels|gand|e.Thestrengthofthepump
onatomiiscontroledbyasingledimensionlessparameter
Wi=Γ0|Ωp,i|
2
Γae , (3.37)
whereΩp,i=−2dga,i·E+p(ri)/Γ0withdga,ithedipolemomentforthe|gi→|aitran-sition.Intheleadingorder,thepumponlyaﬀectsthemonoatomicpartsofdynamical
equations:atomicinteractionscontainedinthesmoothedﬁeld(2.59)concernthetwo
leveltransitionandthusareessentialyunaﬀectedbythepumpthateﬃcientlytriggers
theauxiliarylevelonly.Furthermore,aswasthecaseforthecoherentpump,alinforma-
tionaboutphotonsthatareinitialyinjectedintotheatomicmediumistransferredinto
aclassicalpumpﬁeld,meaningthatquantumexpectationvalueshavenowtobetaken
withrespectto|0R:actionofthefreeﬁeldreducestoaLangevinforce. Dynamical
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equationsofmotion(2.72)and(2.73)inthepresenceofincoherentpumpbecome
dD+i
dt = i
ω0
Γ0−
1
2(1+Wi)D
+i+i2∆i j
G∗ij(ω0)D+jΠi+F+i(ri,t), (3.38)
dΠi
dt=−(1+Wi)Πi+Wi−1−2Im

D+i·
j
Gij(ω0)D−j

+FΠi(ri,t). (3.39)
Becausetheeﬀectivepumpisincoherent,wedonotneedtomoveintherotatingframe
ofthepumpﬁeld. Consequently,theLangevinforcesaredeﬁnedbyEqs.(3.31)and
(3.32)withωp=0.
IfwejustlookatthemonoatomicpartofEqs.(3.38)and(3.39),thepumpmodiﬁes
theBlochequationsintwoways.Itchangesthevalueofthepopulationimbalanceat
equilibrium,anditrenormalizesthespontaneousemissionrateofeachatom:
Πeqi =Wi−1Wi+1, (3.40)
Γi=(1+Wi)Γ0. (3.41)
ForWi=1,thepopulationimbalancevanishesatequilibrium,meaningthatindepen-
dentatomsexcitedbysuchanincoherentprocessaretransparentforexternalradiation.
However,thissimplepicturemustbereconsideredassoonaswetakeintoaccountinter-
atomiccoupling.
Inthefolowing,wewilsometimesneglectthevectorialnatureoftheﬁeld.Inthat
case,weshal workwithequationssimilartoEqs.(2.78)and(2.79),whichbecomein
thepresenceofthepump
dS+i
dt= i
ω0
Γ0−
1
2(1+Wi)S
+i+i2Πi j
G∗ij(ω0)S+j+F+i(t), (3.42)
dΠi
dt=−(1+Wi)Πi+Wi−1−2Im

S+i
j
Gij(ω0)S−j

+FΠi(t), (3.43)
wherethetimetisinunitsofΓ−10 ,andtheLangevinforcesare
F+i(t)=−i2Ω
−0(ri,t)Πi(t), (3.44)
FΠi(t)=iΩ−0(ri,t)S−i(t)−iS+i(t)Ω+0(ri,t). (3.45)
Equations(3.38)and(3.39)—ortheirscalarversion(3.42)and(3.43)—containal
theinformationweneedtodescribeanatomicrandomlaser.Thesemiclassicalthreshold
dependsontherespectivestrengthofthepumpparameters{Wi}andtheinteraction
coeﬃcients{Gij},whilealquantumeﬀectsareembeddedinthefactthatoperatorsdo
notcommuteandinthequantumLangevinforces.
Wealsopointoutthatitisnot aprioristraightforwardtoinferdynamicalequations
ofmotionofS+i(t)= 0R|S+i(t)|0R andΠi(t)fromthepreviousequations. Whentakingthequantumexpectationvalueofthoseequationswithrespectto|0R,wedo
notgetaclosesetsince S+i(t)and Πi(t)arecoupledtotheunknownquantitiesΠi(t)S+j(t)and S+i(t)S−j(t). ThequantumLangevinforces,theexpectationvalue
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Coherentpump Incoherentpump
λ (0,−1,0) (0,−1+W,0)
M −


iδp+12 iΩp2 0iΩp
2 1 −iΩp2
0 −iΩp2 −iδp+12

−


−iω0Γ0+1+W2 0 00 1+W 0
0 0 iω0Γ0+1+W2


Ic= S+ S− (1+4δ2p)Ω2p(1+4δ2p+2Ω2p)2 0
I=1+Π2 Ω
2p
1+4δ2p+2Ω2p
W
W+1
Iq=I−Ic 2Ω4p(1+4δ2p+2Ω2p)2 WW+1
Table3.1:λandM arequantitiesthatareusefultocomputethespectrum(3.20)of
lightemittedbyasingleatom.x(ts)=−M(−1)λ=(x1,x2,x3),intermsofwhich
Y(0)=(1/2+x2/2,−x3,0)andR =x3λ. Diﬀerentcontributionsofthestationary
intensiydependonlyonx(ts):Ic=|x1|2andI=(1+x2)/2.
ofwhichiszero,actualycontaintheinformationthatisnecessarytoreconstructthe
completedynamics.Inthismanuscriptwecalsemi-classicaltheapproximationthat
consistsinreplacingthequantumexpectationvalueoftheproductofanyquantum
operatorsXiandYjbytheproductoftheirquantumexpectationsvalues:
0R|Xi(t)Yj(t)|0R 0R|Xi(t)|0R 0R|Yj(t)|0R. (3.46)
Intuitively,thisapproximationisexpectedtoholdinthelimitN→∞.Itisveryuseful
becausenowweonlyneed2N equationstoclosethesetwhereappear S+i(t) andΠi(t).Butregardingspectrumproperties,itamountstoneglectingquantumtermsin
Eq.(3.25).
3.2.3 Oneatomspectrum:coherentvsincoherentpump
Letuscalculatethespectrumoflightinthesimplecaseofasingleatomplacedatr=0.
Then,thetermsthatcouplediﬀerentatomsinEqs.(3.29)and(3.30),aswelasin
Eqs.(3.38)and(3.39),disappear.Thevectorxdeﬁnedinsection3.1hasonlyN =3
components,x=(s+ ,Π,s− ),withωa=ωpforthecoherentpumpandωa=0for
theincoherentpump.InTable3.1,wegiveexplicitexpressionsforthevectorλand
thematrixM deﬁnedinEq.(3.21). Withasingleatom,itisstraightforwardtoverify
thatthematrixYdeﬁnedinEq.(3.18)obeysEq.(3.19).Itmeansthatthequantum
ﬂuctuation-regressiontheoremholdsand,therefore,wecancomputethespectrumfrom
Eq.(3.20).
Themainfeaturesofthemonoatomicemissionspectruminducedbyacoherentpump
aredepictedinFig.3.2.Ontheonehand,theclassicalandmonochromaticcomponent
of(3.20)iselasticwithrespecttotheincidentﬁeld(ωL=ωp).Itisusedtodeﬁne,at
smal Ωp,theelasticcross-section. Whentheintensityoftheincidentﬁeldisincreased,
theelasticresponsebecomesnonlinearandiseventualysuppressedatlargeΩp[seeFig.
3.2(b)]. Ontheotherhand,whenweincreaseΩp,thequantumcontributiontothe
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Figure3.2:Spectrumandintensityoflightemittedbyanatomintheﬁeldofacoherent
on-resonancepump(δp=0).(a)Classicalandquantumcontributionsofthespectrum
(3.20).(b)StationaryintensityI= ∞−∞dωLS(ωL)/2π. Theclassicalandquantumcomponents,IcandIq,aredeﬁnedbyEqs.(3.26)and(3.27).
spectrum(3.20)becomesmoreandmoreimportant.Thethreediﬀerenteigenvaluesof
thematrixM deﬁnethreeresonancesthatconstitutethewel-known‘Molow-triplet’
[115,116].Thequantumcontributiongivesrise,therefore,toinelasticscattering.
Thesituationiscompletelydiﬀerentwiththeincoherentpump.Now,inthestation-
aryregimeatomicdipolesarezero,andthustheclassicalpartofthespectrumvanishes.
Furthermore,eigenvaluesofM giverisetoonlyoneﬂuorescence-likeresonancecentered
atωL=ω0.AsshowninFig.3.3(a),itswidthiscontroledbyΓdeﬁnedinEq.(3.41).Fi-
naly,contrarytothecoherentcase,itispossibletogetapopulationinversion(Π >1)
forW>1,sothatI=(1+ Π)/2>0.5[compareFigs.3.2(b)and3.3(b)].
IntheprospectofadescriptionofarandomlasercomposedofalargenumberN
ofatoms,therearereasonstoprefertheincoherentschemetothecoherentone.First,
itisclosetothehistoricaldescriptionofthestandardcavitylaser[23]. Second,we
canproperlydeﬁneanddetectathresholdasthepointwhereclassicaldipolesbecome
nonzerointhestationaryregime.Third,thequantumpartofthespectrumissimpler,
inasmuchaswehaveonlyonemonoatomicresonanceandnotthree.Thisexplainswhy,
fromhereon,weshalconcentrateourselvesontheincoherentscheme. Wewilreturn
tothecoherentpumplaterinchapters4and7.
3.3 PropertiesofquantumLangevinforces
ThepurposeofthissectionistopresentbasicpropertiesoftheLangevinforces(3.44)
and(3.45)thatarenecessarytocomputethespectrumemittedbyN>1atoms.
Firstofal,usingΩ+0|0R =0and 0R|Ω−0=0,wenotethatquantumexpectationvaluesoftheLangevinforceswithrespectto|0R ,aswelassomeoftheirtimecorrelation
functions,arezero:
F±i(t) = 0, FΠi(t) = 0,
F±i(t)F±j(t) = 0, F+i(t)F−j(t) = 0,
F+i(t)FΠj(t) = 0, FΠi(t)F−j(t) = 0.
(3.47)
Othertimecorrelationfunctionsessentialydependonthetwotimecommutator
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Figure3.3:Spectrumandintensityoflightemittedbyanatomintheﬁeldofaninco-
herentpump.(a)and(b):sameasinFig.3.2.
Ω+0(ri,t),Ω−0(rj,t),wherethevacuumﬁeldΩ±0=−2dE±0/Γ0isproportionaltothesolutionoftheHelmholtzequationintheabsenceofatoms.Thus,bydeﬁnition,corre-
lationpropertiesofΩ±0 aresuchthattwopointsinspace-time,(ri,t)and(rj,t),thatcannotbeconnectedbylightsignals,arenotcorrelated[52,74]. Explicitly,withthe
scalarversionofEq.(2.44),weget
Ω+0(ri,t),Ω−0(rj,t)= 2dΓ0
2
k
E2kei[k·(ri−rj)−ω(t−t)]
= 2Γ20f(ri−rj,t−t). (3.48)
Thefunctionf(r,τ)hastwomaximaatτ=±r/c.Inthefrequencydomain,
Ω+0(ri,ωL),Ω−0(rj,ωL)=4πΓ20f(ri−rj,ωL)δ(ωL+ωL), (3.49)
with
f(ri−rj,ωL)=Γ(kL)sinkL|ri−rj|kL|ri−rj|, (3.50)
andΓ(kL)=d2k3L/2π0.ForfrequenciesωLsuchthat|ωL−ω0| ω0,weusef(r,ωL)f(r,ω0),sothatEq.(3.48)becomes
Ω+0(ri,t),Ω−0(rj,t) 2Γ0
sink0|ri−rj|
k0|ri−rj|δ(t−t). (3.51)
Inthesameapproximation,wealsohave
S+i(t),Ω−0(rj,t)=0, (3.52)
S+i(t),Ω+0(rj,t)=G⊥ij(ω0)Πi(t)δt,t, (3.53)
Πi(t),Ω+0(rj,t)=−2G⊥ij(ω0)S−i(t)δt,t, (3.54)
whereG⊥ij(ω0)=Gij(ω0)+δ(0)δijisthescalarformofthetransverseGreen’sfunctiondeﬁnedbyEq.(2.34). AverysimplewaytoderiveEqs.(3.52),(3.53),and(3.54)for
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t=tconsistsinexpressingΩ+0(rj,t)intermsofthesolution(2.30)ofthepropagationequationforthetransverseﬁeldΩ+⊥(rj,t)=−2dE+⊥(rj,t)/Γ0:
Ω+0(rj,t)=Ω+⊥(rj,t)+
N
l=1
G⊥jl(ω0)S−l(t). (3.55)
ForanyatomicoperatorXi(t),[Xi(t),ak(t)]=0andthus,accordingtoEq.(2.45),
Xi(t),Ω+⊥(rj,t)=0.Eq.(3.55)yields
Xi(t),Ω+0(rj,t)=G⊥ij(ω0)Xi(t),S−i(t), (3.56)
fromwhichwegetEqs.(3.52),(3.53)and(3.54)fort=t.Fort=t,itismoresuitable
tocomebacktothedeﬁnition(2.44)oftheﬁeld,aswedidinEq.(3.48).
Itisnoweasytoevaluatetimecorrelationfunctionsthatdonotvanish:
FΠi(t)FΠj(t)= S+i(t)Ω+0(ri,t)Ω−0(rj,t)S−j(t)
= S+i(t)Ω+0(ri,t),Ω−0(rj,t)S−j(t)
2
Γ0
sink0|ri−rj|
k0|ri−rj| S
+i(t)S−j(t)δ(t−t), (3.57)
wherewehavesuccessivelyusedEqs.(3.52)and(3.51).Inthesamemanner,weobtain
F−i(t)F+j(t)=14Πi(t)Ω
+0(ri,t)Ω−0(rj,t)Πj(t)
1
4Πi(t)Ω
+0(ri,t),Ω−0(rj,t)Πj(t)
1
2Γ0
sink0|ri−rj|
k0|ri−rj| Πi(t)Πj(t)δ(t−t), (3.58)
and
FΠi(t)F+j(t)=−12S
+i(t)Ω+0(ri,t)Ω−0(rj,t)Πj(t)
−12S
+i(t)Ω+0(ri,t),Ω−0(rj,t)Πj(t)
−1Γ0
sink0|ri−rj|
k0|ri−rj| S
+i(t)Πj(t)δ(t−t). (3.59)
HerewehaveneglectedthecontributionsduetoEqs.(3.53)and(3.54)thataredomi-
nated,att=t,bythecontribution(3.51).Notsurprisingly,correlationfunctions(3.57),
(3.58),and(3.59)betweenoperatorscorrespondingtotwodiﬀerentatomsiandjdepend
onthedistancebetweenthem.
3.4 Semiclassicaltreatmentoftwoatoms
BeforeconsideringfulquantumEqs.(3.42)and(3.43) —orEqs.(3.38)and(3.39) —
forN=2atoms,itisinstructivetostudytheirsemiclassicalapproximation:
dS+1
dt= i
ω0
Γ0−
1
2(1+W1)S
+1+i2Π1G
∗12(ω0)S+2, (3.60)
dΠ1
dt=−(1+W1)Π1+W1−1−2ImS
+1G12(ω0)S−2 , (3.61)
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wherealoperatorsarenowconsideredassimplec-numbers2.Ifwetakeintoaccount
thevectorialnatureoftheﬁeld,wehavetospecifytheorientationofthedipolesd1and
d2withrespecttor12=r1−r2.Forsimpleconﬁgurationsitjustamountstoreplace
theGreen’sfunctionG12(ω0)inEqs.(3.60)and(3.61)byaneﬀectiveGreen’sfunction
Geff12(ω0).Forexample,
d1=d2⊥r12 =⇒ Geff12(ω0)=32
eik0r12
k0r12P(ik0r12), (3.62)
d1=d2 r12 =⇒ Geff12(ω0)=32
eik0r12
k0r12[P(ik0r12)+Q(ik0r12)], (3.63)
whereP(x)andQ(x)aredeﬁnedinEq.(2.37).
IftheinteratomicdistanceissuﬃcientlylargeorthepumpparametersW1andW2
aresuﬃcientlysmal,thestationarysolutionsofEqs.(3.60)and(3.61)areunaﬀected
bytheinteratomicinteraction:
S±1(ts)=0, S±2(ts)=0, (3.64)
Π1(ts)=Πeq1,Π2(ts)=Πeq2, (3.65)
withΠeqi deﬁnedbyEq.(3.40).Ifnowweincreasethestrengthofthepumporiftheatomsgetcloser,wecanlookforaneventuallasingthreshold.Itisfoundfromthe
stabilityanalysisofthenonlinearsystemformedbyEqs.(3.60),(3.61)andequations
obtainedbythelabelinversion1↔ 2. Folowingstandardsemiclassicaltheories[23],
wewilassociatetheinstabilityofitstrivialsolutionwithreachingthelasingthreshold.
Formaly,thissystemisoftheformdZ/dt=F(Z)whereZ= S+1,S+2,S−1,S−2,Π1,Π2.
Weintroduce δZ=Z−Z(0)whereZ(0)isthestationarysolutionintheabsenceof
interactionand,sinceF(Z(0))=0,weobtain
d
dtδZ=
∂F
∂ZZ(0)δZ. (3.66)
Herethe6×6Jacobianmatrix∂F/∂Z|Z(0)isblock-diagonal.Hence,werestrictourselvestothestudyofthe2×2blockgoverningthetimeevolutionofδS+= δS+1,δS+2 .Itisconvenienttointroducea2×2matrixN deﬁnedbytherelation
d
dtδS
+= iω0Γ0−
1
2 δS
+−i2N
∗δS+. (3.67)
AccordingtoEq.(3.66),thematrixN is
N= iW1 −Π
eq
1G12(ω0)−Πeq2G12(ω0) iW2 , (3.68)
sothat,intheabsenceofpump,itisidenticaltothe2×2Green’smatrixG(ω0).IfδS+(0)
isaneigenstateofN associatedwithaneigenvalueΛ,thenδS+(t)∼e−Γ0(1+ImΛ)t/2.It
isthusclearthatthelineardescription(3.67)breaksdownandlasingstartswhenthe
imaginarypartofatleastoneofthetwoeigenvaluesofN becomeslessthan−1.This
ispossibleiftheconditionΠeq1Πeq2 <0isfulﬁled,inagreementwith[114].Likeforthestandardcavitylaser,apopulationinversionisnecessarytoreachthethreshold,buthere
2Forbrevity,inthissectionthequantumexpectationvalueofanyoperator Xi isdenotedbyXi.
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Figure3.4:Trajectoriesinthecomplex-ΛplaneofthetwoeigenvaluesofthematrixN
deﬁnedbyEq.(3.68),asinteratomicdistancek0r12decreasesfrom∞ to0.From(a)to
(d),thepumpW1ofoneatomisprogressivelyincreased,whiletheotheratomisnot
pumped.
onlyoneofthetwoatomshastobeinthisregime.Inparticular,ifthetwoatomsare
excitedwiththesamepumppower,thelasingtransitiondoesnotoccur.Thisrestriction
isspeciﬁctothecaseN=2.Inchapter7wewilseethatitisperfectlypossibletogeta
semiclassicalthresholdforalargenumberofatomswhicharealexcitedwiththesame
pumppower.
Figure3.4shows,fordiﬀerentpumpparameters,thetrajectoriesofthetwoeigenval-
uesofN whentheinteratomicdistancer12isprogressivelydecreased.Intheabsence
ofpump,theeigenvaluesofN=G(ω0)areΛ±=±G12(ω0).Theyarelocalizedontwo
hyperbolicspirals,|Λ|=1/argΛanditsreﬂectionthroughtheorigin.Λ+andΛ−,which
arealmostdegeneratedwhenthetwoatomsarefarfromeachother,splitintoasubra-
diantandsuperradiantbrancheswhentheatomsgetcloser[Fig.3.4(a)].Thissimple
pictureismodiﬁedwhenweaddpump[Figs.3.4(b),(c),(d)].Assoonasthecondition
Πeq1Πeq2 <0issatisﬁed,thereexistsacriticaldistancerc12suchthat,forr12<rc12,lasingstarts. Thefactthatonlytwoscattererscanbehaveasacavityisquiteremarkable.
Naivelywecouldthinkthatsuchabadcavityistooleaky.Herewerecoverasuﬃcient
qualityfactorbecauseal modesoftheﬁeldparticipate,throughthefree-spaceGreen’s
function,tothescatteringprocess.Actualy,itisworthnotingthatthereisnogeneral
restrictionforlasingtooccurinagivenmedium,providedthatwecanbringenough
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Figure3.5: Domainofexistenceofthelasersolutioninthepumpparameterspace
(W1,W2).(a)ForascalarﬁeldG12(ω0)=eik0r12k0r12.(b)Foravectorﬁeldintheconﬁgu-rationd1=d2 r12,seeEq.(3.63).AnecessaryconditionforlasingtooccurisW1>1
(populationinversion)andW2<1. Herethesymmetricdomaincorrespondingtothe
labelinversion1↔2isnotshown.
gain.InFig.3.5(a),wepresentcontourlinesofequalrc12intheplane(W1,W2).Be-causek0rc12<1,itisimportanttocomparetheseresultswitharigoroustreatmentofthevectorialnatureoftheﬁeld.FromFig.3.5(b),thatcorrespondstothesituation
consideredinEq.(3.63),weconcludethatthelasingthresholdstilexists,althoughthe
resultsarequantitativelymodiﬁed.ForgivenvaluesW1andW2,thecriticalvaluek0rc12islargerinthevectorialcasethaninthescalaronebecause,inthenearﬁeldk0r12<1,
theinteractioncoeﬃcientGeff12(ω0)∼1/(k0r12)3 G12(ω0)∼1/k0r12.Letusnowconsiderthedynamicsabovethreshold.Inthestationaryregime,itis
possibletosolveexactlythenonlinearsystemformedbyEqs.(3.60)and(3.61)andthe
correspondingequationsobtainedbythelabelinversion1↔2.Stationarysolutionsare
oftheform
S+i(t)=siei(ωLt+φi), (3.69)
Πi(t)=Πi(ts). (3.70)
Weremindthatinournotation, tsisatimethatislongenoughforthesystemtoreach
stationaryregime. Wefoundthatthetwodipolesoscilateatthesamefrequencygiven
by
ωL=ω0−Γ02
(1+W1)(1+W2)
2+W1+W2 tan(2φ12)
2
1+ 1+4(1+W1)(1+W2)(2+W1+W2)2 tan(2φ12)2
,(3.71)
whereφ12=arg[G12(ω0)].InFig.3.6weshowthissolutionforW1=3andW2=0.
Dependingontheorientationoftheatomicdipolemoments,wegeteitheranegativeor
apositivefrequencyshiftwithrespecttotheatomicfrequency. Expressionsofsi,φi,
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Figure3.6:Laserfrequencyabovethresholdinthestationaryregime,withonly1atom
pumped.Dotsatextremitiesofthelinescorrespondtothelaserthresholds.
andΠi(ts)arelengthyandnotparticularlyinstructive. Weshalsimplyilustratethem
inFigs.3.8and3.9,wherethesolutionforthesemiclassicallaserintensity(solidred
line)iscomparedwiththefulquantumsolution.
Inasmuchaswefoundalaserthresholdoccuringatveryshortdistance(k0r12 1),
therearegoodreasonstothinkthatquantumcorrelationsmaystronglymodifythis
semiclassicalresult. Adetailedcomparisonwiththecorrectquantumdescriptionis
thesubjectofthenextsection. Nonetheless,theresultsthatwehavepresentedhere
maystilbevalidforpairsof‘mesoscopic’dipoles,suchascoupledquantumdots,for
whichexternaldissipativeeﬀectsmayeventualydestroythequantumcorrelations.To
ourknowledge,suchatwo-dipolelaser,wherealk-componentsoftheﬁeldparticipate
eﬃciently(throughthefree-spaceGreen’sfunction)tothelasingprocess,hasnotbeen
experimentalyobserved.Fortheincoherentscheme,wehaveseenthatthelaserexists
onlywhenthepumpisdiﬀerentforthetwodipoles(W1=W2),whichisarathersevere
experimentallimitation,givenasmaldistancer12 λ0betweenthem. However,we
wilseeinchapter7thatanotherpumpingschemecanleadtothetwo-dipolelaserwhile
keepingthesamepumppoweroneachscatterer. Furthermore,wenotethatinthe
absenceofpump,resonancesofpairsofscatterershavebeenexperimentalyreportedin
[117].Itwasshownthattworesonants-wavescatterersplacedclosetogetherproduce
tworesonancesinthespectrumofthecombinedsystem,abroads-waveresonanceand
anextremelynarrowp-waveresonance. Thelatterwascaled‘proximity’resonance
[118,119],andinourcontext,itcorrespondstothelowerbranchofFig.3.4(a)[120].
3.5 Quantumtreatmentoftwoatoms
Letusnowcalculatethespectrumoflightemittedbytwoatoms,pumpedintheinco-
herentway(section3.2.2). Wefolowthesameprocedureastheoneproposedinsection
3.2.3.First,weneedtoﬁndtheclosedsetofequationsthatcontainsthedipolesS+1(t)andS+2(t).SimpleobservationofEqs.(3.42)and(3.43)revealsthattheyarecoupled
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toS+1(t)Π2(t)and S+2(t)Π1(t). DynamicalequationsforthosequantitiesdirectlyfolowfromEqs.(3.42)and(3.43):
dS+2Π1
dt =−
1
2(3+2W1+W2)S
+2Π1+(W1−1)S+2−ImG12(ω0)S+1Π2
+i2G12(ω0)S
+1+F+2Π1+S+2FΠ1, (3.72)
andlabelinversion1↔ 2givestheequationforS+1Π2. ThenwetaketheexpectationvalueofEqs.(3.42)and(3.72)withrespectto|0R.UsingEq.(3.52),weeasilyverify
thataltermsthatcontainLangevinforcesvanish.Thevectorxdeﬁnedinsection3.1
hasnowN =4components,x= S+1 ,S+1Π2,S+2 ,S+2Π1 ,andthematrixMdeﬁnedinEq.(3.21)reads
M =


iω0Γ0−1+W12 0 0 i2G∗12(ω0)W2−1 −12(3+2W2+W1) i2G12(ω0) −ImG12(ω0)0 i2G∗12(ω0) iω0Γ0−1+W22 0i
2G12(ω0) −ImG12(ω0) W1−1 −12(3+2W1+W2)

.(3.73)
Furthermore,thevectorλandthematrixR,introducedinEqs.(3.21)and(3.22),are
zero. RealpartsofthefoureigenvaluesoftheblocksymmetricmatrixM arestrictly
negativeforalvaluesoftheindependentparametersW1,W2,andk0|r1−r2|,ensuring,
inthestationaryregime,x(ts)=0.Inparticular,S+1(ts)=0and S+2(ts)=0.Consequently,thelasertransition,deﬁnedhereasthephasetransitionintheparameters
spacebetweenS±1,2(ts)=0and S±1,2(ts)=0,neveroccursfortwoincoherentlypumpedatoms. Thisisanimportancediﬀerencewiththesemiclassicaldescriptionformulated
intheprevioussection. Tomakethelinkwiththeperturbativesemiclassicalequation
(3.67),wedeﬁnethematrixNq=−2iM∗−iI4(I4isthe4×4identitymatrix),such
thatEq.(3.21)becomes
dx
dt= i
ω0
Γ0−
1
2 x−
i
2N
q∗x. (3.74)
TrajectoriesofthefoureigenvaluesofthematrixNqarerepresentedinFig.3.7,where
wehavechosenthesamepumpparameters,W1andW2,asinFig.3.4.Inthepassive
case[Fig.3.7(a)],twoextrabranchesappearwithrespecttothesemiclassicalcase[Fig.
3.4(a)]. Whenoneatomispumped,thetwopairsofspiralsinteractwitheachother,in
suchawaythatlasingthresholddoesnotoccur,evenforW1>1. ThereforeFig.3.7
(d)isquitediﬀerentfromFig.3.4(d).
UsingEq.(3.52),itisnotdiﬃculttoverifythatthequantumregressiontheorem
issatisﬁed,i.e.thatthematrixYdeﬁnedinEq.(3.18)obeysEq.(3.19).Inorderto
computethespectrum(3.20),wehavetoevaluate
Y(0)=


1+Π1(ts)
2 S+1S−2(ts)Π2(ts)+Π1Π2(ts)
2 −S+1S−2(ts)
S−1S+2(ts) 1+Π2(ts)2
−S−1S+2(ts) Π1(ts)+Π1Π2(ts)2

, (3.75)
andthereforetoﬁndaclosedsetofequationsforΠ1(t),Π2(t),Π1Π2(t),S+1S−2(t),
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Figure3.7: Trajectoriesinthecomplex-Λplaneofthefoureigenvaluesofthematrix
Nq=−2iM∗−iI4,withM givenbyEq.(3.73),asinteratomicdistancek0r12decreases
from∞ to0.From(a)to(d),thepumpW1oftheﬁrstatomisprogressivelyincreased,
whilethesecondatomisnotpumped.
andS−1S+2(t).FromEqs.(3.42)and(3.43),weobtain
d(Π1Π2)
dt =−(2+W1+W2)Π1Π2+(W2−1)Π1+(W1−1)Π2
+2ImG12(ω0)S+2S−1−S+1S−2 +FΠ1Π2+Π1FΠ2, (3.76)
dS−1S+2
dt =− 1+
W1+W2
2 S
−1S+2+12ImG12(ω0)Π1Π2
+i4[G
∗12(ω0)Π2−G12(ω0)Π1]+F+2S−1+S+2F−1. (3.77)
Whentakingtheexpectationvalueoftheseequations,thetermswiththeLangevinforces
vanishinEq.(3.77)butnotinEq.(3.76).Indeed,
FΠ1(t)Π2(t)=−iS+1(t)Ω+0(r1,t)Π2(t)
=−iS+1(t)Ω+0(r1,t),Π2(t)
=−2iG12(ω0)S+1(t)S−2(t), (3.78)
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wherewemadeuseoftheproperty(3.54).Similarly,
Π1(t)FΠ2(t)=2iG∗12(ω0)S+1(t)S−2(t). (3.79)
Hence,Eqs.(3.76)and(3.77)become
dΠ1Π2
dt =−(2+W1+W2)Π1Π2 +(W2−1)Π1 +(W1−1)Π2
+2ImG12(ω0) S+2S−1 + S+1S−2 , (3.80)
dS−1S+2
dt =− 1+
W1+W2
2 S
−1S+2 +12ImG12(ω0)Π1Π2
+i4[G
∗12(ω0)Π2 −G12(ω0)Π1]. (3.81)
WeclearlyseeherethatquantumLangevinforcesareessentialtorecoverthecorrect
dynamicsofΠ1Π2.Inparticular,theyensurethatΠ1Π2 isreal.
UsingEqs.(3.80),(3.81),andtheexpectionvalueofEq.(3.43),wefound,aftersome
algebra,theanalyticalexpressionsforthestationaryvaluesthatdeterminetheintensity
deﬁnedinEqs.(3.26)and(3.27).Fortwoatoms,
I=1+Π1(ts)2 +
1+Π2(ts)
2 +2ImG12(ω0)ReS
+1(ts)S−2(ts), (3.82)
where
Π1(ts)=
(W1−W2)f(W2,W1)+2W2−1+ImG212(ω0)1−W1+W g(W2,W1)
f(W2,W1)g(W1,W2)+f(W1,W2)g(W2,W1) ,
(3.83)
ReS+1(ts)S−2(ts)=ImG12(ω0)8
(3W2+W1)Π1(ts)+(3W1+W2)Π2(ts)
(1+W)2−ImG212(ω0)
, (3.84)
with
W =W1+W22 , (3.85)
f(W1,W2)=(1+W)(1+W1)+ImG212(ω0)1+W2−W1−21+W , (3.86)
g(W1,W2)=1+W1+ReG
212(ω0)
1+W . (3.87)
FromEq.(3.83),andwiththelabelinversion1↔2,wealsoobtainΠ2(ts).Solutions
(3.83)and(3.84)wereobtainedwithoutanyapproximation. Theycharacterizelight-
matterinteractionforanycouplingG12(ω0),atarbitrarydistancer12,andforanyvalues
W1andW2ofthepump.Forahomogeneouspump,W1=W2=W,Eqs.(3.83)and
(3.84)takeasimplerform:
Π1(ts)=(W −1)(W +1)
2−ImG212(ω0)
(W +1)3+(W −1)ImG212(ω0), (3.88)
ReS+1(ts)S−2(ts)= W(W −1)ImG12(ω0)(W +1)3+(W −1)ImG212(ω0). (3.89)
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Figure3.8:Stationaryintensityemittedinthefarﬁeldbytwoatomsexcitedwithan
incoherentpump(W1=3andW2=0),versustheinteratomicdistance. Thedashed
linecorrespondstothefulquantumsolution(3.82),thedot-dashedlinetotheﬁrsttwo
termsofEq.(3.82),andthesolidlinetothesemiclassicalapproximation(3.92).In(a)
theﬁeldisscalar,G12(ω0)=eik0r12k0r12,andin(b)theﬁeldisvectorialwiththedipolesparaleltor12(d1=d2 r12),seeEq.(3.63).
Thecouplingbetweenatoms,describedbytheGreen’s matrixG12(ω0), modiﬁes
thestationaryvaluesofthepopulationimbalanceswithrespecttothesituationinthe
absenceofinteraction.Forexample,inthelimitofk0r12→∞ wehave
Π1(ts)=Πeq1+2(W2−W1)ReG
212(ω0)+(W1+W2−2W1W2)ImG212(ω0)
(1+W1)2(1+W2)(2+W1+W2) +O(G
412(ω0)),
(3.90)
whereΠeq1 isthesolution(3.40)intheabsenceofinteractions. Andinthenear-ﬁeldk0r12 1,thetwoatomsbecomeindistinguishablewiththesamepopulationimbalance:
limk0r12→0Π1(ts)= limk0r12→0Π2(ts)=
(W1+W2+1)2−9
(W1+W2+3)2+7. (3.91)
Quiteremarkably,thelimit(3.91)isindependentoftheGreen’smatrix,andtherefore
hasnosingularity,whileG12(ω0)→∞ fork0r12→0.
InFigure3.8wecomparethefulquantumsolution(3.82)(dashedline)withits
semiclassicalapproximation(solidline):
Isc=1+Π1(ts)
sc
2 +
1+Π2(ts)sc
2 +2ImG12(ω0)Re S
+1(ts)scS−2(ts)sc,(3.92)
wherethediﬀerenttermswereevaluatedinsection3.4.Atﬁrstsight,itseemsthatan
eﬀectreminiscentofthesemiclassicalthresholdpersistsinthequantumdescriptiontoo.
Indeed,thequantumintensityissubstantialyhigherabovethesemiclassicalthreshold
thanbelow,eveniftheaveragedipolesS±i arealwayszerowithinthequantumformal-ism. Nevertheless,thisinterpretationissomehowsuspiciousbecausethesemiclassical
laserphasepreciselycoincideswiththenear-ﬁeldregime. Consequently,thegrowthof
thequantumintensityisessentialyduetothedivergenceoftheGreen’sfunctionG12(ω0)
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Figure3.9:StationaryintensityemittedinthefarﬁeldversusthepumpW1oftheﬁrst
atom(W2=0).Solid,dashed,anddot-dashedlinesaredeﬁnedinFig.3.8.
inthelimitk0r12→0.Fig.3.9,thatshowsthedependenceoftheintensityonthepump,
revealsnoclearandobvioussignatureofathresholdinthequantumintensity(dashed
line).
Bycomparingthedashedanddot-dashedlinesinFig.3.8,wenotethattheinter-
atomiccontribution—thethirdtermofEq.(3.82)—isresponsibleforanon-monotonic
decayoftheintensity(longrangetail). Thiseﬀectisnotsimplyrelatedtothetrivial
termImG12(ω0)appearinginEq.(3.82) —whichisduetothefactthatweconsider
thefar-ﬁeldintensityaveragedovera4πsolidangle, —butitisrealyduetothequan-
tuminteratomiccouplingS+1(ts)S−2(ts).And,asitisclearfromEq.(3.84),thistermisroughlyproportionaltoImG12(ω0). Thisimpliesthatpurelyquantummatter-ﬁeld
correlationscansubsistoverrelativelylongrangesinanatomicsystem.
Ananalyticalexpressionforthespectrumofemittedlightcanbeobtainbysubsti-
tutingEqs.(3.73),(3.75),(3.80),(3.83),and(3.84)forM andY(0)intoEq.(3.20).
Figure3.10(a)showshowthespectrumevolveswhentheinteratomicdistancek0r12is
variedfrom∞ to0.1. ThefoureigenvaluesofNq=−2iM∗−iI4controlthecentral
frequenciesandspectralwidthsofthefourLorentziansthatcontributetothespectrum,
asilustratedinFig.3.10(b). AndthematrixY(0)determinestheirspectralweights.
AstudyofthespectralwidthasafunctionofthepumpstrengthW doesnotreveal
asigniﬁcantspectralnarrowingathighpump,thatcouldhavebeeninterpretedasa
signatureofthesemiclassicallaserthreshold.
Moreinterestingly,wenotethatonlytwomodesarewelresolvedinFig.3.10(a).
Intheregimek0r12 1,thesemodesarecontroledbythetwolowerbranchesofFig.
3.10(b).Itisworthrecalingthatthesebranchescorrespond,intheabsenceofpump,
totheeigenvaluesoftheGreen’smatrix[seeFigs.3.4(a)and3.7(a)]. Thisseemsto
indicatethatthespectralpropertiesoftheN×NGreen’smatrixsomehowcharacterize
themainfeaturesofthespectrum.Inthenextsection,weproposetodevelopthisidea
inthelargeNlimit.
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Figure3.10:(a)Far-ﬁeldangle-averagedspectrumemittedbytwoatoms,withW1=3
andW2=0,coupledbyascalarﬁeld. Theinteratomicdistancek0r12isvariedfrom
∞ to0.1.(b)Trajectoriesinthecomplex-Λplaneofthefoureigenvaluesofthematrix
Nq=−2iM∗−iI4,withM givenbyEq.(3.73),astheinteratomicdistancek0r12
decreasesfrom∞ to0. Foreachvalueofk0r12chosenin(a),weindicatewithopen
circles(samecolor)thepositionsofthefourcorrespondingeigenvaluesΛ.Eachofthem
eventualygivesrisetoaLorentziancenteredatωL=ω0+Γ0ReΛ/2,withawidthat
half-maximumofΓ0(1+ImΛ).
3.6 Increasingthenumberofatoms
IntheliteraturededicatedtothelightemittedbyacolectionofNatomsintheabsence
ofcavity,thedynamicsofatomicoperatorsismostofthetimedescribedbyamaster
equation,suchas(2.17).Then,unequal-timecorrelationsofatomicoperatorsarereduced
toequal-timeexpectationvaluesbyusingthequantumﬂuctuation-regressiontheorem
[110,111],andﬁeldcorrelationsarecalculated,usualynumericaly,fromatomiccorre-
lationfunctions.Quitestrikingly,mostofthepapersdealwithnomorethantwoatoms,
exposedeithertothermal[57,121]ormonochromaticﬁeld[58,59,122–125],andonly
rarelyanalyticalexpressionsarederived.Thecaseofanincoherentpumpislesspopular.
ItwasnumericalystudiedbySteudelfortwoandthreeatoms[126],andmuchmore
recentlyforuptoﬁveatomsbySavelsetal.[61].Thedrawbackofthemasterequation
approachisthenecessitytoinverseanddiagonalizea22N ×22N matrix,limitingits
practicalusetoasmalnumberofatoms[61]. Moreover,ananalyticalinspectionofthe
mainfeaturesofthespectrumisdiﬃculttoachievewiththisapproach.Forexample,we
knowthatthespectrumcanbeexpressedasasumof(2N)!/(N+1)!(N−1)!Lorentzians
[126],buttheirrelativespectralweightarenotrealyunderstood.Asaconsequence,no
clearpicturehasemergedsofarabouttheessentialfeaturesofthespectrumoflight
emittedbyNatomsinthelargeNlimit.
IntheprevioussectionswefolowedadiﬀerentpathandusedquantumLangevin
equations.ThisalowedustounderstandtheroleofquantumLangevinforces,tocheck
explicitlythevalidityofthequantumregressiontheorem,andtocomparethequantum
resultswiththesemiclassicalapproximation.ForN>2atoms,ratherthantryingto
computethespectrumexactly,withthesameprocedureasinsection3.5,wewouldliketo
takeadvantageofthepleasantformoftheLangevinequationstoperformaperturbative
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expansionvalidinthecasewhereatomsareweaklycoupledbythedipoleinteraction,
i.e.intheregimewhere|Gij(ω0)| 1. Thiscorrespondtok0rij 1,orintermsof
thedensityρ=N/V,ρλ30 10. AsimilarapproachwasproposedbyGr´emaudetal.inthestudyofthecoherentbackscatteringby2atoms[66]. Theauthorstreatedthe
electromagneticﬁeldradiatedbyoneatomontotheotherasaperturbationwithrespect
totheincidentlaserﬁeld,thankstoanexpansionofthestationarysolutionsforatomic
operatorsinpowersoftheGreen’sfunctionG12(ω0).
LetusconsiderEqs.(3.42)and(3.43). Theﬁrstcorrectionwithrespecttothe
situationwheredipoleinteractionsarezero,isobtainedbyreplacingtheoperatorΠi(t)
inEq.(3.42)byitsexpectationvalueintheabsenceofinteraction,Πeqi. Withinthisapproximation,theequationsfortheN expectationsvaluesS+i(t)formaclosedset.Therefore,bydeﬁnitionofxinEq.(3.21),wehavex=(S1+,..,SN +),λ=0,and
M =iω0Γ0IN−B+iAG(ω0)
∗, (3.93)
whereweintroducedN×Ndiagonalmatrices
A=12diag
Wi−1
Wi+1 , (3.94)
B=12diag(Wi+1), (3.95)
andIN istheN×Nidentitymatrix. Multiplescatteringoflight,suchasindependent
ordependentscattering(seechapter4),isfulyincludedinEq.(3.93). Whatweneglect
areessentialyﬁeldnonlinearities. Wealsostressthattheexpression(3.93)resultsonly
fromaperturbativeexpansion,andnotfromasemiclassicalapproximation.Thisensures
thatthepresentanalysiscangobeyondthesemiclassicalone.
Thepowerspectrum(3.20)takesasimplerform
S(ωL)=2Tr(N) S·Re iωLΓ0IN− M
−1
·Y(0) , (3.96)
wheretheijelementoftheN×NmatrixY(0)isnow
Yij(0)=S+i(ts)S−j(ts). (3.97)
Thismatrixisalsocalculatedperturbatively. UsingagainEqs.(3.42)and(3.43),we
easilyshowthat
S+i(ts)S−i(ts)=1+Πi(ts)2 =
1+Πeqi
2 +O(G
2(ω0)), (3.98)
S+i(ts)S−j(ts)=
iG∗ij(ω0)Πeqi−iGij(ω0)Πeqj+2ImGij(ω0)ΠeqiΠeqj
2(2+Wi+Wj) +O(G
2(ω0)),
(3.99)
inagreement,inthecaseN=2,withEqs.(3.83)and(3.84).Restrictingourselvesto
thelowestorder,wetake
Y(0) 12IN+A=diag
Wi
Wi+1 . (3.100)
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Intermsofthestationaryintensity,
I= dωL2πS(ωL)=Tr(N)[S·Re[Y(0)], (3.101)
theapproximation(3.100)isquitestrongsinceitbringsusbacktothetrivialsolution
intheabsenceofinteraction,I= Ni=1(1+Πeqi)/2.However,asfarasthespectrumisconcerned,Eq.(3.100)issuﬃcienttocapturethedominantcolectiveeﬀects.
Equations(3.93),(3.100),and(3.96)yieldananalyticalexpressionforthepower
spectrum,thatisessentialycontroledbythepropertiesoftheN×NGreen’smatrix
G(ω0). Amongthe(2N)!/(N+1)!(N−1)!possibleLorentzians,wenowhaveshown
thatonlyN dominatethespectrumintheweak-scatteringregimeρλ30 10. NotethatthequantumLangevinforces,discussedinsection3.3,donotplayadominantrole
heretoevaluatethequantumspectrum.Thisisradicalydiﬀerentfromstandardlaser
theorywherephenomenologicalquantumLangevinforcesforcavitymodesarenecessary
tocomputethespectrumoflightbelowandabovethreshold[23].
Tocheckthevalidityoftheperturbativeexpression(3.96),wecancompare,for
N=2,itspredictionwiththeexactresultcalculatedinsection3.5.Figure3.11shows
agoodagreementaslongask0r12 1.Interestingly,thisagreementisimprovedwhen
W1andW2getcloser,andisalmostperfectforW1=W2. Althisisnotcompletely
obviousbecause(3.96)andtheexactresultdonothaveexactlythesameperturbative
expansioninG12(ω0)inthelimitk0r12→∞.Nevertheless,ourresult(3.96)isvalidas
longasthedipolecouplingisweak.Inparticular,sinceitisbasedonalinearexpansion
inG(ω0),itisproperlyjustiﬁedbelowaneventualrandomlaserthreshold. Wewilsee
inchapter7thatadescriptionofthelaserabovethresholdrequirestokeepatleastthe
termscubicinG(ω0).
Inthecaseofauniformpump(Wi=W),itisconvenienttoexpressthetracein
Eq.(3.96)inthebi-orthogonalbasisofrightRnandleftLneigenvectorsofthenon-
HermitianmatrixG(ω0):
G(ω0)Rn=ΛnRn and G(ω0)†Ln=Λ∗nLn. (3.102)
Wenormalize RnandLnsuchthat
N
i=1
Li∗nRim=δnm, (3.103)
andhereLn=R∗nbecauseG(ω0)isasymmetricmatrix. Then,thespectrum(3.96)becomes
S(ωL)= 2W1+W
N
n=1
Re cni[(ωL−ω0)/Γ0−A(W)ReΛn]+B(W)−A(W)ImΛn ,
(3.104)
where
A(W)=12
W −1
W +1, (3.105)
B(W)=W +12 , (3.106)
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Figure3.11:Far-ﬁeldangle-averagedspectrumemittedbytwoatoms,withW1=3,and
W2=0orW2=0.3.Theperturbativeresult(3.96)(dashedline)iscomparedwiththe
exactformulaofsection3.5(solidblueline,seealsoFig.3.10)fork0r12=1,2,and5.
andthec-numberscndependoneigenstatesLnandRn,
cn= Ln|S|Rn =
N
i,j
sink0|ri−rj|
k0|ri−rj|R
inRj∗n. (3.107)
IfIm(cn) Re(cn),S(ωL)isasumofNLorentzianscenteredat
ωn=ω0+Γ02
W −1
W +1ReΛn, (3.108)
andhavingwidthsathalf-maximumgivenby
Γn=Γ02 W +1−
W −1
W +1ImΛn . (3.109)
Toilustratehowthespectrum(3.104)evolveswithN,weconsiderNatomsrandomly
distributedinasphereofradiusR,atagivendensityρ=3N/4πR3suchthatρλ30=1.Bynumericaldiagonalization,weﬁndeigenvaluesΛnandeigenstatesRnofG(ω0),and
usethemtoevaluateS(ωL). ResultsarepresentedinFig. 3.12(a).Intheregime
ρλ30<10,themodesstronglyoverlap,i.e.|ReΛn−ReΛn+1| |ImΛn|,sothattheycannotbedistinguishedinthespectrum. ThisisfurtherilustratedinFig.3.12(b),
whereweshowtheeigenvaluesΛnthatweusedtoevaluateS(ωL)forN=1000.The
shapeoftheeigenvaluedomainaswelastheeigenvaluedensityoftheGreen’smatrix
wilbediscussedingreatdetailsinchapter6. Herewejustmention,asitisindicated
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densityρλ30=1.(b)EigenvaluesoftheN×NGreen’smatrixG(ω0)forasinglerandomconﬁgurationofN=1000points,usedtocomputethecorrespondingpowerspectrum
in(a)(dot-dashedline).
byEqs.(3.108)and(3.109),thatthespectralextentoftheeigenvaluedistribution
maycontroltheshapeofS(ωL).Inparticular,al modescontributetothespectrum,
whichisincontrastwiththebehaviorabovethreshold,asweshalseeinchapter7.In
addition,westressthatthesmoothcurvesofFig.3.12(a)wereobtainedforasingle
spatialconﬁgurationoftheNatoms,indicatingthatS(ωL)seemstobeaself-averaging
quantityinthelimitN→∞.
Calculatinganalyticalythequantummany-bodyquantityS(ωL)isaprioriacom-
plicatedtask. Quiteinterestingly,wewilseeinchapter7thatS(ωL)isrelatedtothe
resolventassociatedwiththeGreen’smatrix,forwhichwewildevelopacompleteana-
lyticaltheoryinchapter6. Wethereforereferthereaderinterestedintherandomlaser
physicstochapter7,wheretheoreticaltoolsdevelopedinchapters5and6wilﬁnda
naturalandelegantapplication.
Chapter4
Multiple-scatteringoflightinthe
presenceofgain:amesoscopicdescription
4.1 FictitiousHamiltonianandscatteringbuildingblocks
4.1.1 Atomicpolarizability
Inthepreviouschapter,weprovidedaformulationofmatter-ﬁeldinteractioninterms
of microscopicexcitations. Wearenowinterestedinthealternativepicture,where
atomicdegreesoffreedomareeliminated. Weextendthe‘mesoscopic’formulationbrieﬂy
introducedinsection2.4.2tothecasewhereatomsareexcitedbyanopticalpump.For
simplicity,weconcentrateontheincoherentpumpingschemedescribedinsection3.2.2.
Thepumpstrengthonatomi,Wi,isdeﬁnedbyEq.(3.37).Inthepresenceofpump,
Eqs.(2.86)and(2.87)become
D−i(ωL)= 1ωL−ω0+i(1+Wi)Γ0/2
dω
2π Πi(ωL−ω)[di⊗di]E
+s(ri,ω), (4.1)
Πi(ωL)= 2iπ(Wi−1)Γ0ωL+i(1+Wi)Γ0δ(ωL)+
2
ωL+iΓ0
dωdω
(2π)2
[di⊗di]E−s(ri,ω)·Πi(ωL−ω−ω)E+s(ri,ω)
ωL−ω+ω0+i(1+Wi)Γ0/2 +h.c.(ω↔ω), (4.2)
whereE+s(ri,ω)isthesmoothedﬁeld(2.59). WithEq.(4.1),thequantumwaveequation(2.39)reads
∇×∇×E+(r,ωL)−k2LE+(r,ωL)=
dω
2π0
N
i=1
k2LΠi(ωL−ω)
ωL−ω0+i(1+Wi)Γ0/2[di⊗di]δ(r−ri)E
+s(r,ω). (4.3)
Quantumequationsofmotion(4.1),(4.2)and(4.3)werederivedwithalmostnoapproxi-
mation:weusedRWAforinternaldegreesoffreedom(seesection2.3.2),andweomitted
thetermsinvolvingthevaluesofatomicoperatorsattheinitialtime(seethediscussion
below). Asitisknowninthesemiclassicallasertheory,wheresimilarequationsfor
classicalﬁeldsshowup[23,32],suchcoupledequationscanbesolvedinalordersin
theelectricﬁeldonlyifweneglectthetimedependenceofthepopulationinversionΠi.
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Thisisoftenweljustiﬁedforlasersofinterest,forwhichthepolarizationrelaxesata
phenomenologicalrateγ⊥ muchgreaterthantherelaxationrateγ ofthepopulation
inversion. SuchlasersaresometimesreferredtoaslasersofclassB. Thecondition
γ⊥ γ isnotsatisﬁedforindependentatomsinfreespace,forwhichγ⊥=Γ0/2and
γ=Γ0.Nevertheless,thesituationcanberadicalymodiﬁedbythepumpandinterac-
tions.Inparticular,wewilshowinchapter7thattheinversionmaybeapproximated
asstationaryinthevicinityoftherandomlaserthreshold.Suppose,forthetimebeing,
thatsuchastationaryapproximationismeaningfulinourcontext:
Πi(ωL) 2πΠi(ts)δ(ωL), (4.4)
wheretsisatimethatislongenoughforthesystemtoreachstationaryregime.From
Eq.(4.2),wereadilyget
Πi(ts)=Π
eq
i
1+si, (4.5)
withΠeqithesolution(3.40)intheabsenceofinteratomicinteractions,andsiasaturationparameterdeﬁnedby
si=2 dωdω(2π)2
[di⊗di]E−s(ri,ω)·E+s(ri,ω)
(ω−ω0)2+(1+Wi)2Γ20/4
. (4.6)
Suchasaturationparameteraccountsforinﬁnite-ordernonlinearspatial‘holeburning’.
Itiswelknowninstandardlasertheory[23],andhasattractedrecentattentioninthe
contextofmultimodelaseractioninopenandirregularsystems[21,22,33].
Usingtheassumption(4.4)inEq.(4.1),weﬁndtheatomicpolarizabilityα(ωL)that
relateseachdipoletothelocalelectricﬁeld:
D−i(ωL)=0αi(ωL)∆iE+s(ri,ωL), (4.7)
where∆i=d˜i⊗d˜iistheprojectionoperator(onthedipole˜di),andthepolarizabilityreads
αi(ωL)=d
2
0
1
1+si
Πeqi
ωL−ω0+i(1+Wi)Γ0/2. (4.8)
Forlaterconvenience,weintroducethedimensionlesspolarizability,
α˜i(ωL)=Π
eq
i
1+si
Γ0/2
ωL−ω0+i(1+Wi)Γ0/2, (4.9)
suchthat,accordingtoEqs.(2.71),(2.77),and(4.8),
αi(ωL)=


6π
k30α˜i(ωL) (vectorﬁeld)
4π
k30α˜i(ωL) (scalarﬁeld)
. (4.10)
ItisworthnotingthatthepolarizabilitydeﬁnedinEq.(4.7)relatesthedipoleD−inottothetotalelectricﬁeldE+(ri)butonlytoitssmoothpartE+s(ri).Thismeansthatαifeaturestheresponseofatomitotheﬁeldradiatedbyalatomsexceptitself.
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4.1.2 FictitiousHamiltonian
InordertoobtainaclosedequationforthethetotalelectricﬁeldE+(r)fromEq.(4.3),
wehavetoexpressE+s(ri)intermsofE+(ri).Usingitsdeﬁnition(2.58)andtherelation(4.7),weﬁnd
E+s(ri,ωL)=E+(ri,ωL)−10g(0,ωL)D
−i(ωL)
= 11+g(0,ωL)αi(ωL)∆i
E+(ri,ωL). (4.11)
WiththehelpofEqs.(4.4)and(4.11),Eq.(4.3)canberewrittenasaneﬀectivepropa-
gationequation:
k2L−Hf |E+(ωL)=0, (4.12)
whereweusethenotationE+(r,ωL)=r|E+(ωL),with|E+(ωL)thatbelongstothe
ﬁctitiousHilbertspaceEfdeﬁnedinsection2.4.2.TheﬁctitiousHamiltonianHfis
Hf=Hf0+Vf=(∇×∇×)+
N
i=1
vi, (4.13)
whereviistheeﬀectivepotential1
vi=˜vi∆iδ(ˆr−ri), (4.14)
v˜i= −k
2Lαi(ωL)
1+g(0,ωL)αi(ωL). (4.15)
TheﬁctitiousHamiltonianHfisnon-Hermitianbecausev˜iisacomplexquantity.
Eq.(4.12)impliesthatalscatteringiselastic. Thisisadirectconsequenceofthe
approximation(4.4).Inelasticscatteringinducedbyaneventualnon-stationaryvalueof
populationimbalanceinEq.(4.3)mustnotbeconfusedwiththeinelasticscatteringof
purelyquantumoriginconsideredinthepreviouschapter.Tomakeclearthediﬀerence,
itissuﬃcienttoconsiderthespectrumoflightemittedbyasingleatom. Werecal
thatfortheincoherentpump,theonlynonzerocontributiontothespectrumoflight
(3.20)isatermproportionaltoY(0)=(S+(ts)S−(ts),Π(ts)S−(ts),S−(ts)S−(ts))
(seesection3.2.3fordetails).Suchacontribution,responsibleforthe‘quantum’part
ofthespectrum,isnotcontainedinEqs.(4.1),(4.2)and(4.3),becauseweomittedin
thoseequationsthevaluesofatomicoperatorsattimets. Takingthemintoaccount
amountstoaddinganewsourceterminthepropagationequation(4.12),thatdoes
notvanishintheapproximation(4.4).Itisexactlytheideathatweusedinsection
3.6.Rigorouslyspeaking,Eqs.(4.1),(4.2),(4.3),and(4.12),areexactprovidedthatwe
replacequantumoperatorswiththeirexpectationvaluewithrespectto|0R.Thisisthe
semiclassicalapproximationthatwedeﬁnedinsection3.2.2,anditwilbeusedinthe
folowing.Forbrevity,wewilkeeptheoperator-likenotation,i.e.foranyoperatorA
actinginE,wenote
0R|A|0R ≡A. (4.16)
1Forsimplicity,weaddhatstooperatorsthatactinEfonlyifconfusionispossible.Forexample,we
noteviandHfratherthanvˆiandHˆf.
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4.1.3 Atomict-operator
Formaly,thescatteringamplitude˜vithatappearsinEq.(4.14)iszerobecauseg(0,ωL)
inEq.(4.15)isinﬁnite.Atﬁrstsight,thesingularityofg(0,ωL)isproblematic.However,
ifweconsiderscatteringquantitieslikethet-operatorofasingleatom,thisdivergence
disappears,aswenowshow. Wedeﬁnetheretardedfree-spaceGreen’soperatorassoci-
atedwithHf0:
Gf0= 1k2L+i −Hf0
. (4.17)
AccordingtoEq.(2.35),inther-representation,itisproportionaltothefree-space
Green’sfunctiong(2.36):
r|Gf0|r =−c
2
ω2L
g(r−r,ωL). (4.18)
IntermsofGf0,thet-operatorofanatomireads[127]
ti=vi+viGf0ti
=vi+viGf0vi+viGf0viGf0vi+... (4.19)
Forapotentialvioftheform(4.14)associatedwithpoint-likeparticles,theBornseries
(4.19)canbeeasilysummedexactly:
ti=t˜i∆iδ(ˆr−ri), (4.20)
t˜i= v˜i1−v˜ir|Gf0|r
, (4.21)
where r|Gf0|r=−g(0,ωL)/k2Lisinﬁnite.Intheliteraturedevotedtomultiplescattering
bypointscatterers(see,e.g.,thetworeviews[128]and[129]),r|Gf0|risoftenreplacedbyaregularizedfunctiontoretainaphysicalnonzerot-operator. Weshowherethat
sucharegularizationisnotnecessary.Indeed,insertingtheexplicitexpression(4.15)
intoEq.(4.21),weobtain
t˜i=−k2Lαi(ωL)


−6πk0α˜i(ωL) (vectorﬁeld)
−4πk0α˜i(ωL) (scalarﬁeld)
, (4.22)
thathasnosingularity.TogetthelastequalityofEq.(4.22),weusedEq.(4.10)with
theveryreasonableapproximationkL k0(|kL−k0| k0)fortheprefactor. The
consistencyofourapproachcomesfromthefactthatthepolarizabilityinEq.(4.7)is
rigorouslyrelatedtothesmoothedﬁeldandnottothetotalelectricﬁeld. Torecover
thesameexpression(4.22),authorsof[128]and[129]ﬁrstintroducedalarge-momentum
cutoﬀintheGreen’sfunction,thatisthenphenomenologicalyrelatedtothelinewidth
Γ0.2Thesingularityofviisnotaproblembecauseviisnotaphysicalobservable.Gen-
eralyspeaking,alquantitiesrelatedtomultiplescatteringamongpoint-likescatterers
mustcontain,iftheyareproperlycalculated,tiandnotviasabuildingblock.
2Notealsothat,ironicaly,ifwemaketheincorrectchoice˜vi=−k2Lαi(ωL),andrestricttheevaluation
of˜tigivenbyEq.(4.19)totheunjustiﬁedsecond-orderBornapproximation,wealsogetthecorrectresult
(4.22).
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Noteﬁnalythatthemonoatomict-operatorassociatedwithHfcoincideswiththe
oneassociatedwiththeHamiltonianH (2.24).Intheabsenceofpump,theproofis
straightforward;itisgivenbyEqs.(2.91),(2.93),and(2.98)wherewesetN=1(see
also[78]).However,assoonasseveralphotonsareconsidered,themicroscopicscattering
approachbecomesmoreinvolved(see,e.g.,[130]).
4.1.4 Scatteringcross-sectionandopticaltheorem
Letusnowrecalhowthet-operatorandthepolarizabilityαarerelatedtothemonatomic
scatteringcross-section,deﬁnedastheratiobetweenthescatteredﬂuxandtheincoming
ﬂuxdensity(perunitofarea)[49,131]. Forasingleatomilocatedatr=0and
iluminatedbyanincidentwave|E+in(ωL),Eq.(4.12)canbeformalyrewrittenastheLippman-Schwingerequation
|E+(ωL)=|E+in(ωL)+Gf0vi|E+(ωL), (4.23)
thatbecomes,withEq.(4.19),
|E+(ωL)=|E+in(ωL)+Gf0ti|E+in(ωL). (4.24)
Inthefar-ﬁeld,usingtheapproximation(2.38)oftheGreen’sfunction,weobtain
E+(r,ωL)=E+in(r,ωL)−t˜ie
ikLr
4πr∆i∆
⊥rE+in(0,ωL). (4.25)
Forascalarﬁeld,projectors∆iand∆⊥rdisappear. Wecandeﬁneascatteringamplitude
fi=


−t˜i4π∆i∆⊥r (vectorﬁeld)
−t˜i4π (scalarﬁeld)
, (4.26)
fromwhichweﬁndthetotalscatteringcross-sectionbyintegratingoverthesolidangle:
σi= dΩ|fi|2=


|˜ti|26π
6π
k20|˜αi|
2 (vectorﬁeld)
|˜ti|24π
4π
k20|˜αi|
2 (scalarﬁeld)
, (4.27)
whereweusedEqs.(4.22)and(4.10)withkL k0fortheprefactors.
Ifenergyisconserved,theso-caledS-matrixofasingleatom,Si= 1ˆ+Gf0ti,isunitary.Inoptics,thisresultisknownastheopticaltheorem[49,132]andreads
|˜ti|2=


−6πkLIm˜ti (vectorﬁeld)
−4πkLIm˜ti (scalarﬁeld)
(ifenergyisconserved), (4.28)
whichissimplerintermsofα˜i:
Im 1α˜i(ωL) =−1 (ifenergyisconserved). (4.29)
Forthespeciﬁc model(4.9),theopticaltheoremisfulﬁledintheabsenceofpump
(Wi=0)andﬁeldnonlinearities(si=0),asitcouldbeexpected[113].
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4.2 Asimplebutuniversalsemiclassicallaserthreshold
Nowwewouldliketoestablishaverysimpleandgeneralconditionforlasinginany
systemofpoint-likescatterers —atoms,inthepresentcontext.Itisbasedontwobasic
ingredients:ontheonehand,theequationofpropagation(2.39)thatrelatestheﬁeldto
atoms(throughtheGreen’smatrix),andontheotherhand,themicroscopicresponseof
atomstotheﬁeld(throughthepolarizability).
4.2.1 Thresholdcondition
Belowthreshold,wecanassumelinearresponseofatomstotheﬁeld.Thisimpliesthat
thepolarizabilityinEq.(4.7)doesnotdependontheﬁeld.Forinstance,ifweconsider
themodel(4.9)ofincoherentpump,itamountstotakesi=0. Werewrite(4.7)interms
ofthedimensionlesspolarizabilityα˜i(4.8)andthedimensionlesselectricﬁeldΩ+s(3.5):
D˜−i(ωL) = −α˜i(ωL)∆iΩ+s(ri,ωL) (vectorﬁeld)
S−i(ωL) = −α˜i(ωL)Ω+s(ri,ωL) (scalarﬁeld)
, (4.30)
andforlaterconvenience,wedeﬁnethediagonalmatrix3
A(ωL)=


diagα˜i(ωL)∆i 3N×3N (vectorﬁeld)
diag[˜αi(ωL)] N×N (scalarﬁeld)
. (4.31)
Ontheotherhand,thesmoothedﬁeld,solutionoftheequationofpropagation,is
givenbyEqs.(2.83)and(2.84):
Ω+s(ri,ωL) = − ωLω0
3 N
j=iGij(ωL)˜D−j(ωL) (vectorﬁeld)
Ω+s(ri,ωL) = − ωLω0
3 N
j=iGij(ωL)S−j(ωL) (scalarﬁeld)
. (4.32)
HerethefreecomponentΩ+0oftheﬁeldvanishesbecause,asexplainedintheprevioussection,aloperatorsconsideredinthepresentchapterareimplicitlyaveragedwith
respectto|0R.
ItthenfolowsimmediatelyfromthecombinationofEqs.(4.30)and(4.32)thatthe
lineardescriptionbreaksdownandthelasingstartsassoonasatleastoneeigenvalue
λkoftheproductoftheGreen’smatrixandA(ωL)isequalto(ω0/ωL)3:
lasingthreshold: ω0ωL
3
=


λk{G(ωL)A(ωL)} (vectorﬁeld)
λk{G(ωL)A(ωL)} (scalarﬁeld)
. (4.33)
Thisconditioncontainsnoapproximation.Itisvalidforanydimensionalityofspace,
anyatomicpolarizability,anynumberandconﬁgurationofatoms,andanyformofthe
Green’smatrixthat,inparticular,canaccountforanexternalcavityandampliﬁcation
orabsorptionoflightinthespacebetweentheatoms.
3Foravectorﬁeld,A(ωL)is(3×3)-blockdiagonal.
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Thecaseofanensembleofpassiveatomsembeddedinanamplifyingmatrixwil
bediscussedinchapter7.Forthetimebeing,supposethattheatomsareconﬁnedto
anemptyvolumeoftypicalsizeR,withoutexternalcavity.Aswediscussedinsection
2.4,forΓ0 ω0,c/R,wecansafelyreplaceG(ωL)byG(ω0),and(ω0/ωL)3byone.
Obviously,wecannotreplaceωLbyω0inα˜i(ωL)becausethelatterhasaresonance
inω0.ForN=2andthepolarizability(4.9),thelasercondition(4.33)becomesthen
equivalenttothesemiclassicallasingthresholdfoundinsection3.4.Fromhereon,we
wilbeinterestedinthelargeN limit. Thesimplestcasethatwecanlookatisthe
situationwherethepumpisuniform(˜αi=α˜),andthedipoles˜diarealorientedinthe
samedirection.Thecondition(4.33)isthenrewrittenonlyintermsoftheeigenvalues
ΛkoftheGreen’smatrix,eitherthe3N×3NmatrixG(ω0)(2.70)ortheN×Nmatrix
G(ω0)(2.80):
Λk(ω0)= 1α˜(ωL). (4.34)
Thisequationilustratesthatlaserthresholdresultsfromaninterplayofsingle-atom
properties(describedbythepolarizabilityα˜)andgeometry-dependentcolectiveeﬀects
(quantiﬁedbytheeigenvaluesΛkoftheGreen’smatrix).IftheNatomsarelocalized
atrandompositions,theGreen’smatrixbecomesarandommatrix,andthethreshold
theoneofarandomlaser.Clearly,themostdiﬃculttaskinevaluatinganalyticalythe
condition(4.34)istocomputethestatisticalpropertiesoftheeigenvaluesΛk.Totackle
thisproblemwehavedevelopedananalytictheoryfornon-HermitianEuclideanrandom
matricesthatispresentedinchapter6. Thistheorywilbeappliedtothecaseofthe
Green’smatrix,andwewilshow,inchapter7,thatitisabletopredicttherandom
laserthresholdalthewayfromweak(ρλ30 1)tostrong(ρλ30 1)scatteringregime.Wepointoutthatforthecondition(4.34)tobephysicalyconsistent,eigenvaluesΛk
necessarilyhavetosatisfytheconditionImΛk>−1foranydimensionalityofspaceand
anynumberorconﬁgurationofatoms.Theexplanationisthefolowing. Weknowfrom
Eq.(4.29)thatthelineIm(1/˜αi)=−1inthecomplexplanecorrespondstothedomain
wherenoenergyisbroughttotheatomicsystem.Thus,ifoneeigenvalueΛkcouldcross
thisline,thatwouldmeanthatlasingcouldoccurwithoutpump.Actualy,asweshal
seelater,thepropertyImΛk>−1isaconsequenceofcausality.
4.2.2 Polarizability models
Aneasywaytovisualizethethresholdcondition(4.34)istodrawthetwo-dimensional
domainDΛoccupiedbythecomplexeigenvaluesofG(orG)andtheregionDαspanned
by1/˜αwhenitsfreeparameters —ωLandW inthecaseofEq.(4.9) —arevariedon
thecomplexplane.LasingtakesplacewhenDΛandDαtouch(threshold)oroverlap.
Thisisilustratedinchapter7forN 1atomsinasphereofradiusR λ0,withtwo
gainmechanismsdescribedbytwodiﬀerentmodelsofpolarizabilityα˜.
TheﬁrstgainmechanismisgivenbyEq.(4.9).Itfeaturesopticalpumpingofa
three-levelatominaregimesuchthatthelattercanbereducedtoaneﬀectivetwo-level
atompumpedbyanincoherentprocess[seesection3.2.2andFig.3.1(b)].ForW>1,
populationinversionisachieved(Πeq>0),sothattheatomampliﬁesincidentlight
(Imt>0).
Thesecondgainmechanismisprobablythemostsimplethatwecanimaginefor
coldatoms.Itinvolvesatwo-levelatom(resonantfrequencyω0)intheﬁeldofastrong
near-resonantcoherentpump(RabifrequencyΩp,frequencyω0+Γ0∆p),depictedinFig.
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3.1(a).Thedrivingﬁeldinducesapopulationinversioninthedressed-statebasis[52],
sothataweakprobebeam(frequencyωL=ω0+∆pΓ0+δLΓ0)canbeampliﬁed.The
wholeprocesscanbealsodescribedinthebare-statebasisbyathree-photontransition
fromthegroundstatetotheexcitedstateviaabsorptionoftwopumpphotons. This
phenomenon,ﬁrstdescribedbyMolowin1972[115]andobservedsoonafterwards[116],
isrelevantforcurrentexperimentswithcoldatoms[65]. Equationsofmotionforthis
systemwereintroducedinsection3.2.1. Treatingtheprobeasaperturbationwith
respecttothepump,wecaneasilyshowthattherelation(4.30)holdswithα˜givenby
[65,112,115]
α˜(δL)=−12
1+4∆2p
1+4∆2p+2Ω2p
× (δL+i)(δL−∆p+i/2)−Ω
2pδL/(2∆p−i)
(δL+i)(δL−∆p+i/2)(δL+∆p+i/2)−Ω2p(δL+i/2). (4.35)
Whereaswehad,inthecaseoftheincoherentgain(4.9),onlytwoindependentparam-
eters(frequencyoftheprobeωLandintensityofthepumpW),wenowhaveforthe
coherentgain(4.35),threeparameters(frequencyoftheprobeωL,intensityofthepump
Ωp,frequencyofthepumpωp).Themainampliﬁcationfeatureof(4.35)appearsfora
pump-probedetuningδL=sgn(∆p) ∆2p+Ω2p.
Wedirectlyreferthereaderinterestedinadiscussionofthelaserthresholdusing
thecriterion(4.34)tochapter7.Inthepresentchapter,wewouldliketodiscussthe
randomlaserthresholdinthetermsusedinitialyin1968byLetokhov[6],whowasthe
ﬁrsttoconsiderthepossibilityofa‘photonicbomb’,inaregimewherethesizeofthe
systemRexceedsthescatteringmeanfreepath.Inthefolowingsectionsweintroduce
thegeneraltoolsnecessarytocomputesuchathreshold. Webelievethatthisdescription
hasadoubleinterest.First,itwilpresentaderivationofatransportequationinthe
presenceofgain,asituationthatisnotsuﬃcientlywelcoveredbytheexistingliterature.
Second,itwilrevealexplicitlyalhypothesesthatarenecessarytoevaluatethelaser
thresholdwithinthediﬀusionapproximation,andwilalowforadirectcomparison
withthetheoreticalframeworkdevelopedinchapter6.Inparticular,acomparisonof
diagrammatictechniquesusedinbothcaseswilturnouttobefruitful.
4.3 Extinction meanfreepathinagasofpumpedatoms
InarandommediumdescribedbytheﬁctitiousHamiltonian(4.13),acompletesolution
ofthewaveequation(4.12)amountstotheknowledgeoftheGreen’soperator
Gf= 1k2L−Hf
. (4.36)
Averagedoverdisorder,itgivesinformationabouttheeﬀectivemediumasseenbythe
wave. Withoutpump,itexponentialydecaysinspace,withadecaylengthdeﬁnedas
theextinctionmeanfreepathle. Beyondafewle,theaverageoftheﬁeldamplitude
vanishes. Transportdynamicsarethencontainedinthesecond momentofGf,the
averageintensity. Althisiscorrectiftheeﬀectofrandomscatteringiseﬀectively
capturedbyconﬁgurationalaveraging. Weshouldkeeptwopointsinmind:ﬁrst,such
aspatialaverageovermanyconﬁgurationsisequivalenttoinﬁnite-timeaverageonlyif
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thesystemisergodic;andsecond,foranygivenconﬁguration,theexpectedbehavior
candeviatefromtheactualbehavior.Suchadeviationmaybeespecialylargewhenthe
numberofscatteringsissmal.
Forsimplicity,wewilneglectinthefolowingthevectorialnatureoftheﬁeld,and
assumethatexternaldegreesoffreedomaretheuncorrelatedclassicalpositionsri(i=
1,...,N).AverageisperformedbyspatialintegrationoverthevolumeVtowhichthe
atomsareconﬁned4:
...=
V
N
i=1
ddri
V (...). (4.37)
Wealsotemporarilyassumethatthegainisuniform(˜vi= v˜),sothatthedisorder
potentialVfreads:
Vf(ˆr)=˜v
N
i=1
δ(ˆr−ri). (4.38)
Alinformationabout Gf iscontainedintheself-energyΣfdeﬁnedby
Gf = 1(Gf0)−1−Σf
=Gf0+Gf0ΣfGf. (4.39)
WecancomputeΣfinthe|k-or|r-representations.Theformerisgeneralychosenif
wewishtohighlighttheelementaryexcitationsgeneratedduringthescatteringprocess.
Inparticular,Vf(ˆr)breaksthetranslationalinvariance,andgeneratesnewexcitations
fromaninitialwavevectork.Ontheotherhand,the|r-representationisadvantageous
tokeeptrackofthepropagationinspace,wherechangesofpositionsareinducedbyGf0,andnotbytheone-bodypotentialVf(ˆr).Indeed,Vf(ˆr)isnecessarilylocal:
r|Vf(ˆr)|r =Vf(r)δ(r−r). (4.40)
BeforecalculatingΣf,wewilderiveitsrelationtotheextinctionmeanfreepathle.
Todeﬁneproperlythelatter,someassumptionsarenecessary.First,weassumespace
tobetranslationalyinvariant(itistrueonlyinthelimitV→∞),sothatΣfbecomes
diagonalink-space.Besides,k|Σf|k forpointscatterershasonlyaweakdependence
onk,aswewilseelater.Neglectingthisdependence,wewrite
k|Σf|k Σ0δk,k, (4.41)
andink-space,Eq.(4.39)becomes
Gf(k,k)= k|Gf|k = 1k2L−k2−Σ0
δk,k. (4.42)
Wethendeﬁne lebytherelation
k2L−Σ0=k˜L+ i2le with k˜L>0, (4.43)
4Thesamenotation ...wasusedinpreviouschaptersforthequantumexpectationvaluewithrespect
todegreesoffreedomoftheﬁeld.Inthepresentchapter,werecalthatthisaveragingwithrespectto
|0R hasalreadybeenperformedinsection4.1.1.Hence,wehopethatnoconfusionispossible.
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sothat,inthree-dimensionalspace,theretardedGreen’sfunctionis
Gf(r,r)=−e
−|r−r|/2le
4π|r−r|e
i˜kL|r−r|. (4.44)
Withoutpump, leisapositivedecaylength.However,inthepresenceofagainmech-
anism,lemayeventualybecomenegative.Inthatcasethereisampliﬁcation5. For
|ReΣ0|,|ImΣ0| k2L,
k˜L kL, and le −kLImΣ0. (4.45)
LetusnowevaluateΣf. Diﬀerentdiagrammaticstrategiescanbeadopted. First,
inthelimitv˜→ 0obeyedby(4.15),wenoticethatalcummulantsof(4.38)arezero,
exceptthesecondone[79].Therefore,Vf(r)canbeassumedtobeaGaussianrandom
ﬁeld.Itisconvenienttodeﬁne
V˜f=Vf− Vf =Vf−ρ˜v, (4.46)
andexpandGf inseriesoftheshiftedpropagator˜Gf0= k2L+ Vf −Hf0
−1:
Gf=G˜f0+G˜f0V˜fG˜f0+G˜f0V˜fG˜f0V˜fG˜f0+... (4.47)
TheresultofaveragingEq.(4.47),writteninthe|r-representation,canbeexpressed
throughpairwisecontractions
V˜f(r)˜Vf(r)=ρ˜v2δ(r−r). (4.48)
Theshiftedself-energyΣ˜f = G˜f−10 −Gf−1isthesumofalone-particleirreduciblediagrams(i.e.thosethatcannotbeseparatedintotwoindependentdiagramslinkedby
thepropagatorG˜f0)containedinG˜f−10 Gf G˜f−10 .Selectingthesimplestclassofdiagrams,itisstraightforwardtoget
r|˜Σf|r = V˜f(r)˜Vf(r)r|Gf|r
=ρ˜v2r|Gf|rδ(r−r). (4.49)
Thisresultisknownastheself-consistentBornapproximation.Ititnotsatisfactoryfor
tworeasons.FirstEq.(4.49)issubjecttothesingularityofr|Gf|r.Second,theresult
forGf(r,r)= r|Gf|r isexpressedintermsofv˜,thatcontains,forthecase(4.15),
alsoasingularity. Whiletheﬁrstsingularitycanprobablyberegularizedbytakinginto
accountmorediagrams[133],thesecondoneismoreproblematic.Aswearguedinthe
previoussection,alphysicalobservablelikeGf,mustbeexpressedintermsof˜tinstead
ofv˜.
Toseet˜intheexpansionoftheself-energy,wemustadoptanotherstrategy. We
introducethecolectiveTfoperatordeﬁnedas
Tf=Vf+VfGfVf, (4.50)
=Vf+VfGf0Tf. (4.51)
5Notethatif wecalculate Gf(r,r) from Eq.(4.42), weonly ﬁndtheretardedsolution
e−sgn(le)|r−r|/2leei˜kL|r−r|/4π|r−r|. Thereasonisthattheothersolutionofthepropagationequa-
tion,e−|r−r|/2leei˜kL|r−r|/4π|r−r|withle<0,isnotintegrable,andthusitsFouriertransformdoes
notexist.
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Σf =N N(N-1)2+N(N-1) +
+ ..N(N-1) +
Figure4.1:DiagrammaticexpansionoftheselfenergyΣfintermsofti = =t˜/V.
Astraightlinerepresentsthefree-spaceGreen’sfunctionGf0,anddashedlinesindicatethatscatteringtakesplacefromthesameatomi.
Equations(4.50)and(4.39)showthat
Tf =Σf+ΣfGf0Tf. (4.52)
Therefore,Σfisthesumofalone-particleirreduciblediagramscontainedintheexpan-
sionofTf. WenowtakeadvantageoftheformVf= Ni=1vi,toexpressTfintermsoftheti’s(4.19)ofindividualatoms[127]
Tf=
i
ti+
i j=i
tiGf0tj+
i j=ik=j
tiGf0tjGf0tk+..., (4.53)
andweproceedtoaverageEq.(4.53)accordingtothespatialintegration(4.37).Inthe
caseofauniformpump(˜ti=t˜),irreduciblediagramsarerepresentedinFig.4.1.Fora
dilutemedium(ρλ30 1),itissuﬃcienttotruncatethisexpansiontotheﬁrstorderindensity:
Σf N =ρ˜tˆ1. (4.54)
Thisresultisknownastheindependentscatteringapproximation(ISA)6.Itisoftheform
(4.41),meaningthatEqs.(4.43)and(4.44)arerelevant.Forρλ30 1,theapproximation(4.45)isvalid,andwithEqs.(4.54)and(4.22),theextinctionmeanfreepathbecomes
le − kLρIm˜t (4.55)
k20
4πρ
1
Im˜α(ωL). (4.56)
NotethatEq.(4.55)isalsotrueforavectorﬁeld.Ifweconsidertheincoherentpump
(4.9)onresonance,weget
le(ωL=ω0)=k
20
4πρ
(1+W)2
1−W . (4.57)
Asexpected,thewaveisampliﬁed(le<0)forW>1(populationinversion).
InFig.4.1,termsdiﬀerentfrom(4.54)correspondto‘dependent’scattering,meaning
thatthescatteringfromanatomdependsonotheratomsinitslocalenvironment[49].
Thisdependentscatteringcanbeimportantwhentheparticlesscatterstrongly,asitis
thecaseforatomsonresonance[133]. Whereasitisimpossibletocalculatealdiagrams
exactly,itisfeasibletotakeintoaccount,withoutmuchextraeﬀort,alhigherorder
termsofacertainclass.Beforediscussingsuchanextension,wewouldliketomakethe
linkbetweenthescatteringformalismandEuclideanrandommatrices,forwhichsimilar
diagrammaticwilbeperformedinchapters5and6.
6Thesameresultcanbeobtainedwiththeexpansion(4.47),providedweshiftthepotentialVfwith
respecttoρ˜tratherthantoVf,andtakethelowestorder˜Σf=0. Thisshiftissometimesusedto
deﬁnethecoherentpotentialapproximation(CPA)[127].
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4.4 MappingtotheGreen’s matrixproperties
Inthe|r-representationwithtigivenbyEq.(4.20),theoperatorTf(4.53)becomes
r|Tf|r =
i
δ(r−ri)˜ti∆iδ(ri−r)+
i j=i
δ(r−ri)˜ti∆iri|Gf0|rjt˜j∆jδ(rj−r)
+
i j=ik=j
δ(r−ri)˜ti∆iri|Gf0|rjt˜j∆jrj|Gf0|rkt˜k∆kδ(rk−r)+...
(4.58)
Thisseriesisconvenientlyrewrittenas
Tf=
N
i=1
N
j=1
tm
I−Gm0tm ij
|ri rj|, (4.59)
whereIistheidentitymatrix,andtm andGm0 aregivenby
[tm]ij=δij˜ti∆i, (4.60)
[Gm0]ij=(1−δij)Gf0(ri,rj). (4.61)
Thesematricesareofsize3N×3NforavectorﬁeldandN×Nforascalarﬁeld(the
projector∆ithendisappears).Inthesamemanner,combiningEqs.(4.50)and(4.59),weexpressGfintermsoftheinverseoftheGreen’smatrixGm0:
ri|Gf|rj = 1(Gm0)−1−tm ij
. (4.62)
ItisworthnotingthatEqs.(4.59)and(4.62)expressTfandGf,thatbothactinthe
ﬁctitiousHilbertspaceEfofinﬁnitedimensionandbothdependondisorder{ri},only
intermsofaﬁnitesizematrixthatisbuiltfromthefree-spaceGreen’sfunction.Thisis
aspeciﬁcfeatureofthedisorderedsystemcomposedofpoint-likeparticles.
Fromhereon,letusconcentrateourselvesonuniformlypumpedatoms(˜ti= t˜),
interactingwithascalarﬁeld.Equation(4.59)issimpliﬁedinto
Tf=
N
i=1
N
j=1
1
1/˜t−Gm0 ij
|ri rj|, (4.63)
=−4πk0
N
i=1
N
j=1
1
1/˜α(ωL)−G(ω0)ij|ri rj|. (4.64)
Weused ωL ω0inEq.(4.64).Thisequationdeservesafewcomments:
•Intheabsenceofpump,theoperatorTf(4.64)coincideswiththeoperatorTof
thequantumscatteringapproach,givenbyEqs.(2.91),(2.93)and(2.98).Thisis
intuitivelywhatwemightexpect,ifwethinkintermsofscatteringofaweakprobe.
However,itisnotastrivialasitseemsinasmuchasTfandTareassociatedwith
twoHamiltonian,HfandH,givenbyEqs.(4.13)and(2.24)respectively,that
lookquitediﬀerent.
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•Expression(4.64)ofTfcanbeusedtosimulatethescatteringcross-sectionofthe
atomiccloudnumericaly,sinceonesimplyneedstogeneratetheGreen’smatrix
G(ω0)(foragivenconﬁguationofpoints)andtoinvert1/˜α(ωL)−G(ω0).Such
anapproachwasusedrecentlybySokolovetal.tostudylightscatteringfroma
denseultracoldatomicgas[80].
•Thepolesofthescattering matrixSf= 1ˆ+Gf0Tfcoincidewiththezerosof1/˜α(ωL)−G(ω0).Hence,aneigenvectorofG(ω0)thatsatisﬁesthelaserthreshold
condition(4.34)isalsoaneigenstateofSfassociatedwithaninﬁniteeigenvalue.
Besides,intheabsenceofpumpandaccordingtocausality,thepolesωL∈Cof
Sfmustbelocatedinthelowerhalf-plane.Using(4.29),wethusrecoverthefact
thattheeigenvaluesΛkofG(ω0)mustsatisfyImΛk>−1.
Wewouldliketomakethelinkbetweenscatteringoperatorssuchas Tfintheform
(4.63),andsomemathematicalquantitiesthatwewilstudyinchapters5and6within
theframeworkofrandommatrixtheory.Oneofthemistheaveragedoperator
OA(z)=
N
i=1
N
j=1
1
z−A ij|ri rj|, (4.65)
whereAisanarbitraryN×N Euclideanrandom matrix. Bydeﬁnitionofsucha
matrix,itselementsaregivenbyadeterministicfunction fofpositionsofpairsof
points:Aij=f(ri,rj)=ri|ˆA|rj,whereweintroducedanoperatorAˆassociatedwith
thematrixA.Anotherobjectofinterestistheresolvent
g(z)=1N Tr
1
z−A , (4.66)
whereTrdesignatestheusualtraceofaN×Nmatrix.Takingtheexpectationvalueof
(4.65)withrespectto|k,withr|k=eik·r/√V,weﬁndasimplerelationbetweeng(z)
andOA(z):
ρg(z)=limk→∞ k|OA(z)|k. (4.67)
ForAˆ=Gf0,i.e.forA=Gm0 givenbyEq.(4.61),andforz=1/˜t,OAisequaltotheoperatorTf:
Tf =OGm0(1/˜t)=−
4π
k0OG(ω0)(1/˜α) (4.68)
Inaddition,Eq.(4.52)showsthatlimk→∞ Tf(k,k)=limk→∞Σf(k,k),becauselimk→∞
Gf0(k,k)=0.Therefore,withA=Gm0,Eqs.(4.67)and(4.68)yield
ρg(z)=limk→∞Σ
f(k,k). (4.69)
Letustakeadvantageoftherelation(4.68)tocalculateTf fromOA(z).Astandard
waytocalculateOA(z)[Eq.(4.65)]istouseitsseriesexpansionin1/z.Althoughthis
seriesisonlyconvergentinthevicinityof|z|→∞,wecanuseitsanalyticcontinuation
intheholomorphicdomainofOA(z),i.e.intheregionofthecomplexplanezwhereA
hasnoeigenvalues.IfAisHermitian,itseigenvalueslieonsegmentsoftherealaxis,
sothattheanalyticcontinuationalowsustoreconstructOA(z)foranyz∈C. For
anon-HermitianmatrixA,however,theeigenvaluesarecomplexandOA(z)losesits
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analyticityinsideatwo-dimensionaldomainDonthecomplexplanewhereeigenvalues
areconcentrated.Inourpresentcontext,A=Gm0 isnon-Hermitian,andthusOA(z)forz∈Dcannotbeassessedbytheanalyticcontinuationofitsseriesexpansion.In
particular,byvirtueofEq.(4.68),thisalsoappliesto Tf:expansionpresentedin
Fig.4.1isnotvalidfor1/˜t∈D. Aconsequenceisthattheexpressionfortheself-
energyΣf,andthereforefortheextinctionmeanfreepathle,mightbedramaticaly
aﬀectedwhen1/˜treachesD.Thequestionthenarisesastowhatthecondition1/˜t∈D
physicaly means. Quiteinterestingly,therandomlaserthreshold(4.34)showsthat
itexactlycorrespondstothedomainwhererandomlasingoccurs. Furthermore,we
knowthat,inthisregime,thelinearmodel —givenbyEq.(4.12)wherethesaturation
parametersi(4.6),implicitlycontainedinVf,issettozero —breaksdown,andﬁeld
nonlinearitiescomeintoplay(seechapter7forastatisticaltreatment).Forsure,this
wilaﬀecttheself-energyandtheextinctionmeanfreepath.However,westressthatit
isnottheonlychange:tocalculateΣfinthisregimeproperly,addingnonlinearitiesto
thediagramsofFig.4.1isnotsuﬃcient;wealsohavetotakeintoaccountthebreakdown
ofholomorphicsymmetryofTf.Technicaly,awaytocircumventthisproblemisto
duplicatethematrixsizeofoperatorslikeΣf.Thispointisdiscussedindetailsinchapter
6.Forthetimebeing,supposeweareinterestedintheregimebelowthreshold.Then,
weusethesolutionfoundinchapter5forOA(z)restrictedtoitsholomorphicdomain
(z/∈D):
OA(z)=ρ g(z)1−g(z)ˆT, (4.70)
whereTˆ=ρˆA,andthetheresolventgisgivenby
g(z)= 1z−σ(z), (4.71)
σ(z)=g(z)N Tr
Tˆ2
1−g(z)ˆT. (4.72)
HereTrdesignatesthetraceofanoperator(andnotofaN×N matrix). Choosing
A=Gm0,Eq.(4.68)becomes
Tf = ρg(1/˜t)1−ρg(1/˜t)Gf0
, (4.73)
andthecomparisonwithEq.(4.52)givesustheself-energy
Σf=ρg(1/˜t)ˆ1. (4.74)
ThisresultisconsistentwithEq.(4.69).Eq.(4.72)readsnow
σ(1/˜t)=1NTr
ρ2g(1/˜t)(Gf0)2
1−ρg(1/˜t)Gf0
= 1VTr
Gf0ΣfGf0
1−ΣfGf0
= 1VTr G
f
0ΣfGf , (4.75)
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Figure 4.2: Selection of diagrams in the series expansion of the self energy Σf,inthe
limitN→ ∞. Braces with arrows denote parts of diagrams that are the beginnings of
diagrammatic expansions of the quantities to which the arrows point. Other notations
aredeﬁnedinFig.4.1.
where we used successively Eqs. (4.74) and (4.39). Inserting (4.75) into (4.71), the self-
energy (4.74) is ﬁnaly expressed only in terms of scattering operators. With Eq. (4.39),
it forms the folowing closed set
Gf = 1(Gf0)−1−Σf
, (4.76)
Σf= ρ˜t
1− t˜VTr Gf0ΣfGf
1ˆ≡Σ0ˆ1. (4.77)
The non-perturbative result (4.77) goes beyond ISA. Contrary to (4.54), it is not re-
stricted to the low density regimeρλ30 1, and takes into account dependent scatteringas we discuss below. Moreover, it was derived without any assumption about the volume
V. In particular we did not assume translational invariance7. In a sphere for example,
the trace appearing in Eq. (4.77) can be calculated exactly. It alows to ﬁnd Σfand
thereforelewithout introducing an iterative and perturbative scheme. Moreover, no
divergency appears in this solution (see chapter 5).
It is now interesting to identify the diagrams of Fig. 4.1 that are necessary to recover
the result (4.77). We propose to consider the diagrams represented in Fig. 4.2. To
calculate explicitly their sum, we express Σfin the|r-representation. After summation
of diagrams that appear under each loop (dashed lines), we obtain
r|Σf|r =ρ˜t
V
ddr1δ(r−r1)1+r1|Gf0ΣfGf|r1 + r1|Gf0ΣfGf|r12+...δ(r1−r)
= ρ˜t1− r|Gf0ΣfGf|r
δ(r−r), (4.78)
and in the|k-representation, Eq. (4.78) becomes8
k|Σf|k =ρ˜t
V
ddr e
−i(k−k)·r
1− r|Gf0ΣfGf|r
. (4.79)
7In a ﬁnite volumeV, operators such asGf0 are not diagonal in the|k-representation. For example,
in three dimensional space,Gf0(k,k)=−
R
V
R
Vd3rd3re−i(k·r−k·r)eik0|r−r|/4π|r−r|.8Note that the expression (4.79) is similar but not identical to thek-independent part of the self-energy
Σfdiscussed by van Tiggelenet al.[133].
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Torecover(4.77)from(4.78),wehavetoreplace r|Gf0ΣfGf|rbyTr[Gf0ΣfGf]/V.Thisisrigorouslyexactonlyifwetemporarilyassumetranslationalinvariance(V→∞).
Thissmaldiﬀerencewith(4.78)comesfromtheGaussianhypothesisusedtoderive
Eqs.(4.70),(4.71)and(4.72)inchapter5.Inthissense,(4.78)isaslightlybetter
estimateofΣfthan(4.77).
Furthermore,wenowunderstandwhichdependentscatteringdiagramsarenotcon-
tainedintheresult(4.77). Theyareal diagramscontainedinFig.4.1butnotin
Fig.4.2,andcorrespondtoscatteringbyclustersofatoms. Thesimplestexampleis
thelastdiagramrepresentedinFig.4.1,thatcorrespondstothescatteringsequence
r1→r2→r1→r2→etc.Itstandsfora‘cavity’formedbyonlytwoatoms,associated
withthetworesonancesthatwestudied(non-perturbatively)insection(3.4)(see,in
particular,thetwoeigenvaluesofthematrixNrepresentedinFig.3.4).Otherdiagrams
correspondtothevarioussequencesthatcanpropagateincavitesformedbyanumberof
atomslargerthan2.Alofthemparticipatetotheformationof‘subradiant’eigenstates
—oftheGreen’smatrix,andthereforealsooftheeﬀectiveHamiltonian(2.98), —that
mayplayacrucialroleinthelimitoflargedensityρλ30 1.Forfurtherdiscussionaboutthesestateswereferthereadertochapters5and6.Assoonaswetakeintoaccountsome
oftheseextradependentscatteringdiagrams,k|Σf|k acquiresak-dependence[133].
ItisnotthecaseforEqs.(4.77)and(4.79),becausepoint-likescatterersdonoexhibit
anytypicallengthscaleorgeometricstructure,aslongaswesticktothe‘mean-ﬁeld’
picture,whichisnotsuﬃcienttodescribescatteringbyclustersofparticlesofatypical
sizeλ0.
4.5 Transportequationinthepresenceofgain
4.5.1 Deﬁnitionofnotation
Letusreconsiderthedimensionlesslightintensitythatweintroducedinchapter3:
I(r,t)=Ω−(r,t)·Ω+(r,t), (4.80)
whereΩ± isthedimensionlesselectricﬁeld(3.5). Althoughweusethesamenotation
asinEq.(3.4),Eq.(4.80)isdiﬀerentfrom(3.4)becauseaveraginginEq.(4.80)is
deﬁnedwithrespecttoexternaldegreesoffreedom,andnotwithrespecttothoseof
theradiation. Asexplainedearlier,weuseherethesemiclassicalapproximation(3.46)
togetherwiththesimplifyingnotation(4.16).ToevaluateI(r,t),itisconvenienttowork
inthefrequencyrepresentation:
I(r,t)= dωL2π
d∆ωL
2π e
−i∆ωLtI(r,ω+L,ω−L), (4.81)
where
I(r,ω+L,ω−L)=Ω+(r,ω+L)·Ω+(r,ω−L)∗,
= r|Ω+(ω+L)·Ω+(ω−L)|r,
(4.82)
andω±L=ωL±∆ωL/2.AccordingtoEqs.(4.12),(4.36),and(4.50),|Ω+(ωL)isgivenby
|Ω+(ωL)=|Ω+in(ωL)+Gf(ωL)Vf(ωL)|Ω+in(ωL), (4.83)
=|Ω+in(ωL)+Gf0(ωL)Tf(ωL)|Ω+in(ωL), (4.84)
§4.5 Transportequationinthepresenceofgain 79
where|Ω+in(ωL)representsanincidentwavepacket,thatweassumetobeinitialylo-calizedinspacearoundrin.Farenoughfromthesource(|r−rin| le),onlythesecond
termofEq.(4.83)contributessigniﬁcantlytotheaverageoftheintensity(4.82).After
averaging,itisproportionaltoasumofpropagationkernelsthathavethegenericform
I(r,r,∆ωL)=Gf(r,r,ω+L)Gf(r,r,ω−L)∗,
= r|Gf(ω+L)|r r|Gf(ω−L)†|r.
(4.85)
Itrepresentstheintensitymeasuredatpointrduetoasourceatr,andisthephysical
quantitythatwewilstudyintheremainderofthischapter.Inparticular,wewil
seethatitobeysatransportequation9. WeomitthedependenceofIonthecarrier
frequencyωLbecausethelatterisﬁxed(elasticscattering),contrarytothemodulation
frequency∆ωLthatistheFourierconjugatedvariableoftimet[seeEq.(4.81)]. The
stationaryregimeisrecoveredfor∆ωL→0.Tosimplifyfurthertheexpressions,wenote
G+=Gf(ω+L),
G−=Gf(ω−L)†,
(4.86)
andforreasonsthatwilbecomeclearlater,wewilworkinthissectioninthemomentum
representation. Wedeﬁnesuccesively
Φkk(∆k,∆k,∆ωL)= k+|G+|k+ k−|G−|k− , (4.87)
Φk(∆k,∆k,∆ωL)=
k
Φkk(∆k,∆k,∆ωL), (4.88)
I(∆k,∆k,∆ωL)=
k
Φk(∆k,∆k,∆ωL), (4.89)
J(∆k,∆k,∆ωL)=
k
Φk(∆k,∆k,∆ωL)k, (4.90)
wherek±=k±∆k/2.Theintensity(4.85)issimplytheFouriertransformof(4.89):
I(r,r,∆ωL)=
∆k∆k
ei(∆k·r−∆k·r)
V2 I(∆k,∆k,∆ωL). (4.91)
Intheinﬁnitemediumwithtranslationalinvariance,theintensityisnonzeroifthemo-
mentumisconserved.Itimplies∆k= ∆k. Thus,itisclearfromEq.(4.91)that
|r−r|→∞limitcorrespondsto|∆k|→0.
Inthefolowingwewilusestandardnotationsfortheouterproductoftwosecond-
ranktensorsAandB[127]:
(A⊗B)injm= in|A⊗B|jm
= i|A|jm|B|n (4.92)
=AijBmn,
9Wecouldalsoexpresstheintensity(4.82)intermsoftheproductoftwooperators Tf in-
steadoftwo Green’soperatorsGf,byusingEq.(4.84). Wedonotapplythisprocedurebecause
Tf(r,r,ω+L)Tf(r,r,ω−L)∗ doesnotobeyaclosedequationsuchasatransportequation,asweshalseebelow.
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aswelasfortheinnerproductoftwofourth-ranktensors:
(M :N)injm=
lp
MinlpNlpjm, (4.93)
sothatwehavethefolowingproperty:
(AB)⊗(CD)=(A⊗D):(B⊗C). (4.94)
Withthesenotations,weﬁnalydeﬁnethefourth-rankintensitytensor:
I(∆ωL)=G+⊗G− , (4.95)
relatedtotheintensity(4.85)andtoitsequivalentinthemomentumrepresentation
(4.87)by
I(r,r,∆ωL)=rr|I(∆ωL)|rr, (4.96)
Φkk(∆k,∆k,∆ωL)=k+k−|I(∆ωL)|k+k− . (4.97)
4.5.2 FromBethe-SalpeterequationtoBoltzmannequation
Incompleteanalogywiththeself-energydeﬁnedfortheaveragedGreen’sfunctionin
Eq.(4.39),weintroducetheirreduciblevertexU(∆ωL)as
I(∆ωL)= 1G+ −1⊗ G− −1−U(∆ωL) (4.98)
= G+ ⊗ G− + G+ ⊗ G− :U(∆ωL):I(∆ωL). (4.99)
ThisequationisknownastheBethe-Salpeterequation.Formaly,itlooksliketheDyson
equation(4.39),butforfourth-ranktensors.Inthestudyofpoint-likeparticles,wehave
seeninsection4.3thatitissuitabletoworkwiththeexpansionofTfratherthanGf,
inasmuchasthephysicalbuildingblockisthet-operatorofoneatom. Therefore,in
analogywithTf inEq.(4.52),wealsodeﬁnethereduciblevertexΓ(∆ωL)as
Γ(∆ωL)=U(∆ωL)+U(∆ωL):G+ ⊗ G− :Γ(∆ωL). (4.100)
Usingthedeﬁnitions(4.50),(4.99),and(4.100),werelateΓ(∆ωL)toT+⊗T− :
Γ(∆ωL)=G+ −1G+0⊗G−0 G− −1:
T+⊗T− − T+ ⊗ T− :G+0 G+ −1⊗ G− −1G−0,
(4.101)
whereG±0 andT± aredeﬁnedasG± inEq.(4.86). Γ(∆ωL)isnotexactlyequaltoT+⊗T− −T+ ⊗T− becausethepropagatorintheexpansionofGf andTf isG0,
whereasitis G+ ⊗G− forIandΓ.Thelatterisdeﬁnedintheeﬀectivemedium,while
theformerisnot. Wewilneglectthisslightdiﬀerence,andconsiderthatU(∆ωL)isthe
sumofalirreduciblediagramscontainedintheexpansionofT+⊗T− −T+ ⊗T− .10
10Inamorerigoroustreatment,wecanintroduceanewT-operatordeﬁnedintheeﬀectivemedium.
Themaineﬀectofthisoperationwouldbethedressingofthet-operatorofeachscatterer,asdiscussed
bySheng[127].Itiscaledthecoherentpotentialapproximation(CPA).
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LeavingasidethecalculationofUforthemoment,letusdiscussthephysicalmeaning
oftheBethe-Salpeterequation(4.99).Inthemomentumrepresentation,itbecomes
Φk(∆k,∆k,∆ωL)=
k
G+(k+,k+)G−(k−,k−)+
k1k2k3k4
G+(k+,k1)G−(k2,k−)Uk1k2k3k4(∆ωL)Φk3+k42 (k3−k4,∆k,∆ωL),
(4.102)
whereΦk(∆k,∆k,∆ωL)isdeﬁnedbyEqs.(4.88)and(4.97).Assumingthemediumto
beinﬁnitewithtranslationalinvariance,wenote
G±(k1,k2)= G±(k1)δk1,k2,
Uk+k−k+1k−1(∆ωL)=Ukk1(∆k,∆ωL)δ∆k,∆k1, (4.103)
Φk(∆k,∆k,∆ωL)=Φk(∆k,∆ωL)δ∆k,∆k,
andrewriteEq.(4.102)as
Φk(∆k,∆ωL)=G+(k+)G−(k−)

1+
k1
Ukk1(∆k,∆ωL)Φk1(∆k,∆ωL)

.(4.104)
Weareinterestedinthebehavioroftheintensity kΦkinthelimitof∆ωL,|∆k|→0,thatcorrespondstothelong-timeandlarge-travel-distancelimit.Itisonlyinthisregime
thatweexpecttoobtainatransportequation.Forthetimebeing,letusexpandonly
theprefactorofEq.(4.104),G+(k+)G−(k−),accordingto
G+(k+)G−(k−)= G
+(k+)− G−(k−)
G−(k−)−1− G+(k+)−1, (4.105)
∆Gk(∆k,∆ωL)
−2kL∆kL+2k·∆k+∆Σk(∆k,∆ωL), (4.106)
where∆Gk(∆k,∆ωL)=G+(k+)−G−(k−)and∆Σk(∆k,∆ωL)=Σ+(k+)−Σ−(k−).
Toobtain(4.106)from(4.105),weperformedaTaylorexpansionofthedenominatorof
(4.105)inthelimit ∆ωL,|∆k| →0,using Gf(k)−1=k2L−k2−Σf(k). Atthisstage,asomehowtechnicalbutneverthelessimportantcommentisnecessary.Ifwe
continueexpanding(4.106)suchthatthefractiondisappears,asitisdone,forexample,
in[129]inther-representation,altermsproportionaltoΦkinEq.(4.104)wouldalso
beproportionaltotheirreduciblevertexU,exceptforthel.h.s.ofEq.(4.104).Onthe
contrary,ifweinsert(4.106)into(4.104)withoutfurtherapproximation,wealsogeta
termoftheform∆ΣkΦk.Thetwoapproachesareequivalentintheabsenceofpump,
whentheself-energyΣfandtheirreduciblevertexUarerelatedbya Wardidentity
(seebelow),buttheyarenotequivalentwhenatomsarepumped.Inoursituation,it
isthereforeimportanttoavoidexpandingthedenominatorofEq.(4.106).11Hence,the
Bethe-Salpeterequation(4.104)mayberewrittenas
[−2kL∆kL+2k·∆k+∆Σk(∆k,∆ωL)]Φk(∆k,∆ωL)
=∆Gk(∆k,∆ωL)

1+
k1
Ukk1(∆k,∆ωL)Φk1(∆k,∆ωL)

. (4.107)
11Thisalsojustiﬁesaposterioritheuseofthek-representationandnotofther-representation.Using
r-representationisadvantageousonlywhenthedenominatorofEq.(4.106)isfurtherexpandedinseries
[129].
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ThisequationcanberegardedasageneralizedBoltzmannequation,wherethebuilding
blockofthecolisionintegralistheirreduciblevertexU[49].
IfweapproximateΣfandUbytheirlowestorderindensity —ISA(4.54)forΣf
andBoltzmannapproximationforU(seebelow)—alinterferencesareneglected.Tobe
consistentwithenergyconservation,altimecorrelationsalsohavetobedisregarded:it
amountstoneglectthewidthofthespectralfunctionthatisproportionaltothesource
term∆Gk(∆k,∆ωL)[49].TheresultingequationisaBoltzmannequationforlight,also
namedtheradiativetransferequation(RTE).
4.5.3 Diﬀusionequation
Inthepresentstudy,wewouldliketoavoidapproximationsthatneglectspatialandtime
correlationsinthegeneralizedBoltzmannequation,andkeepEq.(4.107)asgeneralas
possible,bytakingintoaccountthefactthatscatteringisprovidedbypoint-likeparti-
cles,eventualyresponsibleforabsorptionorampliﬁcation.Asusualwithamicroscopic
Boltzmann-likeequation,wecanderiveacontinuityequationfortheintensity(4.89),as
welasaconstitutiveequationthatmakesthelinkbetweenthecurrent(4.90)andΦk.
Todoso,ontheonehandwesumEq.(4.107)withrespecttok,andontheotherhand
wemultiply(4.107)withkandsumoverk.Thecontinuityequationis:
−∆kLI(∆k,∆ωL)+∆k·J(∆k,∆ωL)kL
−i
k
1
le(k,∆k,∆ωL)−
1
ls(k,∆k,∆ωL)Φk(∆k,∆ωL)=
1
2kL k
∆Gk(∆k,∆ωL),
(4.108)
andtheconstitutiveequationreads:
∆kLJ(∆k,∆ωL)+i
k
Φk(∆k,∆ωL)k
le(k,∆k,∆ωL)− k
∆k·k
kL Φk(∆k,∆ωL)k
=
k
− 12kL∆Gk(∆k,∆ωL)+i
Φk(∆k,∆ωL)k
ls(k,∆k,∆ωL)k. (4.109)
Hereleandlsarethe(generalized)extinctionandscattering meanfreepaths,that
dependontheself-energyΣfandtheirreduciblevertexU,respectively:
1
le(k,∆k,∆ωL)=
i
2kL∆Σk(∆k,∆ωL), (4.110)
1
ls(k,∆k,∆ωL)=
i
2kL k
∆Gk(∆k,∆ωL)Ukk(∆k,∆ωL). (4.111)
ItisclearfromEq.(4.108)that,intheabsenceofexternalpump,(4.110)and(4.111)
mustbeequalinthestationaryregime∆ωL→0toinsureenergyconservationatﬁxed
carrierfrequencyωL(elasticscattering).Thisidentityiscaled Wardidentity[127].
WenowsimplifyEqs.(4.108)and(4.109)byassuming∆Σk(∆k,∆ωL)≡∆Σ0(∆ωL)
andUkk(∆k,∆ωL)≡U0(∆ωL)independentofthewavevectorskandk.Asfarasthe
self-energyisconcerned,thissimpliﬁcationiscorrectforpoint-likeparticlesatleastas
longaswecanneglectscatteringbyclustersofparticles(seesection4.4). Weexpectthe
sametobetruefortheirreduciblevertex,ifwedisregardmaximalycrosseddiagrams
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thataccount,inparticular,forcoherentbackscattering(seebelow).ThefactthatUkk
isindependentoftheanglebetweenkandkmeansthatscatteringisisotropic,whichis
trueforasinglepoint-likescatterer.Consequently,leandlsbecomeindependentofk.
Thecontinuityequation(4.108)isnowgivenby
− ∆kL+ ile(∆ωL)−
i
ls(∆k,∆ωL)I(∆k,∆ωL)
+∆k·J(∆k,∆ωL)kL =
1
2kL k
∆Gk(∆k,∆ωL), (4.112)
andbymultiplyingtheconstitutiveequation(4.109)with∆k,weobtain
∆k·J(∆k,∆ωL)
kL =
∆k2 k(∆k·k)2Φk(∆k,∆ωL)
k2L[∆kL+i/le(∆ωL)]
, (4.113)
where∆k=∆k/∆k.Notethatther.h.s.ofEq.(4.109)iszeroforisotropicscatterers,
sothat∆k·J(∆k,∆ωL)dependsonlyonΣfthroughleandnotonU.Thelasttermof
ther.h.s.ofEq.(4.109)wouldbringacorrectionforanisotropicscatterers,responsible
forthediﬀerencebetweenthetransportmeanfreepathltrandthescatteringmeanfree
pathls.Inourcontext,ltrandlsareequal. WenowreplaceΦkappearingin(4.113)by
itsexpansionintermsofirreduciblemoments[127]thatcanbeinferredfrom(4.107),
Φk=Φ(0)k +Φ(1)k +.... Thetruncationofsuchanexpansiontoitsﬁrsttermsinsuresthatthecontinuityequationbecomesadiﬀusion-likeequation.Itisthemaindiﬀerence
withaRTE-likeequationwhereal momentsareconserved. Φ(1)k isproportionaltok
andthusdoesnotcontributeto(4.113).Φ(0)k isgivenby
Φ(0)k = ∆Gk(∆k,∆ωL)k∆Gk(∆k,∆ωL)I(∆k,∆ωL). (4.114)
Hencethenumeratorofther.h.s.ofEq.(4.113)isproportionalto
k
(∆k·k)2∆Gk(∆k,∆ωL)=13 k
k2∆Gk(∆k,∆ωL), (4.115)
k2L
3 k
∆Gk(∆k,∆ωL), (4.116)
whereweusedthefactthat∆Gk(∆k,∆ωL)hasaresonanceatk kL inthelimit
|∆k|,∆ωL→0. Whatremainsin(4.113)is
∆k·J(∆k,∆ωL)
kL =
∆k2I(∆k,∆ωL)
3[∆kL+i/le(∆ωL)]. (4.117)
Forsimplicity,wesetthesourcetermofthecontinuityequation—ther.h.s.ofEq.(4.112)
—to0,andinsert(4.117)into(4.112). Weobtain:
−∆k2LI(∆k,∆ωL)−i∆kL 2le(∆ωL)−
1
ls(∆k,∆ωL)I(∆k,∆ωL)
+∆k
2
3I(∆k,∆ωL)+
1
le(∆ωL)
1
le(∆ωL)−
1
ls(∆k,∆ωL)I(∆k,∆ωL)=0. (4.118)
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WenowhavetobeextremelycautiouswhenfurthersimplifyingEq.(4.118).Theﬁrst
ideawecouldhaveistoneglecttheterm−∆k2LI(∆k,∆ωL)inEq.(4.118).Itturnsoutthatthisapproximationleadstoadiﬀusionequationinthepresenceofgainthatpredicts
unphysicalresults.Amuchbetterapproximationconsistsinneglectingthesecondtime
derivativeofthe‘dressed’intensity:I˜(∆k,t)=e−ct/lgI(∆k,t),where1/lg=1/ls−1/le
isthegainlength(lg<0inthecaseofabsorption).12Indeed,accordingtoEq.(4.118),
I˜obeysanequationthatdoesnotcontaintheextinctionlengthle:
−∆k2LI˜(∆k,∆ωL)− i∆kLls(∆k,∆ωL)˜I(∆k,∆ωL)+
∆k2
3 I˜(∆k,∆ωL)=0. (4.119)
TheintensityI˜propagatesasiftherewerenoabsorptionorgaininthemedium. Ne-
glecting∆k2LI˜(∆k,∆ωL)inEq.(4.119),weobtain
− i∆kLls(∆k,∆ωL)I(∆k,∆ωL)+
∆k2
3I(∆k,∆ωL)
+ 1ls(∆ωL)
1
le(∆ωL)−
1
ls(∆k,∆ωL)I(∆k,∆ωL)=0. (4.120)
NotetherathersubtlebutimportantdiﬀerencewithEq.(4.118). Finaly,weexpand
1/le(∆ωL)and1/ls(∆k,∆ωL)as1/le(0)+∆kL∂∆kL(1/le)(0)+O(∆ωL)and1/ls(0,0)+∆kL∂∆kL(1/ls)(0,0)+O(∆k,∆ωL),respectively.Equation(4.120)takesnowtheformofadiﬀusionequation:
−i∆ωLI(∆k,∆ωL)+D∆k2I(∆k,∆ωL)+v 1le−
1
ls I(∆k,∆ωL)=0, (4.121)
wherele=le(0),ls=ls(0,0),visthetransportvelocity,
v= c1+δ, (4.122)
δ=∂i∆kL 1ls (0,0)−∂i∆kL
1
le (0), (4.123)
andDisthediﬀusioncoeﬃcient,
D=13lsv. (4.124)
δcanbeinterpretedastheratiobetweenthe‘dwel’timeandthescatteringtimels/c
[49,129].Foratomsonresonance(ωL=ω0)andwithoutpump,wecanverify,usingISA
(4.55)andle=ls,thatthedweltimeisroughlyequaltotheinverseofthespontaneous
decayrateΓ0,sothatv Γ0ls[78].AccordingtoEqs.(4.110)and(4.111),leandlsare
givenby
1
le=−
1
kLImΣ0(∆ωL=0), (4.125)
1
ls=
V
4πU0(∆ωL=0). (4.126)
WerecalthatwedidnotmakeanyassumptionconcerningΣ0(∆ωL)=Σk(∆k,∆ωL)
andU0(∆ωL)=Ukk(∆k,∆ωL),exceptthattheyareindependentofthewavevectorsk
andk.Inthenextsection,weexaminetheirreduciblevertexUandgiveexpressionsfor
thelaserthresholdinferredeitherfromthediﬀusionequation(4.121),ordirectlyfrom
theBethe-Salpeterequation(4.99).
12Herewetemporarilyomitthefrequencydependenceofleandls.Ifwetakeitintoaccount,we
shouldconsider˜I(∆k,t)=e−vt/lgI(∆k,t),wherevisthetransportvelocity(seebelow).
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U(ΔωL)  =N +N(N-1) +N(N-1) ..+
Figure4.3:DiagrammaticexpansionoftheirreduciblevertexU(∆ωL).Intheupperline
involvesti(ω+L),andinthelowerlineti(ω−L).OthernotationsaredeﬁnedinFig.4.1.
4.6 Laserthresholdfromtransportequation
Asannouncedabove,U(∆ωL)isthesumofalirreduciblediagramscontainedinthe
expansionofT+⊗T− −T+ ⊗T− ,whereT+=Tf(ω+L)andT−=Tf(ω−L)†.Usingtheexpansion(4.53)forTf,U(∆ωL)isgivenbytheseriesrepresentedinFig.4.3.In
theweak-scatteringregime(ρλ30 1),U(∆ωL)iscommonlyapproximatedbytheﬁrsttermN ⊗ .13Inthemomentumrepresentation,
Ukk(∆k,∆ωL) ρ˜t(ω
+
L)˜t(ω−L)
V (4.127)
is,asexpected,independentofk,k,and∆k.Thescatteringmeanfreepath(4.126)is
thengivenby
ls 4πρ|˜t(ωL)|2
l0
|˜α(ωL)|2, (4.128)
withl0theon-resonancescatteringmeanfreepathintheabsenceofpump[see,e.g.
(4.9),withW =0]:
l0= k
20
4πρ. (4.129)
Eq.(4.127)isknownastheBoltzmannapproximation,sometimesalsocaled‘ladder’
approximationbecauseitleadstothereduciblevertex(4.100)thatlookslikeasumof
ladders.Itneglectsinterferencesandcorrespondstothesamedegreeofapproximation
asISA(4.54)forΣf. WithISAandBoltzmannapproximation,thealbedois
a=lels=
kL|˜t(ωL)|2
4πIm[˜t(ωL)]=−
1
Im[1/˜α(ωL)], (4.130)
sothatthe Wardidentityinthestationaryregime,1/le=1/ls,reducestotheoptical
theorem(4.29)obeyedbyasinglescatterer,anditissatisﬁedonlyintheabsenceof
pump.CombiningEqs.(4.56)and(4.128),thediﬀusionequation(4.121)nowbecomes
−∂tI(r,t)+D∆rI(r,t)=QI(r,t), (4.131)
with
D= vl03|˜α(ωL)|2, (4.132)
Q=vl0 |˜α(ωL)|
2−Im[˜α(ωL)]. (4.133)
13Byconvention,eachdiagramistheouterproductoftheupperlinereadfromlefttoright,and
thelowerlinereadfromrighttoleft. Afterusingtheproperty(4.94),itbecomesaninnerproductof
four-ranktensorsreadfromlefttoright.
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Hence,werecoverthediﬀusionequationdiscussedin[129],andimplicitlyusedinthe
recentliterature[134].
ThesecondtermofEq.(4.131)describesattenuationoftheradiationduetodiﬀusion
spreading,andthethirdtermabsorptionand/orampliﬁcation.Aspointedoutalready
byLetokhovin1968,inhisseminalpaperabout‘generationoflightbyascattering
mediumwithnegativeresonanceabsorption’[6],thereobviouslyexistsathresholdat
whichtheradiationlossesarecompensatedbythegain.Toﬁndthisthreshold,wewrite
thegeneralsolutionofEq.(4.131)inthebasisoftheeigenstatesψnoftheLaplacian,
∆rψn(r)=−κ2nψn(r),as
I(r,t)=
n
anψn(r)e−(Dκ2n−Q)t, (4.134)
whereanareconstantsdeterminedbythedistributionofintensityatt=0.Therefore,
theﬁrst(linear)lasingmodeψn0istheoneassociatedwiththeeigenvalueκ2n0=min(κ2n)thatsatiﬁesthethresholdcondition
Q
Dκ2n0
=1. (4.135)
Althoughwederivedthediﬀusionequation(4.131)byassumingthemediumtobeinﬁ-
nitewithtranslationalinvariance,itisstilpossibletotakeintoaccounttheboundary
conditions.Forexample,iftheregionoccupiedbyatomsisasphereofradiusRwehave
tosetψn(R+r0)=0,wherer0istheextrapolationlength[129,135],
r0=23ls
1
1+2ls/3R,
= R1+3b0|˜α(ωL)|2/4, (4.136)
withb0=2R/l0theon-resonanceopticalthicknessofthemedium.κn0isthengivenby
κn0= πR+r0. (4.137)
ThethresholdconditionisobtainedbysubstitutingEqs.(4.132)and(4.133),together
withEqs.(4.136)and(4.137),into(4.135):
√3
2πb0|˜α(ωL)| |˜α(ωL)|2−Im˜α(ωL)1+
1
1+3b0|˜α(ωL)|2/4 =1. (4.138)
Thiscondition,thatinvolvesonlyonedisorderparameter,theopticalthicknessb0,ap-
pliesforanypolarizabilityα˜(ωL),andthusdoesnotdependonaparticularpumping
mechanismoratomicmodel.Itwasrecentlyusedtoaddresstheproblemofachievinga
randomlaserwithacloudofcoldatoms[134].
Letusnowshowhowathresholdconditionthatisevenmoregeneralthan(4.138)
mayactualybeobtainedwithoutmucheﬀort.Insection4.2,wesawthattheexact
laserthreshold,validforeachspatialconﬁgurationofatoms,isgivenbyEq.(4.34).It
meansthatﬁndingthethresholdisequivalent,onaverage,toﬁndingtheboundaryof
thesupportoftheeigenvaluedensityfortheGreen’smatrix(4.61).Inchapter6,we
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Figure4.4:SelectionofdiagramsintheseriesexpansionoftheirreduciblevertexU(∆ωL),
inthelimitN→ ∞. NotationsaredeﬁnedinFigs.4.2and4.3. Werecognizeinthe
upperlineΣ+ =Σf(ω+L)andinthelowerlineΣ− =Σf(ω−L)†,withΣfgivenbythediagramsofFig.4.2.
shalderivethefolowingequationfortheborderlinezoftheeigenvaluedomainofthe
Green’smatrix:
|g(z)|2
N Tr
Tˆ
1−g(z)ˆT
Tˆ†
1−g(z)∗Tˆ† =1. (4.139)
Thishastobesolvedself-consistentlywithEqs.(4.71)and(4.72).Tˆandg(z)aredeﬁned
insection4.4.Combiningthisequationwiththethresholdconditionz=1/˜tgives
|Σ0|2
N Tr G
f Gf† =1, (4.140)
thathas,inturn,tobesolvedself-consistentlywithEqs.(4.76)and(4.77),whereΣ0
isdeﬁned. Toderive(4.140),weusedtherelation(4.74)thatmakesthelinkbetween
quantitiesdeﬁnedfornon-Hermitianmatricesandscatteringoperators.Aquestionshows
upimmediately:canwerecovertheresult(4.140)thankstoadirectanalysisofthe
Bethe-Salpeterequation(4.99)? Accordingtothedeﬁnition(4.98)oftheirreducible
vertexU(∆ωL)theaverageintensitytensorI(∆ωL)divergesfor
U(∆ωL):G+ ⊗ G− =1ˆ⊗1ˆ. (4.141)
Thisconditioncanbeinterpretedasagenericrandomlaserthresholdfortheaverage
intensityI(∆ωL).BetteristheestimationofΣfandU,betterwilbethepredictionfor
thethreshold. WeproposetoretaininΣfthediagramsrepresentedinFig.4.2,leading
totheresult(4.77).AndasfarasUisconcerned,weconsiderthediagramsofFig.4.4,
wherewerecognizeintheupperandlowerlines,theouterproductofdiagramsidentical
tothoseofFig.4.2. Consequently,inthemomentumrepresentation,theirreducible
vertexhasnowtheform
Uk1k2k3k4(∆ωL)=U0(∆ωL)δk2−k1+k3−k4,
U0(∆ωL)=1NΣ0(ω
+
L)Σ0(ω−L)∗.
(4.142)
Takingthetraceof(4.141),inwhichweinserttheresult(4.142),weexactlyrecover,
inthestationaryregime∆ωL→ 0,thethresholdcondition(4.140). Thismeansthat
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Eq.(4.139),derivedinchapter6,fortheborderlineoftheeigenvaluedomainofthe
Green’smatrixcanbeinterpretedintermsofthescatteringeventsrepresentedinFig.4.4.
Thethresholdequation(4.140)ismoreprecisethan(4.138)forthreereasons.Firstly,
itgoesbeyondISAandBoltzmannapproximationbytakingintoaccountaspecialclassof
dependentscatteringdiscussedinsection4.4.Itisthusnotlimitedtotheweak-scattering
regimeρλ30 1.Secondly,itdoesnotassumetranslationalinvariance.Forinstance,Gfisnotdiagonalinthek-representation,andhastobefoundself-consistently.Thirdly,it
doesnotrelyonanyexpansionthatwouldcorrespondtothelimit|∆k|→0.Therefore,
itcanbeappliedevenoutsidethediﬀusiveregime(R/ls 1). Wereferthereader
interestedinaquantitativeevaluationofEq.(4.140)tochapter7,whereitwilbeused
foratomsinasphere,andcomparedwithbrute-forcenumericalanalysis.
Letusconcludethischapterwithtwoimportantcomments. Theexpansionofthe
irreduciblevertexU(∆ωL)suchaspresentedinFig.4.3isnotvalidforalvaluesof
thescatteringamplitude˜t.Asitwasalreadypointedoutinsection4.4,itismeaningful
onlyintheholomorphicdomainofTf,i.e.belowthelaserthreshold.Abovethreshold,
apartfromnonlinearities,wehavetotakecareoftheholomorphicsymmetrybreaking.
Thiscanbedonebyduplicatingthedimensionalityofthespaceinwhichtheirreducible
vertexisdeﬁned(seechapter6).
Inaddition,wementionthatdiagramsofFig.4.4donotcontaintheso-caledmaxi-
malycrosseddiagrams,like,e.g.,theseconddiagramofFig.4.3.Itiswelknownthat
suchdiagramsarethemicroscopicbuildingblocksthatexplainweaklocalizationoflight
[127,131,136]. Wepointoutthatitisapriorinotdiﬃculttoincludetheminthe
genericthresholdcondition(4.141),andthusalsotocheckhowtheycontributetothe
eigenvaluedomainofthenon-HermitianGreen’smatrix.
Chapter5
HermitianEuclideanrandommatrix
theory
Randommatrixtheory(RMT)isapowerfultoolofmoderntheoreticalphysics[137].
Itsmaingoalistocalculatethestatisticalpropertiesofeigenvaluesoreigenvectorsfor
largematrices.Firstintroducedby Wishartin1928[138]andthenusedby Wignerin
1950’stodescribethestatisticsofenergylevelsincomplexnuclei[139],randommatrices
arenowadaysomnipresentinphysics[140–143].Themajorityofworks —includingthe
seminalpapersby Wigner[139]andDyson[144–146] —dealwithHermitianmatrices.
HermitianmatricesareofspecialimportanceinphysicsbecauseoftheHermiticityof
operatorsassociatedwithobservablesinquantummechanics.
Aspecialclassofrandom matricesaretheso-caledEuclideanrandom matrices
(ERMs)[147].TheelementsAijofaN×NEuclideanrandommatrixAaregivenbya
deterministicfunctionfofpositionsofpairsofpointsthatarerandomlydistributedina
ﬁniteregionVofEuclideanspace:Aij=f(ri,rj),i=1,...,N.HermitianERMmod-
elsplayanimportantroleinthetheoreticaldescriptionofsupercooledliquids[147–153],
disorderedsuperconductors[154],relaxationinglassesandscalarphononlocalization
[155].TheyhavebeenusedasaplaygroundtostudyAndersonlocalization[156,157].A
numberofanalyticapproachesweredevelopedtodealwithHermitianERMs[147–157].
TheprincipaldiﬃcultiesthatoneencounterswhentryingtodevelopatheoryforERMs
stemfromthenontrivialstatisticsoftheirelementsandthecorrelationsbetweenthem.
Botharenotknownanalyticalyandareoftendiﬃculttocalculate.Thisisincontrast
withstandardapproaches[137,141]inwhichthejointprobabilitydistributionofthe
elementsoftherandommatrixunderstudyisthestartingpointofanalysis.
Themaingoalofthischapteristostudyeigenvaluedistributionsofvariouslarge
ERMsthatappearinproblemsofwavepropagationinrandom media. Oneofthe
mostinterestingERMinthiscontextisprobablytheGreen’smatrixG(ω0),thatplays
acentralroleinmanyimportantphysicalsituationsalreadymentionedinsection2.5.
G(ω0)isnon-Hermitian,itseigenvaluesarecomplex,andtheirprobabilitydistributionis
diﬃculttoaccess(seechapter6).Thisiswhyinseveralworksdealingwithsuperradiance
[79,82,87,88,90]theimaginarypartofthescalarGreen’smatrixG(ω0),amatrix
withelementssin(k0|ri−rj|)/k0|ri−rj|,wasconsidered. Thisrealsymmetricmatrix
ismucheasiertostudyandinmanysituationsitstilcontainssomeoftheimportant
aspectsofthefulproblem.Similarly,therealpartofG(ω0),amatrixwithelements
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cos(k0|ri−rj|)/k0|ri−rj|,isrelevantforunderstandingthecolectiveLambshiftsindense
atomicsystems[83,90].Despitetheimportanceofthesematrices,littleisknownabout
statisticalpropertiesoftheireigenvalues.Someanalyticalresultsareavailableonlyinthe
limitofhighdensityofpointsri,ρ=N/V →∞,whenthesummationintheeigenvalue
equation jAijψj=Λψicanbereplacedbyintegration[87,88,90]. Wewouldliketoﬁlthisgapbyconsideringeigenvaluedistributionsofthematricesaboveatﬁnitedensities
ρ,withthedistancesbetweenneighboringpointsrithatarelargerthan,comparable,or
smalerthanthewavelengthλ0=2π/k0.Thissituationisofparticularimportanceinthe
contextofwavepropagationinrandommediabecauseinordertoobservephenomenadue
toscatteringofwavesontheheterogeneitiesofthemedium,thedensityofscattering
centersshouldbeneithertoolow(inthiscasethescatteringisnegligible),nortoo
high(inthiscasethemediumrespondsasaneﬀectivehomogeneousmedium). The
mostinterestingphenomenaforwavesinanensembleofpoint-likescatteringcentersare
knowntotakeplaceatdensitiesρλ30 1,wheninterferenceeﬀectsbecomeimportant,eventualyleadingtoAndersonlocalization[9,101,102].
Thechapterisorganizedasfolows.Insection5.1,weintroducewel-knownensembles
ofrandommatricesthatplayanimportantroleinourcontext,theGaussianandWishart
ensembles. WealsoproposearepresentationofERMs,thatwilbethecornerstoneof
furthertreatments.Insection5.2,wedeﬁnebasictoolsofRMT,suchastheresolvent,the
Bluefunction,andtheR-transform,andindicatehowtheyarerelatedtothestatical
propertiesofrandommatrices. Then,wepresentfourdiﬀerentmethodstodealwith
HermitianERMs:amappingtotheso-caledDysongas(section5.3),aﬁeld-theoretical
approach(section5.4),adirectdiagrammatictreatment(section5.5),andamethod
basedonthefreeprobabilitytheory(section5.6). Wethinkthateachofthesemethods
shinesanoriginallightontheproblem,basedonadeepandspeciﬁcphysicalpicture.
ComparisonoftheseapproachesclearlyrevealsthepowerofRMT1.Finaly,weapply
theresultspresentedinprevioussectionstothetwoERMsImG(ω0)(section5.7)and
ReG(ω0)(section5.8).
5.1 Random matrixensemblesofinterest
5.1.1 Gaussian matrices
ThebestknownrandommatrixensemblesareprobablytheGaussianensembles.They
areensemblesofN×NHermitianmatricesA=A†,thathaveindependentandidenti-
calydistributed(i.i.d.)zero-meanGaussianentries.TheprobabilitydistributionofA
is
P(A)=CNe−βN4 TrA2, (5.1)
whereCN isanormalizationconstant,andβisthesymmetryindex,thatcountsthe
numberofdegreesoffreedominthematrixelements.
Forourpurpose,itissuﬃcienttoconsidermatricesAwithentriesbeingeitherreal
orcomplexnumbers(β=1or2). Letusﬁrstanalyzethecaseofcomplexelements,
forwhichβ=2.SincethetransformationA→ UAU−1,withUunitary,leavesP(A)
invariant,theensembleiscaled‘Gaussianunitaryensemble’(GUE).FromEq.(5.1),we
1Obviously,thesetoftechniquesdevelopedinRMTincludesmanyapproachesthatwilnotbeused
inthismanuscript.Forinstance,wewilnotdealwiththemethodoforthogonalpolynomials,whichis
oneoftheoldestmethodsdevelopedinRMT[137].
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easilyverifythatthesecondmomentsofAijtakethevalues
AijAkl = 1Nδilδjk GUE(β=2). (5.2)
Ontheotherhand,ifelementsofAarerealsnumbers,β=1,andthetransformation
A→UAU−1leavesP(A)invariantforUorthogonal.Theensembleiscaled‘Gaussian
orthogonalensemble’(GOE),andthesecondmomentsaregivenby
AijAkl = 1N(δilδjk+δikδjl) GOE(β=1). (5.3)
Asweshalseelater,thedensityofeigenvaluesofaGaussianmatrixAconverges,
inthelimitN→ ∞,totheso-caled‘semicircle’law,ﬁrstdiscoveredby Wignerinthe
1950’s[139].
5.1.2 Wishart matrices
Anotherensembleofparticularinterestforusisthe Wishartensemble,thatisasoldas
RMTitself[138].Itisusefulinmanycontexts,suchasneuralnetworks,imageprocessing,
orwirelesscommunications,where Wishartmatricesnaturalyarisetocharacterizethe
singularvaluesof‘channelmatrices’[143].AN×NWishartmatrix Aisoftheform
A=HH†, (5.4)
whereHisarectangularN×M matrix,withcolumnsthatarezero-meanindependent
real/complexGaussianvectorswithcovariancematrixΣ[143].Inthischapter,wewil
workwithH complexandΣ proportionaltotheidentity matrixIN.Inthiscase,
entriesofHarezero-meani.i.d.complexGaussianrandomnumbers. Theprobability
distributionofthenon-HermitianmatrixHis
P(H)=CN,Me−NTrHH†, (5.5)
sothatthesecond-momentsofHobey
HiαH†βj = 1Nδijδαβ= H
†
αiHjβ. (5.6)
Forc=N/M<1, Wishartshowedthattheprobabilitydistributionof(5.4)isgiven
by[138,143]
P(A)=CN,MdetAM−Ne−NTrA. (5.7)
Quitesurprisingly,nosuchexplicitformulawasknownforc>1(‘anti-Wishartcase’)
untilrecently[158].However,asfarastheeigenvaluedistributionofAisconcerned,itis
straightforwardtoobtaintheresultforc>1fromtheoneforc<1(seesection5.3.4).
Insection5.3.4,wewilseethattheeigenvaluesdistributionofA=HH†converges,
inthelimitN,M→∞withc=N/Mﬁxed,totheso-caled‘Marchenko-Pastur’law.It
wasﬁrstestablishedin1967inaremarkablepaper[159],andthenrediscoveredseveral
times[143].
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5.1.3 Euclideanrandom matrices
Asexplainedintheintroduction,ERMsarematriceswithelementsAijdeﬁnedwiththe
helpofsomedeterministicfunctionfofpositionsofpairsofpoints:
Aij=f(ri,rj)=ri|ˆA|rj. (5.8)
HeretheN pointsriarerandomlydistributedinsidesomeregionVofd-dimensional
spacewithauniformdensityρ=N/V,andweintroducedanoperatorˆAassociatedwith
thematrixA. ContrarytoGaussianor Wishartmatrices,theprobabilitydistribution
P(A)isnotknownanalyticaly.Averaging...isnotperformedwithrespecttoP(A),
butbyspatialintegrationoverthevolumeVwherepointsareconﬁned,accordingto
Eq.(4.37).
Itisworthnotingthattheproperty jAij=0isnotimposedinourdeﬁnition(5.8).Suchaconditionisrequiredwhenstudying,forinstance,vibrationmodesofan
amorphoussolid,instantaneousnormalmodesofaliquid,orrandommasterequations
[147].Itexpressesglobaltranslationalinvariance(conservationofmomentuminthe
caseofpropagatingexcitations),andisencodedinthefactthatavectorwithidentical
componentsisaneigenvectorassociatedwithzeroeigenvalue.Suchapropertyisabsent
forERMsrelevantforwavepropagationinrandommedia.
Wenowproposeaveryusefultricktostudystatisticalpropertiesof(5.8),thatconsists
inchangingthebasisfrom{ri}to{ψα},whichisorthogonalinV.Insertingtheclosure
relationˆ1= α|ψα ψα|intoEq.(5.8),weobtainforarbitraryV:
A=HTH†, (5.9)
where
Hiα= 1√ρri|ψα, (5.10)
Tαβ=ρψα|ˆA|ψβ. (5.11)
InEq.(5.10)and(5.11),theprefactorρisintroducedforlaterconvenience.Inarect-
angularbox,forexample,|ψα =|kα with r|kα =exp(ikαr)/√V,sothatTαβare
simplytheFouriercoeﬃcientsoff(ri,rj):
Tαβ=N
V
ddri
V
ddrj
V f(ri,rj)exp[−i(kα·ri−kβ·rj)]. (5.12)
Theadvantageoftherepresentation(5.9)liesintheseparationoftwodiﬀerentsources
ofcomplexity:thematrixHisrandombutindependentofthefunctionf,whereasthe
matrixTdependsonfbutisnotrandom.
Furthermore,weassumethat
V
ddrψα(r)=0, (5.13)
whichinaboxisobeyedforal αexceptwhenkα=0. WereadilyﬁndthatHiαare
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identicalydistributedrandomvariableswithzeromeanandvarianceequalto1/N:
Hiα= 1√ρ V
ddri
V ψα(ri)=0, (5.14)
HiαH∗jβ =1ρ V
ddri
V
ddrj
V ψα(ri)ψ
∗β(rj)(i=j),
= Hiα H∗jβ =0, (5.15)
HiαH∗iβ=1ρ V
ddri
V ψα(ri)ψ
∗β(ri)=1Nδαβ. (5.16)
Eq.(5.15)and(5.16)showthatHsatisﬁestheproperty(5.6),reproducedhereforclarity:
HiαH†βj = 1Nδijδαβ= H
†
αiHjβ. (5.17)
ItmeansthatthecovariancematrixofthecolumnsofH isΣ=IN/N.IfHiαwere
Gaussianrandomvariables,thentheproperty(5.17)wouldbesuﬃcienttoconclude
thatHiαareindependent. However,theyarenotGaussianandhencenotnecessarily
independent. Forexample,thecumulantAijAjiAijcisnotzero.Itturnsoutthat
neglectingthesecomplicationsandassumingHiαGaussiani.i.d.amountstodisregarding
theclassof‘dependentscattering’eventscorrespondingtotheformationof‘cavities’by
clustersofpointsri(seethediscussionattheendofsection4.4).
Insection5.5,wewilexplicitlyassumethatHiαareindependentGaussianrandom
variables.Thisassumptionlargelysimpliﬁescalculationsbutmaylimitapplicabilityof
ourresultsathighdensitiesofpointsρ,atleastforcertaintypesofEuclideanmatrices,
aswewilseelater. Withinthisassumption,theonlybutcrucialdiﬀerencebetween
anERM(5.9)anda Wishartmatrix(5.4)isthematrixTthatcontainsalinformation
aboutthefunctionfdeﬁningtheERM.Itcanmodifytheeigenvaluedistributionina
non-trivialwayandleadtotransitionsbetweentopologicalydiﬀerentsupportsDofthe
eigenvaluedensity.Ilustrationsofsuchtransitionsaregivenbytheexamplesconsidered
insections5.7and5.8.
5.2 Resolvent,Bluefunction,andR-transform
EigenvaluesΛnofaN×NHermitianmatrixAarereal.Theirdensity,
p(Λ)=1N
N
n=1
δ(Λ−Λn) , (5.18)
canbeobtainedfromthe(one-point)resolvent
g(z)=1N Tr
1
z−A =
1
N
N
n=1
1
z−Λn . (5.19)
Usingthestandardrelationlim→0+1/(Λ+i)=P1/Λ−iπδ(Λ)(PisthePrincipal
value),Eq.(5.19)becomes
g(Λ+i)=P
∞
−∞
dΛp(Λ)Λ−Λ−iπp(Λ), (5.20)
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sothatp(z)maybereconstructedeitherfromtheimaginarypartortherealpartof
g(Λ+i)2:
p(Λ)=−1πlim→0+Img(Λ+i), (5.21)
P
∞
−∞
dΛp(Λ)Λ−Λ =Reg(Λ+i). (5.22)
Tocalculatep(Λ),Eq.(5.21)ismuchmorepopularthantheintegralequation(5.22).
However,theinversionofthelatter —namedFredholmintegralequationoftheﬁrst
kind —sometimesgivesthesolutioninaveryeﬃcientmanner.Indeed,ifp(Λ)hasa
ﬁnitesupport[a,b],thesolutionofEq.(5.22)isgivenbyTricomi’stheorem[160]:
p(Λ)= 1π2 (Λ−a)(b−Λ) π−P
b
a
dΛ (Λ−a)(b−Λ)Λ−Λ Reg(Λ+i). (5.23)
Suchanexpressionforp(Λ)turnsouttobeparticularlyusefulwithintheframeworkof
theDysongasmodel(seesection5.3).
Inordertocomputeg(z),wecanrewriteitindiﬀerentforms.Eachofthemisthe
startingpointofaspeciﬁcanalysisdevelopedinthefolowingsections.First,wenote
that N
n=1
1
z−Λn=∂zln
N
n=1
(z−Λn), (5.24)
andexpresstheresolvent(5.19)as
g(z)=1N∂zlndet(z−A). (5.25)
Thisexpressionwilbeusedintheﬁeld-theoreticalapproachpresentedinsection5.4.
Anotherinterestingexpressionforg(z)isadecompositionintermsofthemomentsof
p(Λ),
Λn =
∞
−∞
dΛp(Λ)Λn= 1N TrA
n . (5.26)
ForHermitianmatrices,g(z)isaholomorphicfunctionofz∈Cexceptforsomecuts
oftherealaxiswhereeigenvaluesofAareconcentrated.Therefore,wecanreconstruct
g(z)foralzbyanalyticalcontinuationofitsseriesexpansion
g(z)=
∞
n=0
Λn
zn+1, (5.27)
whichisingeneralconvergentonlyinthevicinityof|z| → ∞. Wewil workwiththe
representation(5.27)insection5.5,toperformadiagrammaticcomputationofg(z).In
thisperspective,itisalsoconvenienttodeﬁnetheself-energyσ(z),thatcontainsal
irreduciblediagramsinEq.(5.27):
g(z)= 1z−σ(z). (5.28)
2Physicaly,g(Λ+i)istheFouriertransformofthecausalpropagatore−iAtΘ(t),andthereforeits
realandimaginarypartsobeyKramers-Kronigrelations.
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Otherimportantobjectsforusarethefunctionalinverseofg(z),alsonamedBlue
function,andtheR-transform:
B(z)=g−1(z), (5.29)
R(z)=B(z)−1z. (5.30)
Bothofthemarefundamentalobjectsofthefreerandomvariabletheory,discussedin
section5.6.Inparticular,R(z)isthegeneratingfunctionofthe‘freecumulants’(see
section5.6formoredetails).AccordingtoEq.(5.28),B(z)andR(z)arerelatedtothe
self-energyσ(z)by
σ(z)=R[g(z)], (5.31)
B(z)=1z+σ[B(z)]. (5.32)
Letusnowmentionacoupleofpropertiesusefulforfurtheranalysis.Thefunctions
g(z),B(z),andR(z)obeythefolowingscalingrelations:
gαA(z)=1αgA(
z
α),
BαA(z)=αBA(αz), (5.33)
RαA(z)=αRA(αz),
whereα∈C∗.Besides,themomentsΛn canbeobtainedfromg(z),B(z),andR(z).
UsingEqs.(5.27),(5.29),and(5.30),weeasilyshowthat
Λn = 1(n+1)!
dn+1g(z)
d(1/z)n+1 z→∞, (5.34)
Λn = 1(n+1)! −
B2(z)
B(z)
d
dz
n
−B
2(z)
B(z) z→0, (5.35)
Λ =R(0), (5.36)
varΛ=(Λ− Λ)2 =R(z)|z→0, (5.37)
whereB(z)=dB(z)/dzandR(z)=dR(z)/dz.Finaly,wenotethattheboundaries
Λ∗ofthedomainofexistenceofeigenvalues,p(Λ∗)=0,aregivenbythefolowingsimple
relations[161]:
g(Λ∗)=∞, (5.38)
B(Λ∗)=0. (5.39)
5.3 MappingtotheDysongas
5.3.1 Dysongaspicture
Observingthattheelectricﬁeldcreatedbyapointchargeintwodimensionsisinversely
proportionaltothedistancefromthecharge,theresolvent(5.19)canbeinterpretedas
theelectricﬁeldcreated,atpointzinthecomplexplane,bycharges(q=+1)situatedat
positionsΛnontherealaxis.Thissuggestsananalogybetweenthestatisticalproperties
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ofrandommatricesandthoseofagasofchargedparticlesrestrictedtomoveinone
dimension,theso-caledDysongas[137,144–146].
ForalargeclassofrandommatricesA,thedistributionoftheeigenvaluesΛncan
beseenastheequilibriumdistributionofﬁctitiouspointchargesrepealingeachother
byCoulombinteraction,andsubmittedtoanexternalone-bodypotentialdetermined
bythepreciseformoftheprobabilitydistributionP(A).Inparticular,thisstatementis
trueforthe Wigner-Dysonensembledeﬁnedas
P(A)=CNe−βNTrVg(A), (5.40)
whereVg(A)isarbitrary,providedexistenceofthepartitionfunctionC−1N .IfVgisquadratic,werecovertheGaussianensemble(5.1). TojustifytheDysongaspicture,
itissuﬃcienttoconsiderthe(joint)probabilitydistributionoftheeigenvalues(forthe
proof,seesection5.3.2):
P({Λn})=CNe−βHg({Λn}), (5.41)
Hg({Λn})=N
N
n=1
Vg(Λn)−
n<m
ln|Λn−Λm|. (5.42)
WerecognizetheBoltzmann-Gibbsdistributionofaclassicalgasinthermalequilibrium
attemperatureT=1/β.Thelogarithmicpair-wiserepulsion
Vint(z)=−
N
n=1
ln|z−Λn| (5.43)
istheCoulombinteractionin2D,associatedwiththeelectricﬁeldg=(Reg,Img)
representedbytheresolvent(5.19):
Ng(z=x+iy)=−∇x,yVint=
N
n=1
x−ReΛn
|z−Λn|2,
y−ImΛn
|z−Λn|2 . (5.44)
ForHermitianmatrices,theDysongasisatwo-dimensionalCoulombgas,experiencing
theone-bodypotentialVg,withthekinematicrestrictionthatthechargesmovealong
therealline(ImΛn=0).3
ThemainadvantageoftheDysongaspictureisthatitalowstoapplymethods
ofstatisticalmechanicstocalculatedistributionsandcorrelationsofeigenvalues,giv-
ingthereforeaphysicalintuitionaboutthestatisticalpropertiesoftheeigenvalues.In
particular,itisclearthattheshapeoftheoveraldensitywilstronglydependonthe
one-bodypotentialVg,whilethecorrelationsintherelativepositionsofeigenvaluesare
aﬀectedbytheinteractionVintandaregeneralyinsensitivetoVg.
5.3.2 Brownian motionofeigenvalues
BeforeexploitingfurthertheDysongasmapping,letusjustifytheformofP({Λn})
(5.41)intwoways.
Mathematicaly,Eq.(5.41)canbeobtainedfrom(5.40)bychangingtheintegration
variablesfromtheindependentmatrixelementsofAtoparametersrelatedtoeigenvalues
3Thiskinematicrestrictionissuppressedfornon-Hermitianmatrices(seechapter6).
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andeigenvectorsofA. TheJacobianofthetransformationcontains,inparticular,a
factor|V({Λn})|β,where
V({Λn})=
n<m
(Λn−Λm) (5.45)
isaVandermondedeterminant,thatisthesourceofthelogarithmicrepulsioninHg.
Integratingovertheparametersrelatedtotheeigenvectors,oneobtainsEqs.(5.41)and
(5.42)[137].
Thedistribution(5.41)canalsobeprovedelegantlyusingphysicalarguments,in
thefolowingway.InterpretingEq.(5.40)asthestationarysolutionofaFokker-Planck
equation[137,162],itiseasytoinfertheassociatedLangevinequationthatcontrols
theﬁctitiousdynamics,parametrizedbytheﬁctitioustimeτ,oftheindependentmatrix
elementsAη(τ)4,aswelasthedriftanddiﬀusioncoeﬃcientsofthematrixelementsAη:
M1(Aη)=lim∆τ→0
∆Aη
∆τ =−NV
g(Aη), (5.46)
M2(Aη)=lim∆τ→0
∆A2η
2∆τ =
1
2β 1+δη,(m,m), (5.47)
where ..denotestheensemble-averageovertheﬁctitiousMarkovprocesses.Thisaver-
agingmustnotbeconfusedwithaveragingovermatrixelementsorpointpositions(4.37).
Thekeypointnowisthatwecancalculate,byasecond-orderperturbativeexpansionat
timeτ,howtheeigenvaluesaremodiﬁedduring∆τ:
∆Λn=∆Ann+
m=n
β−1
µ=0
∆A(µ)2mn
Λm−Λn. (5.48)
Averaging(5.48)usingEqs.(5.46)and(5.47),andkeepingonlyO(∆τ)terms,weﬁnd
∆Λn and ∆Λ2n,andtherelateddriftanddiﬀusioncoeﬃcientsfortheeigenvalues:
M1(Λn)=−NV(Λn)+
m=n
1
Λm−Λn, (5.49)
M2(Λn)=1β. (5.50)
Werecognizeinthedriftcoeﬃcient(5.49)thedeterministicforcedrivingthepointcharge
locatedatΛn.Inparticular,weunderstandinanewwaytheoriginoftheelectrostatic
repulsion(5.43),sinceinthepresentcontextitarisesfromthesecond-orderperturbative
terminEq.(5.48).Finaly,fromthecoeﬃcients(5.49)and(5.50),itisstraightforward
toreconstructtheFokker-Planckequationobeyedbytheﬁctitioustime-dependentjoint
probabilitydensityoftheeigenvalues,anditsstationnarysolutionispreciselythedesired
result(5.41).
5.3.3 Meanﬁeldapproximation
OncetheprobabilitydistributionP({Λn})isknown,thedensityofeigenvaluesp(Λ)
canformalyberecoveredbyintegratingit(N−1)times.Luckily,wecanavoidthis
4ηlabelsindependentelementsofA. Alternatively,wecanwriteAη=A(µ)mn,withµ=0,...,β−1,
seeEq.(5.48).
98 HermitianEuclideanrandommatrixtheory §5.3
cumbersomecalculationbytakingadvantageoftheDysongaspicture.Inanaivemean-
ﬁeldapproach,thedistributionofchargesatequilibriumisfoundbyminimizingthe
energyHg(5.42).Thisisexpressedby
−∂ΛVint(Λ)=N∂ΛVg(Λ). (5.51)
Furthermore,sinceforHermitianmatricesImΛn=0,Eqs.(5.43)and(5.44)yield
NReg(Λ+i)=
N
n=1
1
Λ−Λn=−∂ΛV
int(Λ), (5.52)
sothatthecombinationofEqs.(5.51)and(5.52)alowstorelateReg(Λ+i)withthe
one-bodypotentialVg.InsertingtheresultintoEq.(5.23),weobtain
p(Λ)= 1π2 (Λ−a)(b−Λ) π−P
b
a
dΛ (Λ−a)(b−Λ)Λ−Λ ∂ΛV
g(Λ). (5.53)
Letusjustifythismean-ﬁeldresultinadiﬀerentway.InthelargeN limit,wecan
performacoarse-grainingoftheenergyfunctionalHg(5.42):
Hg(p) N2
∞
−∞
dΛp(Λ)Vg(Λ)−N
2
2
∞
−∞
dΛdΛp(Λ)p(Λ)ln|Λ−Λ|. (5.54)
Rigorously,whenchangingtheintegrationvariablesfrom{Λn}tothedensity‘ﬁeld’p
inthepartitionfunction,aJacobianappears,whichphysicalytakesintoaccountthe
entropyassociatedwiththe‘ﬁeld’p. Weneglectalcorrespondingsub-leadingtermsof
orderlnN/N[162]5.TheequilibriumoftheDysongasisgivenbytheextremumofthis
functional.Notethatwealsohavetotakeintoaccountthenormalizationconstraintof
p,whichcanbedonebyintroducingaLagrangemultiplierc. Wethusﬁnd:
Vg(Λ)−
∞
−∞
dΛp(Λ)ln|Λ−Λ|+c=0. (5.55)
DiﬀerentiatingEq.(5.55)withrespecttoΛweget
P
∞
−∞
dΛp(Λ)Λ−Λ =∂ΛV
g(Λ), (5.56)
whichadmitsthesolution(5.53)forpdeﬁnedonthecompactsupport[a,b],asexpected.
Themean-ﬁeldapproachusedtoinfertheeigenvaluedistributionp(Λ)fromthejoint
probabilitydistributionP({Λn})isgeneralandcanbeappliedtoanyensemble,provided
thatP({Λn})isknown.Actualy,P({Λn})canbefoundforalargerclassofmatricesthan
the Wigner-Dysonensemble(5.40).ItisstraightforwardforanydistributionP(A)that
issimplyexpressedintermsoftheeigenvaluesofA,e.g.throughTrAordetA:P({Λn})
isthenobtainedbymultiplyingP(A)bytheVandermonde-typeJacobian|V({Λn})|β
responsibleforthelogarithmicrepulsionbetweeneigenvalues.
5ThisisjustiﬁedwhentheconﬁningpotentialVgis‘strong’.Inthecaseof‘weak’conﬁningpotential
explicitexamplesofthefailureofEq.(5.54)canbefoundin[163].
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5.3.4 Examplesofapplication
WestartbyconsideringtheGaussianensemble(5.1),thatcorrespondstoVg(x)=x2/4in
(5.40).UsingEq.(5.53)witha=−bfoundbythenormalizationcondition b−bdΛp(Λ)=
1,wereadilyobtainthecelebrated Wignersemicirclelaw6[139]:
p(Λ)=12π 4−Λ
21/2. (5.57)
ItstatesthatforlargeN andonaverage,theN eigenvaluesliewithinaﬁniteinter-
val[−2,2],sometimesreferredtoasthe‘Wignersea’. Withinthissea,theeigenvalue
distributionhasasemicircularform.
Thesecondexampleisthe WishartensembledeﬁnedbyEqs.(5.4)and(5.5).Letus
focusonP(A)givenbyEq.(5.7)thatcorrespondstothethecasec=N/M<1. As
explainedabove,P({Λn})folowsbyaddingtheJacobian|V({Λn})|2to(5.7):
P({Λn})=CN,Me−2Hg({Λn}), (5.58)
Hg({Λn})=12
N
n=1
[NΛn−(M −N)lnΛn]−
n<m
ln|Λn−Λm|. (5.59)
ThisresulthasthesameformasEqs.(5.41)and(5.42),withtheone-bodypotential
Vg(x)=12 x−
1
c−1 lnx, (5.60)
whichisrepulsiveinthelimitx→ 0+.Thelinearandlogarithmiccontributionscome
fromTrAanddetAinEq.(5.7),respectively. NotethediﬀerencewithH entering
inthedeﬁnitionofA=HH†,forwhichthejointdistributionofeigenvaluesexhibits
harmonicpotentialduetothetermTrHH†inEq.(5.5).Insertingthepotential(5.60)
intoEq.(5.53),theeigenvaluedensityofAtakestheform
p(Λ)= 12πΛ (Λ+−Λ)(Λ−Λ−), (5.61)
whichisdeﬁnedonthecompactsupport[Λ−,Λ+]with
Λ±= 1√c±1
2
. (5.62)
Thisresultwasderivedforc<1.Itiseasytoﬁndthesolutionforc>1,bynotingthat,
accordingtoitsdeﬁnition(5.19),gistheaverageof
Tr(N) 1z−HH†=Tr(M)
1
z−H†H+
N−M
z , (5.63)
whereweusedthecyclicpermutationofthetraceoperator.FromEq.(5.21),itisthus
clearthatthecasec>1isobtainedbyaddingN−M zeroeigenvaluestop(Λ).For
arbitraryc,thelatterhasthegenericform7
p(Λ)= 1−1c
+
δ(Λ)+ 12πΛ (Λ+−Λ)+(Λ−Λ−)+, (5.64)
6NotethatifthequadraticVgismultipliedbyanarbitraryconstantα,theeigenvaluedensityis
foundbyasimplerescalingofvariables:pα(Λ)=√αpα=1(√αΛ).
7If(5.5)is modiﬁedintoPα(H)=CN,Me−αNTrHH†,arescalingofvariablesshowsthatpα(Λ)=
αpα=1(αΛ).
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wherex+=max(x,0).Theresult(5.64)isthefamousMarchenko-Pasturlaw[143,159].
ItwouldbefruitfultoapplytheDysongaspicturetoERMs.Thisrequirestoﬁnd
P({Λn})inaformsimilartoEqs.(5.58)and(5.59). Theproblemisthat,inorder
toderiveP({Λn})withstandardtoolsofRMT,weneedP(A),whichisunfortunately
unknownforERMs. However,aswediscussedinsection5.1.3,anyERMAcanbe
rewrittenasA=HTH†,withentriesHiαthatapproximatelybehaveasi.i.d.Gaussian
randomvariables.TheprobabilitydistributionofHisthengivenbyEq.(5.5).Hence,
folowingtheoriginal Wishart’sidea[138],weexpectP(A)tobeoftheform
P(A)=CN,M(T)detAM−Ne−NTr(HT−1H†), (5.65)
wherethesizeM ofthematrixTcanbearbitrary,andinfactitwilbeinﬁnitefor
themajorityoffunctionf(ri,rj).InEq.(5.65),weassumeN < M andCN,M(T)is
anormalizationcoeﬃcientthatdependsonthematrixT. ForT=IM,werecover
the Wishartcase(5.7).ThisshowsthattheeigenvaluedensityoftheERMassociated
withthesimplestmatrixTyieldsalreadyanon-trivialresult,theMarchenko-Pasturlaw
(5.64). AnexplicitexampleofERMthatobeysthislawisgiveninsection5.7. For
arbitraryT,inferringP({Λn})fromEq.(5.65)isapriorinoteasy,inasmuchasthe
argumentTr(HT−1H†)cannotbeexpressedintermsoftheeigenvaluesofA.Therefore,
integrationovertheindependentparametersrelatedtotheeigenvectorsofAmaybe
complicated.Atthetimeofwritingthisthesis,wehavenotfoundP({Λn}). Webelieve,
however,thattheDysongaspictureispromisingforERMs,inparticulartostudymore
complicatedquantitiesthanjustthedensityofeigenvalues.P({Λn})couldbeused,for
example,tocharacterizetwo-pointcorrelationsoftheeigenvaluedensity,thatplayarole
inthestudyofAndersonlocalization(seesection6.6.3).
WeﬁnalymentionthattheDysongaspictureisalsoapowerfultooltostudyrare
eventsinthedistributionofeigenvalues.Forinstance,consideringtheGaussianensem-
ble,thesemicirclelawprovidesonlyaglobalinformationabouthowtheeigenvaluesare
typicalydistributed.Unfortunatelyitdoesnotcontainenoughinformationtoanswera
numberofquestionsabouteigenvalues,like,forexample:whatistheprobabilitythatal
theeigenvaluesarelargerthan,say,x?Usingtoolsofstatisticalmechanics,weknowthat
itisequaltoZ(x)/Z(−∞),whereZ(x)= ∞x Nn=1dΛne−βHg({Λn})∝ D[px]e−βHg(px)istherestrictedpartitionfunctionoftheDysongas.Hg(px)isgivenbythecoarse-
grainedfunctional(5.54),wheretheunknowndensity‘ﬁeld’pxissuchthatitminimizes
theenergyHg(px),andsatisﬁespx(Λ)=0forΛ<x. Theﬁeldpxobeystheintegral
equation(5.56),wherethelowerboundoftheintegralisreplacedbyx.Invertingthe
latterwithTricomi’stheorem,wecanﬁndpxandZ(x).Suchanapproachwasused
recentlybyMajumdarandcoworkerstostudylargedeviationsofextremeeigenvaluesof
Gaussianand Wishartmatrices,inaseriesofinterestingpapers[164–167].Thisreveals
onceagaintheinterestofdevelopingtheDysongaspictureforERMs,inasmuchasit
wouldalowustocharacterizethestatisticsofrareeventsforalargevarietyofdisordered
systems.
5.4 Fieldrepresentation
Inthissectionwediscussaﬁeld-theoreticalrepresentationoftheresolventg(z). The
startingpointistheexpression(5.25),thatwerewriteas
g(z)=−2N∂z lndet(z−A)
−1/2 . (5.66)
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Thedeterminantdet(z−A)−1/2canberepresentedasacanonicalpartitionfunction:
Z(z)=det(z−A)−1/2= dφ1√2π..
dφN√2πexp−
1
2Φ
T(zIN−A)Φ, (5.67)
whereΦT isthetransposeofthevectorΦ=(φ1,..,φN).Inthisway,werecastthe
calculationoftheresolventg(z)intoastatisticalmechanicsproblemofN interacting
particlesφiwithaHamiltonian
H(Φ,z)=z2
N
i=1
φ2i−12
N
i=j=1
Aijφiφj. (5.68)
ThecorrespondingBoltzmann-Gibbsdistributionis
P(Φ,z)= 1Z(z)e
−H(Φ,z), (5.69)
sothattheresolvent(5.66)isproportionaltothederivativeoftheaveragethermodynamic
freeenergy,−lnZ(z):
g(z)=−2N∂zlnZ(z)=−
1
N
N
i=1
φ2iz , (5.70)
where ..zdenotestheﬁeld-averagewithrespecttoP(Φ,z)deﬁnedbyEq.(5.69).Inordertocompute lnZ(z),weapplythereplicamethodbasedonasmartuseofthe
identity
lnx=limn→0
xn−1
n . (5.71)
Theideaistocomputetheright-hand-sideforﬁniteandintegernandthenperformthe
analyticcontinuationton→0.8Eq.(5.70)becomes
g(z)=−2N∂z limn→0
1
nZ
n(z) . (5.72)
Thequantitythatwenowwanttoevaluateis Zn(z),thatcontainsncopies(replicas)
oftheoriginalsystem(5.67):
Zn(z)= 12π
Nn/2
(dφ11..dφn1)..(dφ1N..dφnN) exp−12
n
α=1
ΦαT(zIN−A)Φα .
(5.73)
InEq.(5.73),theaverarge..canbeperformedindiﬀerentways,dependingon
whatweknowaboutA.InthestandardRMT,P(A)isknownandaveragingisdirectly
performedoverthedistributionofA. Withoutenteringintodetails,letusformulatethe
twomainstepsofthecalculationof(5.73)inthiscase.First,weperformtwoalgebraic
manipulations: weintegrateoverthematrixelements(whichispossible,inpractice,
forGaussian-likedistributions),andweintroduceauxiliaryﬁeldssuchthatintegration
overreplicavariablescanbecarriedout. Wethusgetanewintegralformthatdepends
8Forsome models,theanalyticcontinuation maynotbeunique,andthereplicatrick maybreak
down.Inamorerigoroustreatment,wehavetousethesupersymmetricapproach[168,169].
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only on these new ﬁelds. Second, in theN → ∞ limit,weﬁndtherelevantvaluesof
these ﬁelds by making a saddle point approximation. This method was originaly applied
to the Gaussian ensemble (5.1) in Ref. [170] by Edwards and Jones who rederived the
semicircle law (5.57). More recently, it was also applied to Wishart matrices (5.4) (with
arbitrary covariance matrix), and the Marchenko-Pastur law (5.64) was recovered [171].
For Hermitian ERMs of the formf(ri,rj)=f(ri−rj), the ﬁeld-theoretical approach
was ﬁrst proposed by M´ezard, Parisi and Zee in Ref. [147]. Let us review some details
of their approach. ForAij=f(ri−rj), Eq. (5.73) becomes:
Zn(z)∝ (dφ11...dφn1)...(dφ1N...dφnN)
ddr1
V ...
ddrN
V exp
⎡
⎣−z2
n
α=1
N
i=1
(φαi)2+12
n
α=1
N
i,j=1
f(ri−rj)φαiφαj
⎤
⎦. (5.74)
As explained just above, in order to perform the Gaussian integration over the replica
ﬁelds, we introduce two sets of auxiliary (bosonic) ﬁeldsψαandψˆα,i.e.we insert into
Eq. (5.74) the relation
n
α=1
D[ψα]δF ψα(r)−
N
i=1
φαiδ(r−ri), (5.75)
whereδFstands for the functional Dirac delta:
δF[ψ]= D[ψˆ]expi ddrψ(r)ˆψ(r). (5.76)
We then integrate out the φvariables to obtain a ﬁeld representation of the partition
function
Zn(z)= 1zNn/2 D[ψ
α,ˆψα]ANeS0, (5.77)
where
A= ddrexp−12z
n
α=1
ψˆα(r)2 ,
S0=i
n
α=1
ddrψα(r)ˆψα(r)+12
n
α=1
ddrddrψα(r)f(r−r)ψα(r). (5.78)
Finaly, integrating out theψﬁelds, we get an expression which is a good starting point
for diﬀerent approximations:
Zn(z)= D[ˆψα]eS1, (5.79)
with
S1=Nlnz−n/2 ddre−12z
Pn
α=1 ψˆα(r)2 +12
n
α=1
ddrddrψˆα(r)f−1(r−r)ˆψα(r),
(5.80)
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andf−1istheoperatorinverseoffconsideredasanintegraloperator:
ddrf−1(r−r)f(r−r)=δ(r−r). (5.81)
SupposenowthatwecanexpandthelogarithmicterminEq.(5.80). Weomitterms
independentofψandapplythe Wickrotationψˆ→ iˆψ,sothattheactionS1becomes:
S1 ρz−n/2 ddrexp 12z
n
α=1
ψˆα(r)2 −12
n
α=1
ddrddrψˆα(r)f−1(r−r)ˆψα(r).(5.82)
Inthehighdensitylimitρ=N/V → ∞, M´ezardetal.proposedtoexpandthe
exponentialtermoftheaction(5.82),atz/ρﬁxed.InsertingtheresultintoEq.(5.79),
weobtain:
g(z)=1ρ
ddk
(2π)d
1
z−ρf0(k), (5.83)
where
f0(k)= ddrf(r)eik·r (5.84)
istheFouriertransformoff(r).Thecorrespondingdensityofeigenvalues(5.21)is
p(Λ)=1ρ
ddk
(2π)dδ[Λ−ρf0(k)]. (5.85)
Alternatively,thisresultcanactualybederivedfromthefolowingsimpleargument.
ForanyERMA,wecanalwaysformalywrite: Nj=1AijΦj(k) =Λi(k)Φi(k)with
Φi(k)=e−ik.riand
Λi(k)=
N
j=1
eik·(ri−rj)f(ri−rj). (5.86)
Supposenowthedensitylargeenoughthatthephaseik·(ri−rj)doesnotoscilate
too muchbetweenneighboringpoints. Thisisroughlysatisﬁedfork ρ1/d. The
suminEq.(5.86)canthenbeapproximatedbyanintegral,sothatΛi(k)doesnot
dependanymoreoni,becominganeigenvalueofA,Λ(k)=ρf0(k),associatedwiththe
eigenvector(e−ik·r1,.,e−ik·rN).Summingoverthediﬀerenteigenvalueslabeledbyk,we
reconstructthespectrum(5.85).
Inordertoobtainanexpressionfortheresolventg(z)validbeyondthehighdensity
regime, M´ezardetal.[147]lookedforthebestquadraticactionSvthatapproximates
thefulinteractingproblem(5.82):
Sv=−12 d
drddrΨˆT(r)K−1(r,r)ˆΨ(r), (5.87)
whereΨˆT=(ψˆ1,..,ˆψn). Then×nmatrixK−1(r,r)isobtainedbyminimizingthe
variationalfreeenergyFv= S1v−lnZv,whereZv= D[Ψˆ]eSv and..visdeﬁnedwithrespecttothemeasurePv=eSv/Zv. Thisyieldstothefolowingself-consistent
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equationsfortheresolventg(z)[147]9:
g(z)= 1z−σ(z), (5.88)
σ(z)= d
dk
(2π)d
f0(k)
1−ρf0(k)g(z). (5.89)
Thisresultassumesimplicitlythatthefunctionf(r)decaysfastenoughforlarger,
torecovertranslationalinvarianceinthelimitV → ∞ atﬁxeddensityρ= N/V.
Consequently,theresolventg(z)andthedensityofeigenvaluesp(Λ)dependonlyonthe
densityρ. WeshalseeinthefolowingthatthisassumptiondoesnotapplytoERMs
relevantforwavepropagationinrandommedia.Insection5.5wewilderiveequations
fortheresolventthatgeneralizeEqs.(5.88)and(5.89)tophysicalproblemsinwhichρ
isnottheonlyparameterthatcontrolstheshapeofp(Λ).Inaddition,our(subjective)
beliefisthatthediagrammaticproofthatweproposeinsection5.5issomewhatmore
transparentthantheﬁeldmethoddiscussedinthepresentsection,inasmuchasitcanbe
entirelyinterpretedintermsofmultiplescatteringofwavesbyanensembleofpoint-like
scatteringcenters.
5.5 Diagrammaticapproach
5.5.1 FromGaussianand WishartensemblestoERMs
BeforediscussingindetailsthediagrammatictreatmentofHermitianERMs,webrieﬂy
reviewtheresultsforGaussianand Wishartmatrices.Thestartingpointofadiagram-
maticcomputationoftheresolvent(5.19)isitsseriesexpansion(5.27).ForGaussian-like
ensembles,theresultofaveragingcanbeexpressedthroughpairwisecontractions,such
as(5.2). Thediﬀerentterms(diagrams)arisingfromthiscalculationareconveniently
colectedintheself-energyσ(z)deﬁnedbyEq.(5.28).Byconstruction,σ(z)isthesum
ofalirreduciblediagramscontainedintheexpansionofg(z),i.e.thosethatcannot
beseparatedintotwoindependentdiagramslinkedbythepropagator1/z.Concerning
Gaussianand Wishartensembles,wedonotdetailthediagrammaticrepresentationof
σ(z),becausetheseensemblescanbeconsideredasspecialcasesofERMs,forwhicha
diagrammaticcalculationisgivenbelow.
Itiseasytoshow,usingthepairwisecontractions(5.2)forGUEand(5.3)forGOE,
thattheself-energyσ(z)oftheGaussianensemble(5.1)isgivenby
σ(z)=g(z). (5.90)
AdetailedproofforGUE10canbefound,e.g.,inRef.[172].Inserting(5.90)into
Eq.(5.28),weﬁndtheresolvent:
g(z)=12 z− z2−4, (5.91)
whichleads,viaEq.(5.21),tothesemicirclelaw(5.57).
9Eqs.(5.88)and(5.89)donotappearexplicitlyin[147].Itishoweverstraightforwardtoobtainthem
fromtheresultspresentedin[147].
10TheGOEcaseisslightlymoreinvolvedsince(5.3)generatestwotypesofdiagramsratherthanone
in(5.2).However,inthelargeNlimit,thesecondtermof(5.3)doesnotcontributetoσ(z)becauseit
givesrisetonon-planardiagramsonly(forthedeﬁnitionofthesediagrams,seesection5.5.3).
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Theself-energyσ(z)ofWishartmatrices(5.4)isobtainedinasimilarway.Themain
diﬀerencewiththeGaussiancaseisthatwenowhavetodistinguish,whenmanipulating
pairwisecontractions(5.6),indicesi=1,...,Nandα=1,...,M.Forc=N/M<1,
theself-energyis[172]:
σ(z)=1c
1
1−g(z). (5.92)
Eqs.(5.28)and(5.92)leadtoaquadraticequationforg(z),thathasthenormalizable
solution
g(z)=12z z+1−
1
c− (z−Λ+)(z−Λ−), (5.93)
withΛ±givenbyEq.(5.62).FromEq.(5.21),werecovertheMarchenko-Pasturfunction
(5.61).
Historicaly,neitherthe Wignersemicirclelaw(5.57)northeMarchenko-Pasturlaw
(5.64)werederivedbycalculatingdiagrammaticalytheself-energyσ(z). Wigner’sorig-
inalproof[173]isbasedonanexplicitcalculationofthemomentsΛn thatappearin
theseriesexpansion(5.27)oftheresolvent.Thisissomewhatsurprisinginasmuchasthe
countingprocedurerequiredtoevaluatethemomentsismorecomplicatedthanadirect
evaluationoftheself-energy(5.90). Oddmomentsofthesymmetricsemicirclelaware
zero,andevenmomentsaretheCatalannumbers:
Λ2p = (2p)!p!(p+1)!. (5.94)
Acalculationofthe Marchenko-Pasturlawfromitsmomentscanalsobeperformed
[174].Theprocedureisquitetricky,aswecanimaginebylookingattheresultforthe
moments:
Λn = 1cn
n
k=0
n!(n−1)!
(n+1−k)!(n−k)![(k−1)!]2
ck−1
k . (5.95)
Theﬁrstsixmomentsreadexplicitly:
Λ =1/c Λ4 =(1+6c+6c2+c3)/c4
Λ2 =(1+c)/c2 Λ5 =(1+10c+20c2+10c3+c4)/c5
Λ3 =(1+3c+c2)/c3 Λ6 =(1+15c+50c2+50c3+15c4+c5)/c6.
Undoubtedly,ifweareinterestedinthefuldistributionp(Λ)thecountingprocedurefor
evaluatingthemomentsislessappropriatethanadiagrammaticself-consistentcalcula-
tionoftheself-energy.ThesameremarkholdsforERMs,aswewilseeshortly.
InthefolowinganalysisdedicatedtoHermitianERMs,weareinterestedinthe
calculationofthefolowingoperator
Oˆ(z)=
N
i=1
N
j=1
1
z−A ij|ri rj|, (5.96)
whereAisanERM.Forlaterconvenience,wealsodeﬁne
gk(z)=1ρk|ˆO(z)|k,
= 1N
N
i=1
N
j=1
eik·(ri−rj) 1z−A i,j . (5.97)
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Sinceinthelimitk→∞ onlytermsi=jcontributesigniﬁcantlyinEq.(5.97),gk(z)is
relatedtotheresolvent(5.19)by
g(z)=limk→∞gk(z). (5.98)
Similarlytog(z),gk(z)admitsthefolowingseriesexpansioninitsholomorphic
domain:
gk(z)=
∞
n=0
Λnk
zn+1, (5.99)
Λnk= 1N
N
i=1
N
j=1
eik·(ri−rj)[An]ij . (5.100)
Therestofthissectionisorganizedasfolows.First,insubsection5.5.2,webrieﬂy
presentaperturbativecalculation,inthelimitρ→ ∞,ofthemomentsΛnk,that
wasdevelopedinthepioneeringworksofGrigera,Parisiandcoworkers[148–151,153].
Unfortunately,thecombinatoryprocedureproposedbytheauthorsbecomesinvolved
whenhighorders1/ρn(n>2)intheexpansionofΛnkhavetobeconsidered,asitis
thecaseforregimesofdisorderrelevantforwavepropagationindisorderedmedia.For
thisreason,wehavedevelopedourowndiagrammaticapproach,inaspiritsimilartothe
self-consistentcalculationoftheself-energyforGaussianand Wishartensembles.This
isthesubjectofsubsection5.5.3.
5.5.2 ERM:highdensityexpansion
Theaimofthissectionistopresentaperturbativecalculationoftheresolvent(5.97)
byadirectevaluationofthemoments(5.100)forERMsoftheformAij=f(ri,rj)=
f(ri−rj).ThismethodisdirectlyinspiredbyRefs.[149,153]. Moments(5.100),
Λnk= 1N
N
i1=1
···
N
in+1=1
eik·(ri1−rin+1)Ai1,i2Ai2,i3...Ain−1,inAin,in+1 , (5.101)
canbeexpressedassumsofntermscharacterizedbythenumberofrepeatingindices.
Thetermwithalindicesdiﬀerentis
Λn(n)k =Nn V
ddr1
V ...
ddrn+1
V e
ik·(ri1−rin+1)f(r1−r2)...f(rn−rn+1)f(rn+1−r1).
(5.102)
Assumingtranslationalinvariance,wecaneliminateoneintegralinEq.(5.102),showing
thatΛn(n)k ∼ρn. WhentwoindicesareequalinEq.(5.101),wehaveamissingNfactor
fromthesumandamissing1/Vfactorfromtheaverage,leadingtoΛn(n−1)k ∼ρn−1.Therefore, Λnkhasthefolowingdensityexpansion:
Λnk=
n
i=1
Λn(i)k with Λn(i)k ∼ρi. (5.103)
Letuscomputeexplicitlythetwoﬁrstleadingtermsinthehighdensityregime, Λn(n)k
andΛn(n−1)k . Wereplacealtermsf(ri−rj)inEq.(5.102)by ddkf0(k)e−ik·(ri−rj)/(2π)d,
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andperformthenspatialintegrations.Forpointsriinabox(V=Ld),Λn(n)k becomes
Λn(n)k = N
n
(2π)nd d
dk1...ddknsinck−k12/L ...
sinckn−1−kn2/L sinc
kn−k
2/L f0(k1)...f0(kn), (5.104)
wheresinc[k]=sinc[kx]sinc[ky]sinc[kz](ford=3).Assumingf0(k)centeredaround,
say,ka,withawidth ∆kasuchthatkaL,∆kaL 1,weusesinc[(ki−kj)L/2]
(2π)dδ(ki−kj)/Ldandobtain
Λn(n)k =[ρf0(k)]n. (5.105)
InsertingthisintoEq.(5.99),weobtainthecrudestapproximationthatwecanimagine
fortheresolvent,gk(z) g0k(z),where
g0k(z)= 1z−ρf0(k) (5.106)
isthe‘bare’propagatorthatdoesnotcaptureanyﬂuctuationsofA(indeed,itmeans
thatg(z)isapproximatedbyg0(z)=limk→∞g0k(z)=1/z). Wethencalculatethenext
contributionΛn(n−1)k ,whichcontainstwoequalindices.Therearetwodiﬀerenceswith
thecalculationofΛn(n)k .First,wecanchoosethetwopositionsoftheequalindices.Second,forgivenpositionssuchthatwehaveβ+2functionsfbetweenthetwoequal
indices11,wereplaceβ+1sinctermsbyδ-functions.Theresultreads
Λn(n−1)k =1ρα+β+γ=n−2
[ρf0(k)]α d
dq
(2π)d[ρf0(q)]
(β+2) [ρf0(k)]γ. (5.107)
Summingoverntogetthecorrespondingresolvent(5.99),gk(z) g1k(z),suppressestherestrictionimposedonα,β,γ:
g1k(z)= 1z−ρf0(k)
1
ρ
ddq
(2π)d
1
z−ρf0(q)[ρf0(q)]
2 1
z−ρf0(k), (5.108)
whichisoftheformg0k(z)σ1(z)g0k(z). Theﬁrstirreduciblediagramcontainedintheself-energyσk(z)=1/g0k(z)−1/gk(z)isthereforeindependentofkandreads
σ1(z)=1ρ
ddq
(2π)d[ρf0(q)]
2g0q(z). (5.109)
Ifnowwerestrictthedensityexpansionoftheself-energytotheﬁrstorder(5.109),
σk(z) σ1(z),theresolvent(5.97)isgivenby
gk(z)= 1z−ρf0(k)−σ1(z), (5.110)
11β∈[0,n−2]isanintegerthatshouldnotbeconfusedwiththesymmetryindexdeﬁnedinsection
5.1.1.
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H = 
Hiα Tαβ Hβj  = Tα β ji†
H =† = =  1/N
x =  Nx, X =  Tr X
(a) (b)
Figure5.1:(a)DiagrammaticrepresentationsofthematricesH,H†,andA=HTH†.
Fulanddashedlinespropagateinthebases{ri}and{ψα},respectively,deﬁnedin
section5.1.3;Tˆ=ρˆA.(b)Diagrammaticnotationforpairwisecontractions(5.17)and
loopdiagramsforanyscalarxinthebasis{ri},andforanyoperatorXˆinanarbitrary
basis{ψα}.
and,fromEqs.(5.21)and(5.98),thedensityofeigenvaluestakestheform
p(Λ)= Imσ
1(Λ+i)
[Λ−Reσ1(Λ+i)]2+[Imσ1(Λ+i)]2. (5.111)
For|Λ| |Reσ1(Λ+i)|,|Imσ1(Λ+i)|,p(Λ) Imσ1(Λ+i)/Λ2. Usingtheexplicit
form(5.109)ofσ1,werecovertheresult(5.85).12Thisindicatesthatthemorediagrams
wetakeintoaccountintoσk(z),the moreaccurateisp(Λ)atsmal|Λ|. Notealso
thatasimplewaytoimprovetheresult(5.109)istoreplaceinthisequationthebare
propagatorg0q(z)bygq(z).Thisimprovedformoftheself-energywasusedinRef.[148]tocharacterizethevibrationalspectrumoftopologicalydisorderedsystems.
Applyingessentialythesameprocedureasforthecalculationofσ1(z),itisalso
possibletocomputehighercontributionsσik(i>1)oforder1/ρitotheself-energyσk(z)=σ1(z)+σ2k(z)+...,butthecombinatorialrulespresentedintheveryrecentliterature[152,153]seemquiteinvolved. Wepresentinthenextsubsectionaneﬃcient
diagrammaticrepresentationofERMsbasedontheidentity(5.9),thathastheadvantage
toapplyatanydensityρ,anddoesnotassumeimplicitlythatρistheonlyrelevant
parameter,asitisthecaseintheexpansion(5.103).
5.5.3 ERM:self-consistentequations
Thepurposeofthissectionistoderiveself-consistentequationsfortheoperator(5.96),
usingtherepresentationA=HTH†forERMAij=f(ri,rj)=ri|ˆA|rj. Werecal
thatthematrixHisrandombutindependentofthefunctionf,whereasthematrixT
dependsonfbutisnotrandom(seesection5.1.3).
Westartbyexpandingtheresolvent(5.19)inseriesin1/z:
g(z)=1N Tr
1
z+
1
zA
1
z+
1
zA
1
zA
1
z+... , (5.112)
whereaveraging ...isperformedovertheensembleofmatricesH. Asexplainedin
section5.1.3,weassumethatHhasi.i.d.complexentriesdistributedaccordingtothe
12AnotherwaytorecoverEq.(5.85)istocomputetheseries(5.27),with Λn Λn (n)calculated
withthesameprocedureasfor Λn (n)k .
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g =
T
T+ T T+ + ..
 = + T T T T+ + +..
Figure5.2: Diagrammaticexpansionoftheresolventg(z). Ahorizontalstraightline
reprepresentsthepropagator1/z.
Gaussianlaw(5.5). UsingthepropertiesofGaussianrandomvariables(suchasthe
Wicktheorem),theresultofaveraginginEq.(5.112)canbeexpressedthroughpairwise
contractions(5.17).Toevaluateeﬃcientlytheweightofdiﬀerenttermsthatariseinthe
calculation,itisconvenienttointroducediagrammaticnotations.ThematricesH,H†,
andAwilberepresentedasshowninFig.5.1(a).
Eachcontraction(5.17)bringsafactor1/N,andeachloopcorrespondingtotaking
thetraceofamatrixbringsafactorN,seeFig.5.1(b).InthelimitN→ ∞,onlythe
diagramsthatcontainasmanyloopsascontractionswilsurvive. Thesediagramsare
thosewherefulanddashedlinesdonotcross.Therefore,theleadingorderexpansionof
theresolvent(5.112)involvesonlydiagramswhichareplanarandlooklikerainbows,see
Fig.5.2whereweshowthebeginningoftheexpansionofg(z).Notethattheprefactor
1/NofEq.(5.112)doesnotappearinFig.5.2becauseitiscompensatedbytheexternal
trace.Anexampleofanon-planardiagramisrepresentedinFig.5.3.Itvanishesinthe
limitN→∞.
Theself-energyσ(z)isthesumofalone-particleirreduciblediagramscontainedin
zg(z)z.Theﬁrstdominanttermsthatappearintheexpansionofσ(z)arerepresented
inFig.5.4.Underapairwisecontraction,werecognizeg(z)depictedinFig.5.2.After
summationofalplanarrainbowdiagramsintheexpansionofFig.5.4andapplication
of‘Feynman’rulesdeﬁnedinFig.5.1(b),theself-energybecomes
σ(z)=1NTr
Tˆ
1−g(z)ˆT (5.113)
=TrˆTN +
g(z)
N Tr
Tˆ2
1−g(z)ˆT. (5.114)
whereTˆ= ρˆA
T T T T  =Tr(   )T4z5N 3
,andTrdenotesthetraceofanoperator.InsertingEq.(5.113)into
Figure5.3: Atypicalnon-planardiagramappearingintheexpansionoftheresolvent
g(z).Itsvaluefolowsafterapplicationof‘Feynman’rulesdeﬁnedinFig.5.1(b).Itdoes
notsurviveinthelimitN→∞.
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σ = T + + ..T T TT T+ T T T+{ {{
g g g
{
g
Figure5.4:Diagrammaticexpansionoftheself-energyσ(z).Braceswitharrowsdenote
partsofdiagramsthatarethebeginningofthediagrammaticexpansionoftheresolvent
g(z).
Eq.(5.28),weobtain:
z= 1g(z)+
1
NTr
Tˆ
1−g(z)ˆT , (5.115)
thatalowsonetosolveforg(z)andp(Λ).Notingthat13
TrTˆ=ρTrAˆ= TrNA =N Λ, (5.116)
weconcludethatTrTˆ/NinEq.(5.114)leadstoashiftinthedistributionofeigenvalues
p(Λ).
Beforecommentingontheresult(5.113),letusseehowtheoperator(5.96)canbe
expressedthroughthesolutiong(z)andTˆ.Inthebasis{ψα},(5.96)reads
Oαβ= ψα|ˆO|ψβ =ρ
N
i=1
N
j=1
H†αi 1z+
1
zA
1
z+
1
zA
1
zA
1
z+...ijHjβ, (5.117)
whereweusedthedeﬁnition(5.10)ofthematrixH.InFig. 5.5,werepresentthe
beginningoftheexpansionofOαβ/ρwiththediagrammaticnotationsofFig.5.1(a).
NotethataldiagramsinFig.5.5areirreducible.Asitwasthecaseforσ(z),werecognize
theexpansionofg(z)underpairwisecontractions.Aftersummationofplanardiagrams,
theoperatorOˆ(z)isﬁnalygivenby:
Oˆ(z)=ρ g(z)1−g(z)ˆT (5.118)
=ρ 1z−Tˆ−σ(z). (5.119)
Equations(5.115)and(5.118)werederivedforHermitianERMs. Theyalsoapply
fornon-HermitianERMsaslongaszbelongstotheholomorphic(oranalytic)domain
ofg(z)andOˆ(z).Insection4.4,theresult(5.118)isappliedtothescalarGreen’smatrix
(2.80).Inthatcase,Oˆ(z)isproportionaltotheaverageTf-operatorofthescattering
problem(4.12),seeEqs.(4.50)and(4.68).
Thesolution(5.113)admitstwosimplelimits. First,iftheoperatorTˆisidentity,
i.e.ifT=IM (M isthenumberoffunctionsinthebasis{ψα}),thenwerecoverthe
solution(5.92),thatyieldstothe Marchenko-Pasturlaw(5.64).Second,withoutloss
13Fromhereon,wedenotebyTrN thetraceofaN×N matrixwhenconfusionispossiblewiththe
traceofanoperator.
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Oαβ = T+ T T+ + ..1ρ α β α αβ β
T + T T T+ += +α α α α α α α βδαβ δαβ ..δαβ
= Tggα αδαβ + gα β Tg+ gα T g β + ..
{
g
{
g
{
g
{
g
{
g
Figure5.5: DiagrammaticexpansionofOαβ/ρ. Braceswitharrowsdenotepartsof
diagramsthatarethebeginningoftheexpansiondepictedinFig.5.2.
ofgenerality,letusassumethatthediagonalelementsofthematrixAarealequal,
Aii= Λ. Atlowdensityρ→ 0,anapproximationoftheself-energy(5.113)canbe
obtainedbyneglectingthetermg(z)ˆTinthedenominator14:
σ(z) Tr(Tˆ)N +
Tr(ˆT2)
N g(z)= Λ +VarΛg(z). (5.120)
ThelastequalityofEq.(5.120)folowsfrom
Tr(Tˆ2)=ρ2
V
ddrddrf(r,r)2= TrN(A2)− TrN(A)
2
N =NVarΛ. (5.121)
TheimplicationofEq.(5.120)isthattheeigenvaluedensityofanyHermitianERM
Aij=f(ri,rj)isidentical,inthelowdensityregime,totheoneofaGaussianmatrix15.
Itobeysthe Wignersemicirclelaw
p(Λ)= 12πVarΛ 4VarΛ−(Λ− Λ)2, (5.122)
withthevarianceVarΛgivenbyEq.(5.121).
Finaly,letusshowhowthevariousapproximationsfoundintheprevioussections,
forg(z),σ(z),andgk(z)associatedwithERMsAij=f(ri−rj),canberecoveredfrom
Eqs.(5.113)and(5.118). Weneedtoassumethat
f(k,k)=k|ˆA|k = 1V Vd
drddre−i(k·r−k·r)f(r−r) (5.123)
isdiagonal,f(k,k) k|ˆA|kδkk ≡f(k)δkk,whichisnotexactinaﬁnitevolumeV.
Inthemomentumrepresentation,Eqs.(5.113)and(5.119)readnow
σ(z) d
dk
(2π)d
f(k)
1−ρf(k)g(z), (5.124)
k|ˆO(z)|k=gk(z) 1z−ρf(k)−σ(z), (5.125)
14ForERMssuchasReG(ω0)orImG(ω0),itcorrespondstotheregimeρλ30 1. Rigorously,this
conditionisnecessarybutnotentirelysuﬃcienttojustifytheapproximation(5.120):see,forexample,
thestudyofReG(ω0)insection5.8.
15Some‘pathological’ERMsmaynotfolowthisprediction. Actualy,animplicitassumptionofour
proofisthatthenumberm ofnon-zeroeigenvaluesoftheoperatorTˆislarge,seesection5.6.3. An
exampleof‘pathological’ERMisAij=cosk0|ri−rj|,forwhichm=2.
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wheref(k)=k|ˆA|kcanbefurtherapproximatedbyf0(k)deﬁnedinEq.(5.84).Hence,
Eq.(5.124)becomesidenticaltoEq.(5.89).IftheintegrandofEq.(5.124)isexpanded
inseriesinρ,Eq.(5.125)becomesconsistentwithEqs.(5.109)and(5.110).Thismeans
thattheapproximateself-energy(5.109)correspondstoatruncationoftheexpansion
depictedinFig.5.4aftertheseconddiagram.
5.5.4 SolvingEq.(5.115)inpractice
ThesolutionofEq.(5.115)foragivenmatrixAcanbegreatlyfacilitatedbyasuitable
choiceofthebasisinwhichthetraceappearinginthisequationisexpressed.Inaddition
to{r}and{k},abasisofeigenvectors|Rα ofTˆcanbequiteconvenient.Theeigenvector
|Rα obeys
r|ˆT|Rα =ρ
V
ddrf(r,r)Rα(r)=µαRα(r), (5.126)
whereµαistheeigenvaluecorrespondingtotheeigenvector|Rα.Inthisbasis,Eq.(5.115)
becomes
z= 1g(z)+
1
N α
µα
1−g(z)µα. (5.127)
FormatricesImG(ω0)andReG(ω0),withpointsridistributedinasphere,Eqs.(5.126)
and(5.127)canbesolvedexactly,seesections5.7and5.8.
Inthefolowing,wewilbeparticularlyinterestedinERMsAij=f(|ri−rj|)with
pointsrirandomlydistributedinsideathree-dimensionnalspace,eitheracubeofside
L,orasphereofradiusR.Toevaluateintegralsoftype(5.121),wewil makeuseofthe
folowingauxiliaryresult:
V
d3r
V
d3r
V H(|r−r|)=


∞
−∞dxdydzH L x2+y2+z2 w(x,y,z) (cube)
24 10dxH(2Rx)s(x)x2 (sphere)(5.128)
whereHisanarbitraryfunction,and
w(x,y,z)=(1−|x|)+(1−|y|)+(1−|z|)+, (5.129)
s(x)=1−3x2+
x3
2, (5.130)
withx+=max(x,0). ToderiveEq.(5.128)forasphere,wedeﬁnenewvariablesx=
(r−r)/2Randy=(r+r)/2R.Theconditionsr≤R,r ≤Rbecomex2+y2+2xyt≤1,
with0≤t≤1,sothat
V(R)
d3r
V
d3r
V (..)=
18
π V(1)d
3x
1
0
dt
yM(t,x)
0
dyy2(..), (5.131)
whereV(R)=4πR3/3andyM(t,x)= 1+(t2−1)x2−tx.Evaluationofalintegrals
exceptoneinEq.(5.131)leadstoEq.(5.128).Forpointsdistributedinacube,theproof
ofEq.(5.128)isstraightforward.Notethatw(x,y,z)isnon-zeroonlywithinacubeof
side2centeredattheorigin.
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Forexample,thevarianceVarΛofp(Λ),givenbyEq.(5.121),readsnow
VarΛ=


N ∞−∞dxdydzf L x2+y2+z2
2w(x,y,z) (cube)
24N 10dx|f(2Rx)|2s(x)x2 (sphere)
. (5.132)
InordertoderiveEq.(5.115),weassumedthatthematrixH,enteringintherepre-
sentationA=HTH†,hasi.i.d.complexGaussianentries. Weinvestigatetheroleofthe
Gaussianhypothesisinthenextsection,thankstothepowerfulmathematicalarsenalof
theso-caledfreerandomvariabletheory.
5.6 Freeprobabilitytheory
5.6.1 Theoreticalframework
Theterm‘freeprobabilitytheory’designatesadisciplinefoundedbyVoiculescuinthe
1980’s[175,176]inordertosolvethefolowingproblem:canwesayanythingaboutthe
spectralpropertiesofthesumofoftwomatrices,X1+X2,whenthespectralproperties
ofthesummands,X1andX2,areknown?Unlessthetwomatricescommute,knowing
theireigenvaluesis,ingeneral,notenoughtoﬁndtheeigenvaluesofthesum.However,
freeprobabilityidentiﬁesacertainsuﬃcientcondition,caledasymptoticfreeness,under
whichthisproblemcanbetackled,withoutinvolvingtheeigenvectorsofthematrices.
Thenotionofasymptoticfreenessisequivalenttothenotionofstatisticalindependence
thatwearefamiliarwithforrandomvariables.Itisageneralizationofthelattertothe
casewherethevariables —here,thematrices —donotcommute.
Letusbrieﬂyrecalbasicpropertiesofindependentvariables. Wedenotebypxthe
probabilitydensityofthevariablex,bygx(z)≡ ezx = n 0xn zn/n!itscharacter-isticfunction,andbyrx(z)≡lngx(z)= n 0cx,nznitscumulantgeneratingfunction.Fortwoindependentrealrandomvariablesx1andx2,thefolowingrelationshold:
x1x2 = x1 x2, (5.133)
px1+x2=px1∗px2, (5.134)
rx1+x2=rx1+rx2. (5.135)
Wewilseethattheserelationsﬁndtheirequivalentsforasymptoticalyfreematrices.
Bydeﬁnition,twoHermitianmatricesX1andX2areasymptoticalyfreeifforal
l∈Nandforalpolynomialspiandqi(1≤i≤l),wehave[143]
pi(X1)Λ= qi(X2)Λ=0 ⇒ p1(X1)q1(X2)...pl(X1)ql(X2)Λ=0, (5.136)
wheretheexpectationvalue ..Λisdeﬁnedas
X Λ= 1N TrX . (5.137)
Theinterpretationoftheformaldeﬁnition(5.136)isthefolowing:twomatricesarefree
iftheireigenbasesarerelatedtooneanotherbyarandomrotation,orsaiddiﬀerently,if
theireigenvectorsarealmostsurelyorthogonal.
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Fromthedeﬁnition(5.136),itiseasytocomputevariousmixedmomentsofX1and
X2.ByconsideringthebinomialsX˜i=Xi− XiΛthatobeyX˜1Λ= X˜2Λ=0,weobtainfromEq.(5.136):
X1X2Λ= X1Λ X2Λ. (5.138)
Notethatthislastconditionisnotenoughtodeﬁneasymptoticfreeness,sincematrices
donotcommute.Forexample,fromEq.(5.136),forthmomentsread
X1X1X2X2Λ= X21 Λ X22 Λ,
X1X2X1X2Λ= X21 Λ X22Λ+ X12Λ X22 Λ− X12Λ X22Λ. (5.139)
Freecumulantsaredeﬁnedsuchthatthesumproperty(5.135)ispreservedforthe
generatingfunctionofthefreecumulants,theso-caledR-transform[143,177].Interest-
ingly,theR-transformissimplyrelated,byEq.(5.30),totheBluefunction(5.29),the
latterbeingthefunctionalinverseoftheresolventg(z)16.TheR-transformofthesum
oftwoasymptoticalyfreematricesX1andX2obeys:
RX1+X2(z)=RX1(z)+RX2(z). (5.140)
Hence,theproblemofﬁndingtheeigenvaluedistributionofthesumoftwofreerandom
matricesisstraightforward. ApplyingsuccessivelyEqs.(5.29),(5.30),and(5.140),one
readilyinfersgX1+X2fromgX1andgX2.Thestepsofthealgorithmare:
gXi → BXi → RXi → RX1+X2 → BX1+X2 → gX1+X2. (5.141)
Thereisananalogousresultfortheproductoffreematrices,whichinvolvesthe
so-caledS-transform[143].Ifwedeﬁneχ(z)asasolutionof
1
χ(z)g
1
χ(z) −1=z, (5.142)
thentheS-transformis
S(z)=1+zz χ(z). (5.143)
Eqs.(5.142)and(5.143)areequivalenttothefolowingimplicitequationforS(z):
S(z)R[zS(z)]=1. (5.144)
TheS-transformoftheproductoftwoasymptoticalyfreematricesX1andX2satisﬁes
[143]:
SX1X2(z)=SX1(z)SX2(z). (5.145)
Therefore,theS-transformplaysaroleanalogoustotheR-transformforproducts(in-
steadofsums)offreematrices. TherecipetoﬁndtheeigenvaluedensityofX1X2is
analogousto(5.141):
gXi → χXi → SXi → SX1X2 → χX1X2 → gX1X2. (5.146)
16Notethatg(z)playstheroleofafreecharacteristicfunction,seeEq.(5.26)and(5.27).SeealsoRef.
[177]foradiscussionabouttherelationbetweenthefreecumulantsandthemomentsΛn .
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5.6.2 Application1: Gaussianand Wishartensemblesrevisited
Agoodattitudewhensearchingfortheeigenvaluedensityofagivenmatrix,istolook
atapossibledecompositionofthelatterinasumorproductoffreematrices,forwhich
resolventsareknown.Letusapplythisideatorecoverinanewmannerthenowfamiliar
semicircleandMarchenko-Pasturlaws.
LetusﬁrstconsideramatrixAfromtheGaussianorthogonalensemble(GOE),with
theprobabilitydistributionP(A)=CNe−N4Tr(A2).FromEq.(5.134),itisclearthatthe
distributionofthevariablex1+x2,wherex1andx2areindependentGaussianrandom
variablesofvarianceσ,isstil Gaussianofvariance√2σ. Wecanthereforedecompose
anyGaussianmatrixAinasumoftwoindependentrescaledmatricesA1andA2that
obeythesamelawP,A= 1√2(A1+A2).Inaddition,twoindependentGaussianmatricesareasymptoticalyfree.Indeed,sincethemeasureP(A)isinvariantunderorthogonal
transformation,rotationmatricesO1andO2,diagonalizingA1andA2respectively,are
randomrotationsovertheorthogonalgroup.ThismeansthattherotationO†1O2fromtheeigenbasisofA1tothatofA2isalsorandom,whichispreciselytheintuitivedeﬁnition
ofasymptoticfreeness(foraformalproof,seeRef.[143]).Theadditivepropertyofthe
R-transformandthescalingproperty(5.33)yield:
RA(z)=RA1√2(z)+RA2√2(z)=
√2RA z√2 . (5.147)
AsolutionofthisequationisRA(z)∝z. AccordingtoEq.(5.37),R(0)=Λ2 =
TrA2/N=1,sothat
R(z)=z. (5.148)
Thisis,asexpected,theR-transformofthesemicirclelaw,seeEqs.(5.31)and(5.90).
Thus,wecanclaimthatthesemicirclelawisthefreecounterpartoftheGaussiandis-
tributioninclassicalprobabilitytheory.
Inordertousethethepowerfularsenaloffreeprobabilityfor Wishartmatrices,we
decomposetheN×NmatrixA=HH†as:
HH†=
M
α=1
h(α)†h(α) with h(α)=(H∗1α,...,H∗Nα). (5.149)
Thespectrumofeachmatrixh(α)†h(α)issimplebecauseithasonlyonenonzeroeigen-
valueΛα= h(α)2= Ni=1|Hiα|2,associatedwiththeeigenvectorh(α)∗.The(N−1)othereigenvectorsassociatedwithzeroeigenvalueformthebasisofthehyperplaneper-
pendiculartothevectorh(α)∗.Sincethevectorsh(α)areuncorrelated,wecanreplace
theresolventofthematrixh(α)†h(α)by:
gh(α)†h(α)(z)=1N
N−1
z +
1
z−1 , (5.150)
whereweused Λ0 =1(|Hiα|2 =1/N).Invertingthisrelationgives:
Rh(α)†h(α)(z)=12z z−1− (z−1)2+
4z
N
= 1N
1
1−z+O
1
N2 . (5.151)
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Forindependentvectorsh(α),thathaveindependententrieswithvariancesequalto1/N
andidenticalmeans,itcanbeshownthatthematricesh(α)†h(α)areasymptoticalyfree
[143].Thus,
RHH†(z)=
M
α=1
Rh(α)†h(α)(z) (5.152)
=1c
1
1−z, (5.153)
wherec=N/M.ThisistheR-transformoftheMarchenko-Pasturlaw,seeEqs.(5.31)
and(5.92).Itisinterestingtonotethat,ifweweretotaketheNthclassicalconvolution
(byinvertingthesumofcumulant-generatingfunctions)ofthedistributionsofthevari-
ablesΛα,wewouldobtainasymptoticaly(N,M→ ∞,atﬁxedc=N/M)thePoisson
distribution.However,thedistributionthatweobtainbytakingtheNthfreeconvolu-
tion(byinvertingthesumofR-transforms)isthe Marchenko-Pasturlaw. Thelatter
isthereforethefreeanalogofthePoissonlawinclassicalprobability[143]. Another
simpleproofofthislaw,basedonaproductdecompositionofthematrixHH†andthe
S-transform,canbefoundinRef.[178].
5.6.3 Application2:ERMs
Fromthepreviousresultconcerningthe Wishartensemble,itisstraightforwardtoapply
thetoolboxoffreeprobabilitytoERMs. WestartwiththedecompositionA=HTH†,
wherethebasis{ψα},thatdeﬁnesHiαinEq.(5.10),isassumedtobetheeigenbasisof
theoperatorTˆ,ˆT|ψα =µα|ψα.ThematrixAisconvenientlyrewrittenas:
HTH†=
M
α=1
µαh(α)†h(α), (5.154)
whereh(α)isdeﬁnedinEq.(5.149).Asexplainedabove,theM matricesh(α)†h(α)are
asymptoticalyfree,aslongasthevectorsh(α)areindependent.Hence,
RHTH†(z)=
M
α=1
Rµαh(α)†h(α)(z)=
M
α=1
µαRh(α)†h(α)(µαz) (5.155)
= 1N
M
α=1
µα
1−µαz=
1
NTrM
T
1−zT (5.156)
= 1NTr
Tˆ
1−zˆT (5.157)
= 1cz
1
zgT
1
z −1. (5.158)
Eq.(5.155)folowsfromtheproperties(5.140)and(5.33),Eq.(5.156)—fromtheresult
(5.151),andEq.(5.158)—fromgT(z)= Mα=11/(z−µα)M.Usingthedeﬁnition(5.143)oftheS-transform,onealsoeasilyshowsthatEq.(5.158)isequivalentto
SHTH†(z)= 1z+1/cST(cz). (5.159)
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Forcompleteness,wenowproposetoderivethesolution(5.159)bymeansofthe
property(5.145). Fromthedeﬁnitionsoftheresolventg(z)andtheS-transform,one
cancheckthat,forarbitrarymatricesAandBofsizeN×M andM×N,respectively,
SAB(z)=z+1z+1/cSBA(cz). (5.160)
ApplyingthisresultforA=HT andB=H†,weobtain
SHTH†(z)=z+1z+1/cSH†HT(cz),
= z+1z+1/cSH†H(cz)ST(cz). (5.161)
Eq.(5.161)folowsfromthefactthatthedeterministicmatrixTandtherandommatrix
H†Hareasymptoticalyfree.Besides,thecombinationofEq.(5.144)withRH†H(z)=RHH†(z/c)/c=c/(c−z)gives
SH†H(z)= cc+z. (5.162)
FromEqs.(5.161)and(5.162),weﬁnalyrecover(5.159).
Theresult(5.159),orequivalentlyitsoperatorform(5.157),isinperfectagreement
withthesolutionobtainedbyadiagrammaticapproachinsection5.5.3.Indeed,the
self-energyσ(z)=R[g(z)]inferredfromEq.(5.157)isexactlytheresult(5.113).Itis
worthrecalingthat(5.157)wasobtainedfromtheasymptoticfreenessofthematrices
h(α)†h(α),thatholdsaslongastheelementsHiαarei.i.d.withaﬁnitesecondmoment
[143].Inparticular,itmeansthat(5.113)isvalidevenifHiαarenotGaussianvariables:
theGaussianhypothesis,thatlargelysimpliﬁeddiagrammaticcalculationsinsection
5.5.3,isnotessential17.Inparticular,thisremarkholdsforthe Wignersemicircleand
theMarchenko-Pasturlaws18,andjustiﬁestheirlargedegreeofuniversality.
AsfarasERMsareconcerned,weconcludethattheonlyassumptionthatmaylimit
theapplicabilityof(5.113)athighdensityofpointsρistheindependenceofthevectors
h(α). Weknowthattheircovariancematrixisproportionaltotheidentity(seesection
5.1.3),butthisisnotenoughtoinsuretheirindependence,preciselybecauseHiαarenot
Gaussianrandomvariables.Inthetwofolowingsections,weinvestigatetheprecisionof
theresult(5.113)inthelimitN→∞,withtwoexamplesofHermitianERMsthatare
particularlyimportantinthestudyofwavepropagationinrandommedia.
5.7 ERMImG(ω0)inthree-dimensionalspace
Inthissection,westudytherealsymmetricN×NEuclideanmatrixS(ω0)=ImG(ω0)+
IN withelementsdeﬁnedthroughthecardinalsine(sinc)function:
Sij(ω0)=f(ri−rj)=sin(k0|ri−rj|)k0|ri−rj| , (5.163)
17Arigorousdiagrammaticproofof(5.113),byjustassumingaﬁnitesecondmomentofHiα,seems
nontrivial.
18Wearenotawareofadiagrammaticproofofthe WignersemicircleandtheMarchenko-Pasturlaws,
thatwouldnotinvoketheGaussianassumption.
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thatmayplayanimportantroleforunderstandingthecooperativeemissionofatomic
samples(seesection2.5.1).
AgeneralpropertyofthematrixS(ω0)isthepositivenessofitseigenvalues:Λn>0.
Indeed,theFouriertransformofthefunctionf(∆r)in(5.163)ispositiveandhence
f(∆r)isafunctionofpositivetype.AnEuclideanmatrixdeﬁnedthroughafunctionof
positivetypeispositivedeﬁniteandhencehasonlypositiveeigenvalues.Notealsothat,
foreachrealizationofS(ω0), Ni=1Λi=N,sothatΛ =1.
5.7.1 Approximatesolutionfortheeigenvaluedensity
LetusassumethatthevectorsrideﬁnepositionsofNrandomlychosenpointsinsidea
three-dimensionalcubeofsideL.Aconvenientsetofbasisfunctions{ψα}isthengiven
by‘planewaves’
ψα(r)= 1√Ve
ikα·r, (5.164)
wherekα={kαx,kαy,kαz},kαx =αx∆kwithαx=±1,±2,...(andsimilarlyforkαy
andkαz),and∆k=2π/L.TαβisthensimplyadoubleFouriertransformofthefunction
f(ri,rj)inthebox —seeEq.(5.12) —andtherepresentation(5.9)stemsfromthe
Fourierseriesexpansionoff(ri,rj),withouttheharmonicscorrespondingtokα=0.
Furthermore,thevariance(5.132)ofp(Λ)isgivenby:
Λ2 −1= N(k0L)2
∞
−∞
dxdydz
sink0L x2+y2+z2
2
x2+y2+z2 w(x,y,z) (5.165)
2.8N
(k0L)2≡γ. (5.166)
Toobtain(5.166)from(5.165),weassumedk0L 1.
Ourgoalistocalculateg(z),orequivalentlyB(z)orR(z)=σ[B(z)]. Althese
quantitiesdependonthematrixT,see,e.g.,Eq.(5.158).Unfortunately,itisimpossible
tocalculatethedoubleintegral(5.12)exactlyinabox.InthelimitoflargevolumeV,
theintegrationsover∆r=ri−rjandri+rjcanbeapproximativelydecoupled,yielding
Tαβ Tααδαβ,
Tαα=ρf(kα)=N
∞
−∞
dxdydzw(x,y,z)sin(k0∆r)k0∆r e
ikα·∆r, (5.167)
wheref(kα)andw(x,y,z)aredeﬁnedbyEqs.(5.123)and(5.129),respectively,and
(x,y,z)aretheCartesiancoordinatesofthevector ∆r/L.19 Eq.(5.167)isstiltoo
involvedtobeuseful. Weproposeinthefolowingtwodiﬀerentapproximationsof
Eq.(5.167).
First,weapproximatethefunctionw(x,y,z)by1forrinasphereofradiusL/2κ1,
withκ1∼1anumericalconstanttobeﬁxedlater,and0elsewhere:
Tαα ρ
|∆r|<L/2κ1
d3∆rsin(k0∆r)k0∆r e
ikα·∆r
=ρ2π
2
k0kα
L
2κ1π sinc(kα−k0)
L
2κ1 −sinc(kα+k0)
L
2κ1 . (5.168)
19IfthevolumeVisinﬁnite,Eq.(5.167)canbesimpliﬁedusinglimL→∞ w(x,y,z)=1.
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Figure5.6:ProbabilitydensityofeigenvaluesofasquareN×NEuclideanmatrixS(ω0)
withelementsSij(ω0)=sin(k0|ri−rj|)/k0|ri−rj|,wheretheNpointsriarerandomly
choseninsidea3DcubeofsideL. Numericalresults(bluesolidlines)obtainedfor
N=104afteraveragingover10realizationsarecomparedtotheMarchenko-Pasturlaw
(5.171)(reddashedlines),andtotheapproximation(5.173)(greendot-dashedline),
withγ=2.8N/(k0L)2forseveraldensitiesρofpoints(λ0=2π/k0).
Inordertosimplifythisexpression,wenotethatthesecondsincfunctioninEq.(5.168)
isalwayssmalerthan2κ1/k0L(becausekα=|kα|>0andk0>0)andhencecan
bedroppedinthelimitoflargek0L 1consideredhere. Furthermore,becausethe
ﬁrstsincfunctioninEq.(5.168)ispeakedaroundqα=k0,wereplaceitbyaboxcar
functionΠ[(kα−k0)L/2κ1π],whereΠ(x)=1for|x|<1/2andΠ(x)=0otherwise.The
coeﬃcientinfrontof(kα−k0)intheargumentofΠischosentoensurethattheintegral
ofthelatteroverkαfrom0to∞ isequaltothesameintegralofthesincfunction. We
thenobtain
Tαβ ρ2π
2
k20
L
2κ1πΠ (kα−k0)
L
2πκ1 δαβ, (5.169)
whichisdiﬀerentfromzeroonlyforkα’sinsideasphericalshelofradiusk0andthickness
2πκ1/L.Inaddition,foralkα’sinsidetheshelthevalueofTααisthesameandequal
toc=N/MwithM =κ1(k0L)2/π 1thenumberofkα’sinsidetheshel:
T NMIM with M =
κ1(k0L)2
π . (5.170)
Hence,thesincmatrixbecomesa Wishartmatrix:S cHH†.FromEqs.(5.153)and
(5.33),weﬁndRA(z)=RcHH†(z)=1/(1−cz). Byrequiringthatthevarianceofthedistribution,VarΛ=R(0)=c,coincideswith(5.166),c=γ,weﬁxthevalueof
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κ1 π/2.8 1.12.RA(z)istheR-transformoftherescaledMarchenko-Pasturlaw:
p(Λ)= 1−1γ
+
δ(Λ)+ (Λ+−Λ)+(Λ−Λ−)+2πγΛ , (5.171)
whereΛ±=(1±√γ)2andx+=max(x,0).Thedistributionofeigenvaluesofthematrix
(5.163)isthereforeparameterizedbyasingleparameterγequaltothevarianceofthis
distribution. Toourknowledge,thefactthatthisdistributiondescribeseigenvaluesof
theEuclideanmatrixSwasnevernoticedbefore.
InFig.5.6wepresentacomparisonof(5.171)withtheresultsofdirectnumericalsim-
ulations.ThelatteramounttogenerateNrandompointsriinsideathree-dimensional
cube,tousethesepointstodeﬁnearandomN×NmatrixSaccordingtoEq.(5.163),
andtodiagonalizeSusingthestandardsoftwarepackageLAPACK[179].Theprocedure
isrepeatedseveraltimesandahistogramofaleigenvaluesΛiscreated.Thishistogram
approximatestheeigenvaluedistributionp(Λ).AsweseefromFig.5.6,theagreement
betweennumericalresultsandtheMarchenko-Pasturlaw(5.171)(dashed-line)isgood
forγ<1,but(5.171)failstodescribep(Λ)whenγbecomeslargerthanunity. The
reasonforthisiseasytounderstandifwegobacktoEqs.(5.167),(5.168)and(5.169).
Indeed,whenweapproximatetheresultofintegrationin(5.167)by(5.169),wereduce
theinﬁnite-sizematrixTtoamatrixofﬁnitesizeM×M.Bydeﬁnition,therankofthe
lattermatrixisinferiororequaltoM.TherankofS=HTH†cannotbelargerthan
therankofTandhenceisalsoboundedbyM fromabovewhenweuseEq.(5.169).
When γ>1,implyingM<N,therepresentation(5.9)onlygivesusaccesstoM ofN
eigenvaluesofS,whichisnotsuﬃcienttoreconstructtheprobabilitydensityp(Λ).In
ordertoaccesstheregimeofγ>1oneneedstoﬁndanotherapproximationto(5.167)
than(5.169).
AsecondapproximationtoEq.(5.167)consistsinreplacingw(x,y,z)bye−κ2r/L,
withκ2∼1anumericalconstanttobeﬁxedlater:
Tαα ρ d3∆rsin(k0∆r)k0∆r e
−κ2r/Leikα·∆r
=ρ2π
2
k0kα
κ2L
π
1
(kαL−k0L)2+κ22−
1
(kαL+k0L)2+κ22 . (5.172)
Insertingf(kα)=Tαα/ρintoEq.(5.124),theR-transformR(z)=σ[B(z)]becomes,
afterintegrationoverkα,
R(z)= 2iκ2κ−(z)−κ+(z), (5.173)
κ±(z)= (k0L)2−κ22±2 κ2(2πNz−(k0L)2κ2). (5.174)
Themeanandthevarianceofp(Λ)arethusgivenby
Λ =R(0)=1, (5.175)
VarΛ=R(0)= πNκ2(k20L2+κ22). (5.176)
Inthelimitk0L 1,byrequiringthatthevariance(5.176)isequaltoγdeﬁnedby
Eq.(5.166),weobtainκ2 π/2.8 1.12(=κ1).
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InFig.5.6,p(Λ)folowingfromEq.(5.173)(dot-dashedline)isalsocomparedwith
theresultsofnumericalsimulations. Weﬁndtheresolventg(z)bysolving1/g(z)+
R[g(z)]=znumericalyandthenevaluatep(Λ)withthehelpofEq.(5.21).Contraryto
Eq.(5.171)thatappliesonlyforγ<1,Eq.(5.173)appliesaprioriforalγ.However,
itturnsoutthattheprobabilitydistributionofeigenvaluesinferredfromEq.(5.173)is
inlessgoodagreementwithnumericalresultsthantheMarchenko-Pasturlaw(5.171),
meaningthat(5.168)isabetterapproximationoftheelementsofTthan(5.172).
InthefolowingweproposeanothermethodtosolveEq.(5.115)fortheresolvent
g(z)exactly.
5.7.2 Exactsolutionfortheeigenvaluedensity
Asexplainedinsection5.5.4,ageneralwaytosolveEq.(5.115)istoexpressthelatter
intheeigenbasisoftheoperatorTˆ. Theresultingequation(5.127)isthenformulated
onlyintermsoftheeigenvaluesµαoftheintegralequation(5.126).Thelattermaybe
solvedexactlyifthevolumeVpreservesthesymmetryofitskernelf(|r−r|). From
hereon,weassumethattheNpointsriarerandomlychoseninsideathree-dimensional
sphereofradiusR.Inthiscase,thevariance(5.132)becomes:
Λ2 −1= 6N(k0R)2
1
0
dxsin(2k0Rx)2s(x)
= 9N(k0R)2
32(k0R)4−8(k0R)2+4k0Rsin(4k0R)+cos(4k0R)−1
256(k0R)4 (5.177)
9N
8(k0R)2≡γ, (5.178)
whereweassumedk0R 1.
Inordertosolvetheeigenvalueequation
ρ
V
d3rsin(k0|r−r|)k0|r−r| Rα(r)=µαRα(r), (5.179)
itisconvenienttodecomposeitskernelinsphericalharmonics[180]:
sin(k0|r−r|)
k0|r−r| =4π
∞
l=0
l
m=−l
jl(k0r)jl(k0r)Ylm(θ,φ)Ylm(θ,φ)∗, (5.180)
whereθandφarethepolarandazimuthalanglesofthevectorr,respectively,jlare
sphericalBesselfunctionsoftheﬁrstkind,andYlmaresphericalharmonics.Inserting
thedecomposition(5.180)intoEq.(5.179),wereadilyﬁndthat
Rα(r)=Rlm(r)=Aljl(k0r)Ylm(θ,φ), (5.181)
µα=µl=4πρ
R
0
drjl(k0r)2r2
=32N jl(k0R)
2−jl−1(k0R)jl+1(k0R), (5.182)
whereAlarenormalizationcoeﬃcientsandα={l,m}.Eigenvaluesµlare(2l+1)-times
degenerated(m∈[−l,l]).Eq.(5.127)thenbecomes
z= 1g(z)+
1
N l
(2l+1)µl
1−g(z)µl. (5.183)
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Figure5.7:(a)ProbabilitydensityofeigenvaluesoftheN×NERM(5.163),wheretheN
pointsriarerandomlychoseninsideasphereofradiusR.Numericalresults(bluesolid
lines)obtainedforN =103afteraveragingover100realizationsarecomparedtothe
Marchenko-Pasturlaw(5.171)(reddashedlines),andtoEq.(5.183)(greensolidlines),
withγ=9N/8(k0R)2forseveraldensitiesρofpoints(λ0=2π/k0).(b)Eigenvaluesµl,
givenbyEq.(5.182)andusedtocomputep(Λ)fromEq.(5.183)[greensolidlinein(a)],
versustheindexl.µlarenon-zeroforl k0R.Therangecoveredbytheeigenvaluesµl
isalsoindicatedin(a)withbraces.
InFigs.5.7(a)and5.8(a),p(Λ)folowingfromEq.(5.183)iscomparedwithresults
ofnumericaldiagonalization,andwiththe Marchenko-Pasturlaw(5.171),whereγis
nowgivenbyEq.(5.178).20Theseﬁguresdeservetwocomments:
•Aslongasγ<1,results(5.183)and(5.171)arealmostundistinguishable,anddiﬀer
20Thereasoningleadingtotherepresentation(5.170)ofthematrixT,forpointsdistributedinacubic
box,holdsforpointsdistributedinasphereaswel,providedthatwereplaceLby2RinEq.(5.168).
Thevalueofκ1ismodiﬁed,butthepropertyN/M=VarΛ=γstilholds.
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Figure5.8:SameasFig.5.7butforhigherdensitiesρλ30=10and50.For2R/λ0 1,theprobabilitydensityp(Λ)splitsintosectorscenteredaroundtheeigenvaluesµlofTˆ.
slightlyfromthenumericalsimulation.Asexplainedabove,forγ>1,Eq.(5.171)
onlygivesusaccesstoM ofNeigenvaluesofS,leadingtoaroughestimation[red
dashed-linesinFig.5.8(a)]ofthelarge-Λpartofthespectrum,denotedasthe
‘bulk’inFig.5.8(a),whileEq.(5.183)isstilingoodagreementwithnumerical
results.
•ForR/λ0 1,thenumericalspectrumsplitsintoseveraldomains[solidblueline
ofthelowerpanelofFig.5.8(a)].Tounderstandthiseﬀect,wehaverepresented
inFigs.5.7(b)and5.8(b)theeigenvaluesµl(5.182)usedtocomputep(Λ)from
Eq.(5.183)[greensolidlinein(a)]. Weobservethatµlarenon-zeroforl k0R.
Atlowdensityρλ30 10,thesupportofp(Λ)islargerthantherangecoveredbytheeigenvaluesµl,anddoesnotnecessarilyoverlapwiththelatter[seebraces
inFig.5.7(a)]. Atlargedensity(ρλ30 10correspondingheretoR/λ0 1),p(Λ)folowingfromEq.(5.183)splitsintodomainscenteredaroundsomeofthe
smalestvaluesµl=0(indicatedwithlabels1,...,5inFig.5.8). Thissplitting
appearsalsointhenumericalresultsbutatslightlysmalervaluesofk0R:itis
presentinthelowerpanel,butnotintheupperpanelofFig.5.8(a).Inaddition,
thewidthsoftheislandsfoundbynumericaldiagonalizationarelargerthanthose
predictedbyEq.(5.183)(notethelogarithmicscale).Sucha‘smoothening’ofthe
probabilitydensityofeigenvaluesistypicalofp(Λ)computedatﬁniteN [137].
Therefore,webelievethatthediﬀerencewithnumericalresultsshoulddisappear
inthelimitN→∞thatweassumedtoderiveEq.(5.183).Theobservedsplitting
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oftheeigenvaluedomainmeansthat,inthelimitρλ30→∞,theeigenvaluesΛnoftheERMSbecomeequaltotheeigenvaluesµα=µlofTˆ,andtheproblemlosses
itsstatisticalnature.
Weconcludethattheresult(5.183)isinfareagreementwithnumericalresultsatal
densities.Inparticular,itrevealsthatγisnotalwaystheonlyparameterthatgoverns
theshapeofp(Λ). Thedensityρλ30playsaroleforγ 1,whilek0Ristherelevantparameterfork0R 1. Thedrawbackof(5.183)isthatitdoesnotgiveacompact
formfortheresolventg(z)orthedistributionp(Λ).Forexample,itisnotobviousfrom
Eq.(5.183)thatthelatteradmits,withanexcelentprecision,the Marchenko-Pastur
solution(5.171)forγ<1.
Finaly,itisworthnotingthattheeigenvaluedistributionofthematrixShasbeen
studiednumericalybyAkkermansetal.inthecontextoflightpropagationinatomic
gases(seeﬁgure1ofRef.[79])withoutproposinganyanalyticalapproximationtoit.
Theparameterγ∼N/(k0L)2hasbeenintroducedinthatworkasaratioofthenumber
ofatomsNtothenumberoftransverseopticalmodesN⊥∝(k0L)2.Thesameparameter
appearedinRefs.[83,87,88,90]asasuperradiantdecayrateinacoldatomicgas(see
section2.5.1formoredetails).Hencetheresultsofthissectioncomplementandextend
theworks[79,83,87,88,90].
5.8 ERMReG(ω0)inthree-dimensionalspace
LetusnowconsidertheN×NHermitianERMC(ω0)=ReG(ω0),withelementsdeﬁned
usingthecardinalcosine(cosc)function:
Cij(ω0)=f(ri−rj)=(1−δij)cos(k0|ri−rj|)k0|ri−rj| . (5.184)
Thismatrixisrelevant,forexample,forunderstandingthecolectiveLambshiftinatomic
samples(seesection2.5.1).
ContrarytothematrixS(ω0),theFouriertransformofthefunctionf(∆r)isnot
positive,andhence,thespectrumofC(ω0)isnotboundedfrombelow.Besides,foreach
realizationofC(ω0), Nn=1Λn=0,sothat Λ =0.
5.8.1 Approximatesolutionfortheeigenvaluedensity
Weproceedexactlyasinsection5.7.1. Assumingthepoints rirandomlydistributed
insideacubeofsideL,withk0L 1,thevariance(5.132)ofp(Λ)isnowgivenby:
Λ2 = N(k0L)2
∞
−∞
dxdydz
cosk0L x2+y2+z2
2
x2+y2+z2 w(x,y,z) (5.185)
2.8N
(k0L)2≡γ. (5.186)
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Intheplanewavebasis{kα},weusetheapproximationTαβ= kα|ˆT|kβ Tααδαβ,
with
Tαα=ρf(kα)=N
∞
−∞
dxdydzcos(k0∆r)k0∆r w(x,y,z)e
ikα·∆r (5.187)
ρ
|∆r|<L/2κ3
d3∆rcos(k0∆r)k0∆r e
ikα·∆r (5.188)
ρ4πk0
1
k2α−k20 1−Π (kα−k0)
L
2πκ3 , (5.189)
whereκ3isanumericalconstantthatwilbeﬁxedlater. ToobtainEq.(5.189)from
Eq.(5.188),weexcludedashelofthickness2πκ3/Laroundkα=k0whereTααchanges
signrapidly[181].Ontheotherhand,theR-transformR(z)=σ[B(z)],thatisgivenby
Eq.(5.114),isexpressedinthebasis{kα},usingTrˆT=N Λ =0:
R(z)=zN kα
T2αα
1−zTαα
ρz d
3kα
(2π)3
f(kα)2
1−ρzf(kα). (5.190)
AfterinsertingEq.(5.189)intoEq.(5.190),theintegralcanbeevaluatedyielding
R(z)=−2πarccoth
4π3γ
ρλ30 +
2
π −1−
ρλ30
2π2z
×

arctan 1+
ρλ302π3γ
−1−ρλ302π2z
−arctan 1−
ρλ302π3γ
−1−ρλ302π2z
−π2

, (5.191)
thatcorrespondstothechoiceκ3 4/2.8π 0.45ensuring,inthelimitk0L 1,
γ=VarΛ=R(0)=4N/κ3π(k0L)2.
Beforediscussingtheresult(5.191),letusbrieﬂyintroduceasecondpossibleapprox-
imationofEq.(5.187),wherew(x,y,z)isreplacedbye−κ4r/L:
Tαα ρ d3∆rcos(k0∆r)k0∆r e
−κ4r/Leikα·∆r
=πρ(kαL)
2−(k0L)2+κ24
k20kα
1
(kαL−k0L)2+κ24−
1
(kαL+k0L)2+κ24 .(5.192)
ThecorrespondingR-transform(5.190)readsnow
R(z)=κ4k0L+
1
2(k0L)3/2
p1(z)+ip2(z)
p+(z) +
p1(z)−ip2(z)
p−(z) , (5.193)
wherethefunctionsp1(z),p2(z),andp±(z)aredeﬁnedas
p1(z)=(k0L)3+4πNz−k0Lκ24, (5.194)
p2(z)=πNz(k0L)
3+4πNz−2(k0L)4κ24−πNk0Lκ24z
(k0L)4κ24−π2N2z2
, (5.195)
p±(z)= k0Lκ24−(k0L)3−2πNz±2i (k0L)4κ24−π2N2z2. (5.196)
126 HermitianEuclideanrandommatrixtheory §5.8
Eigenvalue Λ Eigenvalue Λ
Pro
bab
ilit
y d
ens
ity
 p(
Λ)
 Λ∗  Λ∗  Λ
 Λ
 γ
Figure5.9:ProbabilitydensityofeigenvaluesofasquareN×NEuclideanmatrixC(ω0)
withelementsCij(ω0)=(1−δij)cos(k0|ri−rj|)/k0|ri−rj|,wheretheN pointsri
arerandomlychoseninsidea3DcubeofsideL.Theleftpanelcorrespondstothelow-
densitylimitandisobtainedusingEq.(5.197)withγ=0.1,0.5and5.Thedistributions
aresymmetricandvanishfor|Λ|>Λ∗withΛ∗givenbyEq.(5.198). Therightpanel
ilustratesourequation(5.199)obtainedinthehigh-densitylimitfortwodensitiesρλ30=20and50. Forρλ30>30.3905thedistributiondevelopsagapinbetweenΛ1andΛ2givenbyEq.(5.200)and(5.201),respectively.
Eq.(5.193)satisﬁes Λ =R(0)=0and,inthelimitk0L 1,γ=VarΛ=R(0)=
πN/κ4(k0L)2,sothatκ4 π/2.8 1.12(=κ1=κ2).Althoughthetwoapproximations
(5.191)and(5.193)fortheR-transformlookquitediﬀerent,theymayexhibituniversal
featuresinsomelimits.
Letusconsiderthelow-densitylimitofEq.(5.191),ρλ30 1. ForlargeboxsizeL 1/k0theargumentsofarctanfunctionsinEq.(5.191)arecloseto−i.Theycanbe
thusexpandedinseriesinthevicinityofthispoint.Intheresultingexpressionwetake
thelimitsofρλ30→0andρλ30/γ∼1/k0L→0toobtain
R(z)=−1πln
1−π2γz
1+π2γz
, ρλ30 1. (5.197)
Thisexpressionhastwoimportantlimits.Forγ 1weﬁndR(z)=γzwhichisthe
R-transformofthe Wignersemi-circlelaw(5.122).Intheoppositelimitofγ 1we
haveR(z)=−i,whichcorrespondstotheCauchydistributionp(Λ)=1/[π(1+Λ2)].
Eq.(5.197)thereforedescribesatransitionfromthe Wignersemi-circlelawatγ
1totheCauchydistributionatγ→ ∞. Theeigenvaluedistributionfolowingfrom
Eq.(5.197)isalwayssymmetricwithrespecttoΛ=0andvanishesfor|Λ|>Λ∗(see
theleftpanelofFig.5.9).ThelattercanbefoundbyusingEq.(5.39):
Λ∗= γ 1+π
2
4γ +
2
πarccoth 1+
4
π2γ. (5.198)
ThisequationsimpliﬁestoΛ∗=2√γforγ 1andtoΛ∗=π2γforγ 1.AnotherimportantlimitofEq.(5.191)isthatofhighdensityρλ30 1ofpointsinalargeboxL 1/k0.Inthislimit,theargumentsofarctanfunctionsinEq.(5.191)are
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smalandwecanputarctanx x. Takingthelimitofρλ30/γ∼1/k0L→ 0,wethenobtain
R(z)=i 1+ρλ
30
2π2z, ρλ
30 1. (5.199)
Forρλ30belowacriticalvalue(ρλ30)c=30.3905,theeigenvaluedistributioncorrespondingtoEq.(5.199)isasymmetricbutbel-shaped,similarlytothecaseoflowdensity.For
ρλ30>(ρλ30)c,however,thedistributiondevelopsagap:p(Λ)=0forΛ1<Λ<Λ2,whereΛ1,2=B(z1,2)withB(z)beingtheBluefunctionofthematrixCandz1,2solutionsof
B(z)=0(seetherightpanelofFig.5.9).Inthelimitofρλ30 (ρλ30)cwehave
Λ1 −ρλ
30
2π2−
π2
2ρλ30, (5.200)
Λ2 − 32π2/3(ρλ
30)1/3+ π
2/3
2(ρλ30)1/3
+ π
2
6ρλ30. (5.201)
Noteﬁnalythattheresult(5.199),validinthelimitofinﬁnitevolumek0L→ ∞,
canalsoberecoveredbyapproximatingf(kα)inEq.(5.187)bytheFouriertransform
f0(kα)=4π/k0(k2α−k20)off(∆r).21InsertingthelatterintoEq.(5.190),wereadilyobtainthesolution(5.199),thatdependsonlyonthedensityρλ30,asexpectedwhentranslationalinvarianceispreserved(seethediscussioninsection5.5.2).
InFig. 5.10wecomparep(Λ)folowingfromEqs.(5.191)and(5.193)withthe
resultsofnumericalsimulations. Weﬁndtheresolventg(z)bysolvingtheequation
1/g(z)+R[g(z)]=znumericaly. Whenγ→ 0,thedistributionp(Λ)tendstothe
Wignersemi-circlelaw.Incontrast,forlarge γ>1itresemblesaCauchydistribution.
AgoodagreementbetweennumericalresultsandEqs.(5.191)and(5.193)isobserved
notonlyforγ<1(similarlytothecaseofsincmatrixinsection5.7)butforγ>1
aswel. Theagreementisevenbetterfortheapproximation(5.193)thanfor(5.191)
(greendot-dashedlinesarealmostundistinguishablefromnumericalresults).Notethat
incontrasttothe Marchenko-Pasturlaw(5.171)parameterizedbyasingleparameter
γ,theR-transform(5.191)or(5.193)andthecorrespondingprobabilitydistribution
dependontwoparametersγandρλ30. Atdensitiesρλ30 30,bothexpressions(5.191)and(5.193)reduceto(5.199).Thecorrespondingprobabilitydistributiondevelopsagap
(seeFig.5.9)thatisnotpresentinnumericalresults(notshown).Interestingly,thisgap
intheprobabilitydistributionappearsatthesamedensityρλ30≈30foralγ.InordertoﬁndoutwhetherthisgapisanartefactofourapproximationsforR(z),wepropose
tosolveEq.(5.115)exactlyintheeigenbasisoftheoperatorTˆ.
21Thisamountstoreplacingw(x,y,z)by1inEq.(5.187).
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Figure5.10: ProbabilitydensityofeigenvaluesofasquareN×N Euclideanmatrix
CwithelementsCij=(1−δij)cos(k0|ri−rj|)/k0|ri−rj|,wheretheN pointsriare
randomlychoseninsidea3DcubeofsideL.Numericalresults(bluesolidlines)obtained
forN=104afteraveragingover10realizationsarecomparedtoEqs.(5.191)(reddashed
lines)and(5.193)(greendot-dashedlines)withγ=2.8N/(k0L)2forseveraldensitiesρ
ofpoints(λ0=2π/k0).
5.8.2 Exactsolutionfortheeigenvaluedensity
Proceedingasinsection5.7.2,wenowassumethattheN pointsriarerandomlydis-
tributedinasphereofradiusR k−10 ,sothatthevariance(5.132)reads:
VarΛ= Λ2 = 6N(k0R)2
1
0
dxcos(2k0Rx)2s(x),
= 9N(k0R)2
32(k0R)4+8(k0R)2−4k0Rsin(4k0R)−cos(4k0R)+1
256(k0R)4 ,(5.202)
9N
8(k0R)2≡γ. (5.203)
InordertosolveEq.(5.127),wehavetoﬁndtheeigenvaluesµαoftheoperatorTˆ,
solutionsoftheintegralequation
ρ
V
d3rcos(k0|r−r|)k0|r−r| Rα(r)=µαRα(r). (5.204)
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Forthispurpose,wemakeuseofthedecomposition[180]
cos(k0|r−r|)
k0|r−r| =−4π
∞
l=0
l
m=−l
jlk0min(r,r)nlk0max(r,r)Ylm(θ,φ)Ylm(θ,φ)∗,
(5.205)
whereθandφarethepolarandazimuthalanglesofthevectorr,respectively,Ylmare
sphericalharmonics,andjlandnlaresphericalBesselfunctionsoftheﬁrstandsecond
kind,respectively.InsertingEq.(5.205)intoEq.(5.204),andusingstandardproperties
ofsphericalharmonicsandsphericalBesselfunctions[182],itiseasytoshowthatthe
eigenvectorsofTˆarenecessarilyoftheform
Rα(r)=Rlmp(r)=Alpjl(κlpr)Ylm(θ,φ), (5.206)
wherethecoeﬃcientsκlpobey
κlp
k0=
jl(κlpR)
jl−1(κlpR)
nl−1(k0R)
nl(k0R). (5.207)
Integerplabelsthediﬀerentsolutionsofthisequationforagivenl.κlpareeitherreal
orimaginarynumbers,andthecorrespondingeigenvalues
µα=µlp=ρλ
30
2π2
1
(κlp/k0)2−1 (5.208)
are(2l+1)-timesdegenerate(m∈[−l,l]).IntermsofthesolutionsµlpofEqs.(5.207)
and(5.208),Eq.(5.127)readsﬁnaly
z= 1g(z)+
g(z)
N l p
(2l+1)µ2lp
1−g(z)µlp. (5.209)
κlp,µlp,g(z)andp(Λ)arefoundnumericaly.
Figs.5.11(a)and5.12(a)showthatEqs.(5.191)and(5.209)areingoodagreement
withtheresultsofnumericaldiagonalizationforal γandforρλ30 10. Asexpected,theexactsolution(5.209)isclosertonumericaldatathantheapproximation(5.191).
Furthermore,twodistinctphenomenaareobserved. First,inthesmalsamplelimit
(R/λ0 1),theeigenvaluedistributionsplitsintodisjointdomains[seeFig.5.12(a)].
Asitwasthecaseforthesincmatrixinsection5.7.2,eacheigenvalueµlpoftheoperator
TˆcontributestoapartofthespectruminthevicinityofΛ µlp.Ifeigenvaluesµlp
arefarfromeachother,thediﬀerentpartsdonotoverlapandasplittingisobservedin
p(Λ). Thiseﬀectcanbeobservedinthetailsofp(Λ)inFig.5.12(a),andisperfectly
capturedbyEq.(5.209). However,anothermechanismaﬀectsnotablythedistribution
p(Λ)athighdensityρλ30 30.Intheprevioussectionwesawthatp(Λ)folowingfromEq.(5.191)developsagapforρλ30>(ρλ30)c=30.3905:p(Λ)=0forΛ1<Λ<Λ2[seetherightpanelofFig.5.9,andthedashedredlinesinFig.5.12(a)]. Thisgapis
stilpresentinp(Λ)folowingfromEq.(5.209)[solidgreenlinesinFigs.5.12(a)],butis
slightlydiﬀerentfrom[Λ1,Λ2]becausetherearesolutionsµlpbelongingtotheinterval
[−ρλ30/2π2,0] [Λ1,Λ2].22Thelatterareenoughtoﬁlthegaponlyforρλ30 30[seeFig.5.11(a)].Incontrast,thisgapisneverobservedinnumericalsimulations,meaningthat
22Solutionsµlp∈[−ρλ30/2π2,0]correspondtoκlp∈iR,seeEq.(5.208).
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Figure 5.11: (a) Probability density of eigenvalues of theN×N ERM (5.184), where
theN pointsriare randomly chosen inside a sphere of radiusR. Numerical results
(blue solid lines) obtained forN =103after averaging over 100 realizations are com-
pared to Eq. (5.191) (red dashed lines), and to Eq. (5.209) (green solid lines), with
γ=9N/8(k0R)2for several densitiesρof points (λ0=2π/k0). (b) Eigenvaluesμl,p,
given by Eq. (5.208) and used to computep(Λ) from Eq. (5.209) [green solid line in (a)],
versus the indexl.μl,pare non-zero forl k0R. The range covered by the eigenvalues
μlpis also indicated in (a) with braces.
our theoretical prediction (5.127) does not describe properlyp(Λ) for Λ∈[−ρλ30/2π2,0].23To understand the origin of this diﬀerence, we analyze the degree of localization of the
eigenvectorsRnof the matrix (5.184), by computing their inverse participation ratio
(IPR):
IPRn=
N
i=1|Rn(ri)|4
N
i=1|Rn(ri)|2
2. (5.210)
An eigenvector extended over al Npoints is characterized by IPR∼1/N, whereas an
eigenvector localized on a single point has IPR = 1. IPRnassociated with the eigenvalues
Λnused to computep(Λ) in Fig. 5.12(a) are represented in Fig. 5.12(b).24Our numerical
analysis of IPR reveals that three types of states can contribute to the spectrum. At
low densityρλ30 10, IPR 2/Nfor al eigenvectors except eigenvectors that arelocalized on pairs of points that are very close together, for which IPR 1/2. The
23Note also that the eigenvalues density folowing from Eq. (5.127) compensates for the existence of
the gap by larger values ofp(Λ) near Λ 0, to satisfy the normalization conditionRdΛp(Λ) = 1 [see the
lower panel of Fig. 5.11(a), and Fig. 5.12(a)].
24We do not not represent the average IPR(Λ) = PNn=1IPRn δ(Λ−Λn)/N p(Λ) in Fig. 5.12(b)because eigenvectors with very diﬀerent IPRnand almost the same Λncoexist in the the spectrum.
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Figure5.12:(a)SameasFig.5.11(a)butforhigherdensitiesρλ30=10and50. ForR/λ0 1,theprobabilitydensityp(Λ)splitsintosectorscenteredaroundtheeigenvalues
µlpofTˆ.(b)InverseparticipationratioIPRn(5.210)ofeigenvectorsRnofthecoscmatrix
(5.184),versuseigenvaluesΛnassociatedtoRn.Λnareusedtocomputethenumerical
spectrump(Λ)in(a)(solidblueline).
lattercorrespondtoeigenvaluesroughlyequaltothoseofthematrix(5.184)forN=2,
Λ=±C12.TheyarenotdescribedbyourEq.(5.127).Thelackofthesestatesinour
theorycanbetracedbacktoheassumptionofstatisticalindependenceofthematrix
H intherepresentationA=HTH†ofERMs(seesections5.1.3and4.4). Atlarge
densities,thestatisticalweightofthesestatesincreases25,andsincemostofthemare
associatedwitheigenvaluesΛn<0[Fig.5.12(b)],thereisconsequentlynogapinp(Λ)
[Fig.5.12(a)]. Finaly,wenotethatIPRstartstogrowinthevicinityofΛ=0for
ρλ30 10[Fig.5.12(b)].Unfortunately,thepartofthespectrumcorrespondingtothoselocalizedstatesalmostoverlapswiththeoneassociatedwithstateslocalizedonpairs(or
smalcluster)ofpoints.Hence,itisnotveryclearfromFig.5.12(b)thattwotypesof
localizedstatescoexistinthespectrum.Interestingly,suchadistinctionismucheasier
tomakefornon-Hermitianmatrices,thathaveeigenvaluesdistributedinthecomplex
planeandnotontherealaxis.Inspiredbytheanalysisoflocalizationsignaturesinthe
propertiesofthenon-HermitianGreen’smatrixperformedinchapter6,webelievethat
somestatesinthevicinityofΛ=0,withIPR<0.5,arelocalizedduetodisorder,and
notsimplybecausetheyareassociatedtoclustersofpointsbehavingassmal‘cavities’
independentoftheirenvironment. Understandingthewayinwhichthetwotypesof
localizedstatesinﬂuenceeachotherrequiresadeeperanalysis.
25Moreprecisely,onlytheweightofthe‘lowerbranch’ −C12increases.Forfurtherdiscussionofthis
eﬀect,wereferthereadertochapter6.
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Inconclusion,theeigenvaluedensityofthecoscmatrix(5.184)folowingfromEq.
(5.209)isingoodagreementwiththenumericalsimulationsforanyγ(exhibiting,in
thelimitρλ30 1,atransitionfromthe Wignersemicirclelawforγ 1totheCauchydistributionforγ 1),foranyk0R(exhibitingseveralsplittingsaroundtheeigenvalues
µlpoftheoperatorTˆforR/λ0 1),andforρλ30 30. Atlargedensities(ρλ30 30),Eq.(5.209)predictstheexistenceofagap(diﬀerentfromthoseappearingatR/λ0 1),
thatisabsentinnumericalsimulationsbecauseofstateslocalizedonclustersofpoints
andassociatedwitheigenvalueslyinginthegap.Thesestatesarenotdescribedbyour
theory,andexistaprioriforanyERMAij=f(ri,rj).However,theireﬀectontheshape
ofp(Λ)verymuchdependsonthefunctionf.Inthecaseofthesincmatrix(5.163),
forexample,althesestatesaccumulatenearΛ=0,andthereforedonotdisturbthe
spectrump(Λ)toomuchevenathighdensities[seeFig.5.8(a)].
5.9 Workinprogressandperspectives
Atthetimeofwritingthisthesis,wehaveinmindseveralextensionsoftheresults
presentedinthischapter. Wewouldliketomentionthembrieﬂy.
ThemainresultofthischapterareEqs.(5.115)and(5.118)thatapplytoanyERM
Aij=f(ri,rj)aslongasthevariablezbelongstotheholomorphicdomainoftheresol-
ventg(z).Inparticular,Eq.(5.115)isusefultocomputethedensityofeigenvaluesp(Λ)
ofHermitianERMs. WeappliedthelattertothematricesReG(ω0)andImG(ω0),where
G(ω0)isthefree-spaceGreen’smatrixthatappearsinproblemsofwavepropagation
inthree-dimensionalrandommedia. Anaturalandstraightforwardextensionofthis
studyistoconsiderthesamematricesbutforpropagationintwo-andone-dimensional
space.ThismodiﬁesnotonlytheﬁniteregionVofEuclideanspacewherepointsriare
randomlydistributedbutalsothedeterministicfunctionfofpositionofpairsofpoints.
AsecondstraightforwardextensionistouseEq.(5.115)forothersERMsthatappear
invariousphysicalproblems. WecanmentionthestudyofRKKYinteractiondescribed
bytheERM(2.85),ortherelaxationinglassesdescribedbyanERMAij=e−|ri−rj|/ξ,
recentlystudiedinthelowdensitylimit[155].
Eq.(5.115)wasderivedthankstotherepresentationA=HTH†byassuminguncor-
relateddisorder(uncorrelatedri).Ifdisorderexhibitsspatialcorrelations,thestatistics
ofthematrixHismodiﬁed.Interestingly,itseemsfeasibletoincludespatialcorrelations
inthisrepresentation —e.g.,bytakingthecovariancematrixofthecolumnsofHdif-
ferentfromidentity —inasmuchasresultsexistintheliteratureforcorrelated Wishart
matricesHH†[143,159,171]. Theproblemthenreducestothegeneralizationofthe
lattertothecasewhereTisdiﬀerentfromidentity.
AgreatadvantageoftherepresentationA=HTH†isthatmoreadvancedquantities
thanp(Λ)canbecalculatedwithoutmuchextraeﬀort. Forexample,imagineweare
interestedinthemeansquareﬂuctuationofaphysicalquantityq(A)deﬁnedbythetrace
ofsomefunctionofA:
q(A)2 − q(A)2= dΛdΛpc(Λ,Λ)q(Λ)q(Λ), (5.211)
withpc(Λ,Λ)theconnectedtwo-pointcorrelationfunction:
pc(Λ,Λ)=1N2
N
n=1
N
n=1
δ(Λ−Λn)δ(Λ−Λn)
c
, (5.212)
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where xyc= xy− x yforanyx,y.pc(Λ,Λ)canbecomputedfromthetwo-point
resolvent
gc(z,z)=1N2 Tr
1
z−ATr
1
z−A c, (5.213)
= 1N2∂z∂z Trlog(z−A)Trlog(z−A)c, (5.214)
invokingtherelation[183]:
pc(Λ,Λ)=− 14π2[gc(+,+)+gc(−,−)−gc(+,−)−gc(−,+)], (5.215)
whereweintroducedtheshorthandnotationgc(±,±)=gc(Λ±i,Λ±i). Usingan
elegantdiagrammaticapproach,BrezinandZeeshowedinRef.[184]thatgc(z,z)can
beexpressedas
gc(z,z)=− 1N2∂z∂zlog1−U(z,z)g(z)g(z), (5.216)
whereU(z,z)istheirreduciblevertexthatcontainsthesumofalirreduciblediagrams
containedintheexpansionofgc(z,z).26Theauthorsalsoshowedwithsimplearguments
thatU(z,z)forthe Wigner-Dysonensemble(5.40)isgivenby[172,184]
UWD(z,z)= 1g(z)g(z)+
g(z)−g(z)
z−z . (5.217)
ForERMsA=HTH†,byapplyingthediagrammaticmethoddevelopedinsection5.5.3
itisquiteeasytoﬁndU(z,z)inthelimitoflargeN whereonlyplanarrainbow-like
diagramssurvive. Weobtain
U(z,z)=1N2Tr

 Tˆ2
1−g(z)ˆT 1−g(z)ˆT

, (5.218)
whereg(z)isthesolutionofEq.(5.115).InsertingEq.(5.218)intoEq.(5.216)givesus
ﬁnalythetwo-pointcorrelationfunction(5.215).
Lastbutnotleast,wementionedattheendofsection5.3.4ourinterestindeveloping
theveryintuitiveDysongaspictureforERMs.Inanutshel,thispictureexpressesthat
eigenvaluesΛnbehaveasaCoulombgassubmittedtoaone-bodypotentialdetermined
byP(A). Ontheonehand,ﬁndingP({Λn})forA= HTH†withi.i.d. elements
Hiαwouldgiveustheone-bodypotentialV1towhicheigenvaluesΛnaresubmitted;it
alsowouldbeusefultocalculaten-pointcorrelationfunctions.Ontheotherhand,the
DysongaspicturecouldhelpustogobeyondtheassumptionofindependentHiα.Our
reasoningisbasedonthefolowingobservations:1)webrieﬂysawintheprevioussection
thatanimportanteﬀectthatweneglectwiththelatterhypothesisistheexistenceof
eigenvectorsoftheN×NmatrixAlocalizedonclustersofveryclosepoints;2)these
eigenvectorsareassociatedwitheigenvaluesthatseemtodistributeontherealaxisas
26ItissomewhatsurprisingthattheproofoftherelationbetweengcandUforrandommatricesrequires
alengthydemonstration[184],whileinthescatteringtheorystudiedinsection4.5therelationbetween
theanalogousquantitiesT+⊗T− − T+ ⊗ T− andUdirectlyresultsfromsimpledeﬁnitions,see
Eqs.(4.98)and(4.100).
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iftheyweresubmittedtoaone-bodypotentialV2similartotheoneexperiencedbythe
smalesteigenvalueofAforN=2.Hence,apossibleideatogobeyondtheassumption
ofindependentHiαwouldbetoextractthepotentialV2fromthecaseN=2,andadd
ittoV1. Usingthemean-ﬁeldapproximationofsection5.3.3,wethencouldﬁndthe
modiﬁeddistributionp(Λ).
Chapter6
Non-HermitianEuclideanrandommatrix
theory
Althoughthe majorityofworksinRMTconcernHermitianrandom matrices,non-
Hermitianrandommatriceshavealsoattractedconsiderableattention[177,178,185–
191].Theycanbeusedtomodelsuchphysicalphenomenaasscatteringindissipative
oropensystems[192–195],dynamicsofneuralnetworks[196,197],diﬀusioninrandom
velocityﬁelds[198],orchiralsymmetrybreakingoftheQCDDiracoperator[199,200].
IncontrasttoHermitianmatrices,theeigenvaluesofnon-Hermitianmatricesare
notconstrainedtolieontherealaxisandmayinvadethecomplexplain.Consequently,
variousmethodsdevelopedforHermitianmatricesandbasedonthepowerfulconstraints
ofanalyticfunctiontheoryarenolongerapplicableandrequirenon-trivialmodiﬁcations
[177,178,186–188,191].
Mostoftheliteratureonrandomnon-HermitianmatriceshasfocusedonGaussian
randomness. AparadigmaticexampleistheensembleofN×NmatricesAgenerated
withtheprobabilitydistributionP(A)=CNe−NTrAA†.Ginibreshowedin1965that,in
thelimitN→∞,theeigenvaluesofAareuniformlydistributedwithinadiskofradius
unityonthecomplexplane[201]. Twentyyearslater,Girkogeneralizedthisresultto
matrixelementsAijthatarei.i.d. withzeromeanandvariance1/N[202]. Thisis
commonlyreferredtoasGirko’slaw.Inthischapterwewouldliketotackletheproblem
ofcomputingthedensityofeigenvaluesofmatricesthatbreakawayfromthislaw:the
non-HermitianEuclideanrandommatrices(ERMs). Non-HermitianERMsappearin
suchimportantphysicalproblemsasAndersonlocalizationoflight[104,105]andmatter
waves[106,107],randomlasing[109],propagationoflightinnonlineardisorderedmedia
[108],andcolectivespontaneousemissionofatomicsystems[79,86,90]. However,
noanalytictheoryisavailabletodealwiththesematrices,andourknowledgeabout
theirstatisticalpropertiesisbasedexclusivelyonlarge-scalenumericalsimulations[104–
109,181].
Thischapterisorganizedasfolows.Insection6.1weintroducenewmathematical
objectsthatalowtogeneralizethemethodsdevelopedforHermitianmatricestothenon-
Hermitiancase. Adiagrammatictheoryforthedensityofeigenvaluesofanarbitrary
non-HermitianERMinthelimitoflargematrixsize(N→∞)isdevelopedinsection6.2.
Alternativeapproachesarealsobrieﬂydiscussed(section6.3). Weilustrateourtheory
byapplyingittothescalarrandomGreen’smatrixG(ω0)thatpreviouslyappearedin
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Refs.[90,104–109,181]butwasstudiedonlynumericalyuptonow(sections6.5.1,
6.5.2,and6.5.4). ThediﬀerencebetweenthestatisticalpropertiesofG(ω0)andthose
ofeﬀectiveHamiltoniansusedtoanalyzeopenchaoticsystemsispointedoutinsection
6.4,andthesignaturesofAndersonlocalizationinthestatisticalpropertiesofG(ω0)are
investigatedinsection6.6.Noteﬁnalythatwealsoconsidertheeigenvaluedistribution
ofthedyadicrandomGreen’smatrixG(ω0)insection6.5.3.
6.1 Foundationsofthenon-Hermitianrandommatrixthe-
ory
Thissectionisdevotedtotheintroductionofbasicdeﬁnitionsandrelationsusefulinthe
studyofnon-Hermitianmatrices.
6.1.1 EigenvaluedensityandHermitization
EigenvaluesΛnofaN×Nnon-HermitianAare,ingeneral,complex.Theirdensityis
deﬁnedas
p(Λ)=1N
N
n=1
δ(2)(Λ−Λn) , (6.1)
whereweusetheshorthandnotationδ(2)(Λ−Λn)=δ(ReΛ−ReΛn)δ(ImΛ−ImΛn).The
relationbetweenp(Λ)andtheresolvent
g(z=x+iy)=1N Tr
1
z−A =
1
N
N
n=1
1
z−Λn (6.2)
canbefoundusing∂z∗(1/z)=πδ(x)δ(y),withthestandardnotation∂z∗=12(∂x+i∂y)forz=x+iy. Weobtain:
p(Λ)=1π∂z∗g(z)z=Λ (6.3)
= 12π[∂xReg(z)−∂yImg(z)]z=Λ. (6.4)
Notethat∂yReg(z)=−∂xImg(z)becausep(Λ)isreal.Ther.h.s.ofEq.(6.4)vanishes
ifg(z)obeystheCauchy-Riemannconditions,i.e.,ifitisananalyticfunctionofthe
complexvariablez.Ingeneral,theeigenvaluesΛnoccupy,onaverage,atwo-dimensional
domainDonthecomplexplanewhereg(z)isnon-analytic,andp(Λ)describesthe
locationandtheamountofnon-analyticity.
Wenowrecalthattheresolvent g(z)canbeinterpretedastheelectricﬁeldg(z)
[Eq.(5.44)]created,atpointzinthecomplexplane,bycharges(q=+1)situatedat
positionsΛn.Eq.(6.4)canthusbeseenastheGausslawp(z)=∇x,y·g(z)/2π.Hence,
wereadilyobtainanewrelationbetweenp(Λ)andthelogarithmicpair-wiserepulsion
Vint(z)deﬁnedbyg(z)=−∇x,yVint(z)[seeEq.(5.43)]:
p(Λ)=− 12πN∆x,yV
int(z)
z=Λ
, (6.5)
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where∆x,y=4∂z∂z∗istheLaplacianinthecoordinatesxandy.Clearly,Eq.(6.5)may
beparticularlyusefulwithintheframeworkoftheDysongasmodelwhereVintmaybe
relatedtoaone-bodypotentialdeterminedbytheprobabilitydistributionP(A)(see
sections5.3and6.3.1).
Insertingtheexplicitexpression(5.43)ofVint(z)intoEq.(6.5),weexpressp(Λ)in
analternativeform:
p(Λ)= 1πN∂z∂z∗ Trln(z−A)(z
∗−A†)
z=Λ
(6.6)
= 1πN∂z∂z∗ lndet(z−A)(z
∗−A†)
z=Λ
(6.7)
= 1πNlim→0∂z∂z∗ lndet[HA(z)−iI2N]z=Λ, (6.8)
whereI2N isthe2N×2N identitymatrixandHA isthe2N×2N chiralHermitian
matrix
HA(z)= 0 A−zA†−z∗ 0 . (6.9)
NotethatEq.(6.6)canalsobederivedfromEq.(6.1)using∂z∂z∗lnzz∗=πδ(x)δ(y).
Eq.(6.8)isgeneralyusedinﬁeld-theoreticalapproaches(section6.3.2).Inaddition,
sincethematrix(6.9)isHermitian,onecancomputeitsresolventwithwel-established
Hermitiantechniques,fromwhichitisstilpossibletorecovertheeigenvaluedensityof
A[188,191].Thisistheso-caled‘Hermitizationmethod’.Inthefolowing,wewiluse
analternativemethodwhichhasvariousadvantages:itistechnicalyslightlysimpler,it
revealsarelationbetweeng(z)andthecorrelatorofrightandlefteigenvectorsofA,and
ﬁnalyitalowsforageneralizationoffreeprobabilitycalculus.
6.1.2 Quaternionsandtheeigenvectorcorrelator
IfAisHermitian,theeigenvaluesΛnlie,onaverage,onsomeintervals(cuts)ofthereal
axis. Therefore,itispossibletoreconstructg(z)byanalyticcontinuationofitsseries
expansion(5.27)performedinthevicinityof|z|→∞.Theeigenvaluedistributionp(Λ)
folowsfromthediscontinuitiesofg(z)ontherealaxis[seeEqs.(5.21)and(6.3)].For
anon-HermitianmatrixAhowever,g(z)losesitsanalyticityinsidethetwo-dimensional
domainDwhereΛnareconcentrated,meaningthatg(z)forz∈Dcannotbesimply
assessedbyanalyticcontinuationofitsseriesexpansion. Awaytocircumventthis
problemisbasedonthealgebraofquaternions:whilep(Λ)foranHermitianAisobtained
byapproachingtherealaxisfromorthogonaldirections(inthecomplexplane),p(Λ)fora
non-HermitianAcanbefoundbyapproachingtwosidesofDfromdirections‘orthogonal’
tothecomplexplane(inthequaternionspace)[177]. Doublingthesizeofthematrix
understudy,wenowworkwithanew2N×2Nmatrix,
AD= A 00 A† (6.10)
andaquaternionresolventmatrix,
G(Q)=1N TrN
1
Q⊗IN−AD . (6.11)
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The2×2matrixQisanarbitraryquaternioninmatrixrepresentation,
Q= a ib∗ib a∗ =x0I2+ix·σ, (6.12)
wherex=(x1,x2,x3),σisthetripletofusualPauli matrices,a= x0+ix3,and
b=x1+ix2.TrN inEq.(6.11)denotestheblocktraceofanarbitrary2N×2Nmatrix
X.ItisdeﬁnedbyseparatingXinfourN×NblocksX11,X12,X21,X22andtaking
thetraceofeachofthelatterseparately:
TrNX=TrN X11 X12X21 X22
= TrX11 TrX12TrX21 TrX22 . (6.13)
Algebraicpropertiesofthequaternionsareusefultogeneralizethefreeprobabilitytheory
tonon-Hermitanmatrices(seesection6.3.3).However,ifwewishtocomputeg(z)bya
diagrammaticapproach,itissuﬃcienttoconsiderthequaternionQ=Z:
Z = z ii z∗ . (6.14)
ThegeneralizedresolventmatrixG(Z)isthensafelyequaltoitsseriesexpansionin
1/Z[177,186,203].ByevaluatingtheblocktraceinEq.(6.11)explicitly,onereadily
ﬁndsthat
G(Z)= G11 G12G12 G∗11 , (6.15)
with
G11= 1N Tr
z∗−A†
(z−A)(z∗−A†)+2 , (6.16)
G12=−iN Tr
1
(z−A)(z∗−A†)+2 , (6.17)
sothat
lim→0G(Z)=
g(z) c(z)
c(z) g(z)∗ . (6.18)
Interestingly,theoﬀ-diagonalelementsc(z)=lim→0G12yieldthecorrelatorofright|Rn andleft|Ln eigenvectorsofA[204,205]:
C(z)=−πN
N
n=1
Ln|Ln Rn|Rnδ(2)(z−Λn) =Nc(z)2. (6.19)
Thisshowsthatc(z)mustvanishontheboundaryδDofthesupportoftheeigenvalue
densityD.Inordertoobtainp(Λ),wecancomputeG(Z)atﬁnite ∈R(byadia-
grammaticoranyotherapproach),thentakethelimit → 0toextractg(z)fromthe
diagonalelementsof(6.18),andﬁnalyapplyEq.(6.3).
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6.1.3 Bi-orthogonalbasisofleftandrighteigenvectors
Forthesakeofcompleteness,werecalherebasicpropertiesofright|Rn andleft|Ln
eigenvectorsofanon-HermitianmatrixA(oroperatorAˆ).Bydeﬁnition,
A|Rn =Λn|Rn, (6.20)
Ln|A=ΛnLn| ⇐⇒A†|Ln =Λ∗n|Ln, (6.21)
meaningthat|Ln aretherighteigenvectorsofA†.Obviously,AandA†havecomplex
conjugatedeigenvaluesfordet(A−ΛnIn)=0=det(A†−Λ∗nIn).Besides,|Ln and|RmarenecessarilyorthogonalbecauseLn|A|Rm =ΛnLn|Rm =Λm Ln|Rm .Assuming
thattheeigenvaluesΛnarenotdegenerate,wenormalize|Rn and|Ln suchthat:
Ln|Rm =
N
i=1
Li∗nRim=δnm, (6.22)
Notethat Rn|Rm =δnm.Finaly,thefolowingpropertieshold
IN=
n
|Rn Ln|=
n
|Ln Rn|, (6.23)
TrX=
n
Ln|X|Rn, (6.24)
whereXisanarbitrarymatrix.
6.2 Diagrammaticapproachfornon-HermitianERMs
Ourgoalistoderiveequationsfortheresolventg(z)andthecorrelatorc(z)ofan
arbitraryN×N non-HermitianERMAij=f(ri,rj)=ri|ˆA|rj inthelimitofN→
∞. Forthispurpose,we makeuseoftherepresentationA=HTH†introducedin
section5.1.3,withtheassumptionthatHhasi.i.d.complexGaussianentriessatisfying
theproperty(5.17). WerecalthattheGaussianassumptionsimpliﬁesdiagrammatic
calculationsbutisnotessential,contrarytotheassumptionofindependentelements
that maylimittheapplicabilityofourresultsathighdensitiesofpointsρ(seethe
discussioninsection5.6.3).Sincediagrammaticcalculationspresentedheregeneralize
thoseperformedforHermitianmatrices,itmaybehelpfultoreadsection5.5.3before
proceedingfurther.
6.2.1 Derivationofself-consistentequations
Westartbyexpandingthe2×2resolventmatrixG(Z)deﬁnedbyEqs.(6.11)and(6.14)
inseriesin1/Z =(1/Z)⊗IN:
G(Z)=1N TrN
1
Z +
1
Z A
D 1
Z +... . (6.25)
InasmuchasHiαarei.i.d.Gaussianentries,theresultofaveraging...overtheensem-
bleofmatricesHcanbeexpressedthroughpairwisecontractions(5.17)only.Diagram-
maticnotations,alreadyintroducedinsection5.5.3toevaluateeﬃcientlytheweightof
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H = 
H =
Hiα Tαβ Hβj = Tα β ji
AD  = T
T( 0 0 ( †
†
†
= =  1/N
x =  Nx, X =  Tr X
(a) (b)
Figure6.1:(a)DiagrammaticrepresentationsofthematricesH,H†,A=HTH†,and
AD.Fulanddashedlinespropagateinthebases{ri}and{ψα},respectively(seesection
5.1.3);Tˆ=ρˆA.(b)Diagrammaticnotationforpairwisecontractions(5.17)andloop
diagramsforanyscalarxinthebasis{ri},andforanyoperatorXˆinanarbitrarybasis
{ψα}.
diﬀerenttermsarisinginthecalculation,arereproducedinFig.6.1(a)forclarity.The
‘propagator’1/Zwilbedepictedby
1
Z =
1
z −i|z|2
−i|z|2 1z∗ =
1 1 1 2
2 1 2 2 . (6.26)
Sinceeachcontraction(5.17)bringsafactor1/N,andeachloopcorrespondingto
takingthetraceofamatrixbringsafactorN[seeFig.6.1(b)],onlytheplanarrainbow-
likediagrams,thatcontainasmanyloopsascontractions,surviveinthelimitN→∞.
Suchdiagramsappear,forexample,inFig.6.2,whereweshowthebeginningofthe
expansionofthetwoindependentelementsofG(Z)deﬁnedbyEq.(6.15).
Inthestandardway,ratherthansummingthediagramsfortheresolvent,weintro-
ducethe2×2self-energymatrix
Σ(Z)=Z−G(Z)−1= Σ11 Σ12Σ12 Σ∗11 . (6.27)
Itisequaltothesumofalone-particleirreduciblediagramscontainedin
ZG(Z)Z = 1N TrN A
D+AD 1ZA
D+... . (6.28)
TheﬁrstdominanttermsthatappearintheexpansionofthetwomatrixelementsΣ11andΣ12arerepresentedinFig.6.3.InthetwoseriesofFig.6.3werecognize,underapairwisecontraction,thematrixelementsG11andG12depictedinFig.6.2,aswelasthetwooperatorsΣˆ11andΣˆ12
G11 = T1 1 1 1 T1 2 2 1+ + ..
G12 = T1 1 1 2 T1 2 2 2+ + ..
1 1 +
1 2 +
 †
 †
deﬁnedinFig.6.4.Equationsobeyedbytheoperators
Figure6.2: Diagrammaticexpansionofthetwoindependentelementsofthe matrix
G(Z).
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Σ11 = T + + ..T T TT T+ T T T1 1 12 21 1 12 2+
Σ12 = + ..T T TT T+ T T T1 2 12 22 1 22 2+
Σ11
{ {
G11
{
Σ12
{
G21 = G12Σ11
{ {
G11
Σ11
{ {
G12
{
Σ12
{
G22 = G11Σ11
{ {
G12 ∗
 †  †
 †  †  †  †  †
Figure6.3:Diagrammaticexpansionofthetwoindependentelementsoftheself-energy
Σ(Z
Σ11 = + +
*Σ12 =
T Σ11 Tg Σ12 Tc
+Σ11 Tc Σ12 Tg †  †
Σ11 = Σ11
Σ12 = Σ12
).Braceswitharrowsdenotepartsofdiagramsthatarebeginningofdiagrammatic
expansionsofthequantitieswhichthearrowspointto.
Figure6.4: TheelementsΣ11andΣ12ofthematrixΣ(Z)canbewrittenastracesofoperatorsΣˆ11andΣˆ12: Σ11=TrΣˆ11/NandΣ12=TrΣˆ12/N. OperatorsΣˆ11=lim→0+ Σˆ11andΣˆ12=lim→0+ Σˆ12obeycoupledequations,whereg=lim→0+G11andc=lim→0+G12[seeEq.(6.18)].
Σˆ11=lim→0+ Σˆ11andΣˆ12=lim→0Σˆ12areobtainedaftersummationofalplanarrainbowdiagramsintheexpansionofFig.6.3andtakingthelimit → 0+.1 The
diagrammaticrepresentationoftheseequationsisshowninFig.6.4.Applying‘Feynman’
rulesdeﬁnedinFig.6.1(b),weobtain:
Σˆ11=(1+gˆΣ11+cˆΣ12)ˆT, (6.29)
Σˆ12=(cˆΣ11+g∗Σˆ12)ˆT†, (6.30)
whereTˆ= ρˆA. Aftersomealgebra2,Σ11=TrΣˆ11/NandΣ12=TrΣˆ12/Ncanbe
expressedas:
Σ11= 1NTr
(1−g∗Tˆ†)ˆT
(1−g∗Tˆ†)(1−gˆT)−c2Tˆ†ˆT, (6.31)
Σ12= cNTr
Tˆ†ˆT
(1−g∗Tˆ†)(1−gˆT)−c2Tˆ†ˆT. (6.32)
1Asusualinsuchaprocedure,summationmustbeperformedbeforetakingthelimit → 0.Hence,the
oﬀ-diagonalelementofthepropagator1/Zgivesrisetonon-vanishingtermsaftersummation,although
itiszerointhelimit → 0.
2Although[Tˆ,Tˆ†]=0,thiscalculationiseasilyperformedusingcyclicpermutationsunderthetrace
operator.
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Furthermore,asfolowsfromEq.(6.18)andthedeﬁnition(6.27)oftheself-energy
matrix,gandcaresimplyrelatedtoΣ11andΣ12by
g(z) c(z)
c(z) g(z)∗ =
z−Σ11 −Σ12
−Σ12 z∗−Σ∗11
−1
. (6.33)
Eliminationoftheself-energyfromEqs.(6.31),(6.32)and(6.33)leadstotwoself-
consistentequationsfortheresolventg(z)andtheeigenvectorcorrelatorc(z):
z= g
∗
|g|2−c2+
1
NTr
(1−g∗Tˆ†)ˆT
(1−g∗Tˆ†)(1−gˆT)−c2Tˆ†ˆT, (6.34)
1
|g|2−c2=
1
NTr
Tˆ†ˆT
(1−g∗Tˆ†)(1−gˆT)−c2Tˆ†ˆT. (6.35)
Atthisﬁnalstage,itisconvenienttodeﬁnethefolowingoperators
Sˆ0=Sˆ(g)= Tˆ1−gTˆ, (6.36)
Sˆ1=Sˆ(g+c2ˆS†0)= (1−g
∗Tˆ†)ˆT
(1−g∗Tˆ†)(1−gˆT)−c2Tˆ†ˆT, (6.37)
intermsofwhichEqs.(6.34)and(6.35)become
z= g
∗
|g|2−c2+
1
NTrSˆ1, (6.38)
1
|g|2−c2=
1
NTrSˆ1ˆS
†
0. (6.39)
Becausec(z)mustvanishontheboundaryδDofthesupportoftheeigenvaluedensity
D,equationsforz∈δDfolow:
z=1g+
1
NTrSˆ0, (6.40)
1
|g|2=
1
NTrSˆ0ˆS
†
0. (6.41)
6.2.2 Analysisofself-consistentequations
Equations(6.34),(6.35),(6.40)and(6.41)arethe mainresultsofthischapter. An
equationfortheborderlineofthesupportoftheeigenvaluedensityofanon-Hermitian
ERMonthecomplexplanez=ΛfolowsfromEqs.(6.40)and(6.41)uponelimination
ofg. ThedensityofeigenvaluesΛinsideitssupportDcanbefoundbysolvingEqs.
(6.34)and(6.35)withrespecttog(z)andthenapplyingEq.(6.3).
OuranalysisincludestheresultforHermitianERMsasaspecialcase:ifAisHermi-
tian,thesupportoftheeigenvaluedensityshrinkstoasegmentontherealaxis,meaning
thatc(z)=0forz∈C\RandΣisdiagonal.Indeed,fromEq.(6.32),Σ12=0.Equation
(6.40)thenalowsonetosolveforg(z)withz∈C\R,inagreementwithEq.(5.115)of
thepreviouschapter.
Atlowdensity,wealreadyknowthat,atleastintheframeworkofourrepresentation
A=HTH†,theeigenvaluedensityofanyHermitianERMobeysthe Wignersemicircle
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law;seeEq.(5.122).3Asimilarresultexistsfornon-HermitianERMsaswel.Indeed,
usingtheapproximation
Sˆ1 Sˆ0 Tˆ (6.42)
validatlowdensities,Eqs.(6.40)and(6.41)fortheborderlineoftheeigenvaluedomain
reduceto
z− 1NTrTˆ
2
= 1NTrTˆTˆ
†, (6.43)
andEqs.(6.38)and(6.39)forg(z)andc(z)withz∈Dbecome
g(z)=z
∗− 1NTrTˆ†
1
NTrTˆTˆ†
, (6.44)
c(z)= 11
NTrTˆTˆ†
|z− 1NTrTˆ|2
1
NTrTˆTˆ†
−1. (6.45)
ThetermTrTˆ/NthatappearsinEqs.(6.43),(6.44),and(6.45),leadstoashiftinthe
eigenvaluedistributionequalto
TrTˆ
N =
TrAˆ
V =
TrNA
N = Λ. (6.46)
Weassumefromhereonthat Aii=0(i=1,...,N),sothat,inparticular,Λ =0.
Withthisassumption,thetermTrTˆTˆ†reads:
Tr(TˆTˆ†)=ρ2Tr(AˆAˆ†)=ρ2
V
ddrddrf(r,r)2, (6.47)
= TrN(AA†)=
N
n=1
N
m=1
ΛnΛ∗m Ln|Lm Rm|Rn , (6.48)
N
n=1
|Λn|2Ln|Ln Rn|Rn , (6.49)
2
N
n=1
|Λn|2 =2N |Λ|2 . (6.50)
InEqs.(6.49)and(6.50)weassumedthat,atlowdensities,ri|Ln andri|Rn behave
asGaussianrandomvariables. NotethatEq.(6.50)diﬀersfromtheHermitiancase
(5.121)byafactor2.Thisisbecausetheeigenvectorstructuredoesnotcomeintoplay
inEq.(5.121).Introducingtheshorthandnotation
γ=Tr(TˆTˆ
†)
2N |Λ|
2, (6.51)
werewriteEqs.(6.43),(6.44),and(6.45)as
|z|2=2γ (z∈δD), (6.52)
g(z)=z
∗
2γ (z∈D), (6.53)
c(z)=12γ
|z|2
2γ−1 (z∈D). (6.54)
3WeexcluderareERMsforwhichtheoperator Tˆhasasmalnumberofnon-zeroeigenvalues.
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Thisshowsthat,inthelimitN → ∞ andρ→ 0atﬁxedγ,theeigenvaluesofan
arbitrarytracelessnon-HermitianERMareuniformlydistributedwithinadiskofradius√2γ. Withinthedisk,p(Λ)=1/2πγ. ThisisthefamousGirko’slawmentionedin
theintroductionofthischapterandﬁrstfoundbyGinibreforthecomplexGaussian
ensemble[201]. WerecoverthislawbecauseinthelimitN→ ∞ andρ→ 0,elements
ofAessentialybehaveasi.i.d.variables.Inthatcase,Σ11=0andΣ12=c(z)/2γ.
IftheERMisoftheformAij=f(|ri−rj|),wherethevectorsrideterminepositions
ofNrandomlychosenpointsinsideathree-dimensionalcubeofsideLorinsideasphere
ofradiusR,γisexplicitlygivenby
γ=


N
2
∞
−∞dxdydzf L x2+y2+z2
2w(x,y,z) (cube)
12N 10dx|f(2Rx)|2s(x)x2 (sphere)
, (6.55)
wherew(x,y,z)ands(x)aredeﬁnedbyEqs.(5.129)and(5.130),respectively.
AswasthecaseforHermitianERMs,thesolutionofEqs.(6.34),(6.35),(6.40)and
(6.41)foragivenmatrixAcanbegreatlyfacilitatedbyasuitablechoiceofthebasisin
whichtracesappearingintheseequationsareexpressed.Inadditionto{r}and{kα},a
bi-orthogonalbasisofright|Rα andleft|Lα eigenvectorsofTˆcanbequiteconvenient.
Werecalthattherighteigenvector |Rα obeys
r|ˆT|Rα =ρ
V
ddrf(r,r)Rα(r)=µαRα(r), (6.56)
whereµαistheeigenvaluecorrespondingtotheeigenvector|Rα.Thetracesappearing
inEqs.(6.40)and(6.41)canbeexpressedas
TrSˆ0=
α
Lα|ˆS0|Rα =
α
µα
1−gµα, (6.57)
TrSˆ0ˆS†0=
α,β
µαµ∗βLα|Lβ Rβ|Rα
(1−gµα)(1−gµβ)∗, (6.58)
respectively.Technicaly,themaindiﬀerencewiththestudyofHermitianERMsisthat
wenowhavetoknowtheeigenvectorsofTˆexplicitly[compareEqs.(6.58)and(5.127)].
6.3 Otherapproaches
6.3.1 MappingtotheDysongas
InthissectionweextendthemappingtotheDysongasﬁrstdiscussedforHermitian
matrices(section5.3)tothenon-Hermitiancase.Letusﬁrstconsidertheclassofnon-
HermitianrandommatricesoriginalyintroducedbyGinibre[201].Itisgivenbycomplex
matricesAwithGaussianprobabilitydensity:
P(A)=CNe−NTrAA†. (6.59)
P(A)isinvariantunderalunitarytransformations,butnotunderthesimilaritytrans-
formationA→ SAS−1usedtodiagonalizeA=S−1DS(Ddenotesadiagonalmatrix
withelementsΛn,n=1...N). Hence,P(A)dependsexplicitlyonSandnotonlyon
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theeigenvaluesofA. ThisfeatureisthemaindiﬀerencewiththeGaussianensemble
(5.1)orthe Wigner-Dysonensemble(5.40). Hermitianmatricesdrawnfromthesetwo
latterensemblescanbediagonalizedbyunitarymatrices,sothatP(A)dependsonΛn
only.InordertoobtainthejointprobabilitydensityP({Λn})fromEq.(6.59),wemust
changevariablesfromAijtoparametersrelatedtoeigenvaluesandeigenvectorsofA.
SinceTrAA†dependsoneigenvectors,thenewvariableshavetobechosencarefulyto
facilitatefurthermanipulations.Theresultisthefolowing[137,201]:
P({Λn})=CNe−βHg({Λn}), (6.60)
Hg({λn})=N
N
n=1
Vg(Λn)−
n<m
ln|Λn−Λm|, (6.61)
β=2, Vg(z)=|z|
2
2. (6.62)
ThisistheBoltzmann-GibbsdistributionofaCoulombgasinthermalequilibriumat
temperatureT=1/β.TheseequationshaveexactlythesameformasEqs.(5.41)and
(5.42). AsforHermitianmatrices,thelogarithmicpairwiserepulsioncomesfromthe
Vandermonde-typeJacobian|V({Λn})|β.
InthelimitN→∞,wecanperformcoarse-grainingoftheenergyfunctionalHg[see
Eq.(5.54)],andminimizeittoobtaintheequality
−∂zVint(z)=N∂zVg(z), (6.63)
whereVint(z)isthelogarithmicpair-wiserepulsion(5.43). Eq.(6.63)meansthatthe
forceN∂zVg(z)experiencedbyeachparticleofthegasiscompensatedbytheCoulomb
repulsionbyalotherparticles.Theeigenvaluedistribution(6.5)readsnow:
p(Λ)=12π∆x,yV
g(z)
z=Λ
. (6.64)
Notethediﬀerencewiththeresult(5.53)forHermitianmatrices:Eq.(6.64)islocal;the
shapeofthedistributionatΛdependsontheproﬁleofVginthevicinityofΛonly,while
inEq.(5.53)theshapeofp(Λ)stronglydependsontheboundariesofthedistribution,
meaningthattheinﬂuenceofVgonp(Λ)isnonlocal.NotealsothatEq.(6.64)contains
noinformationabouttheborderlineofthesupportofeigenvalues.IfVgissimpleenough,
theborderlinecanbeobtainedbythenormalizationconstraint dΛp(Λ)=1.4 For
Vg(z)=|z|2/2,weﬁndthattheeigenvaluesareuniformlydistributed[p(Λ)=1/π]
insideadiskofradius1.ThisisthecelebratedGinibre’sresult[201].
Obviously,Eqs.(6.60)and(6.61)applyalsotoanynormalmatrixA([A,A†]=0)
withprobability
P(A)=CNe−NTrVg(AA†), (6.65)
whereVgisarbitrary,forAcanbediagonalizedbyaunitarymatrix. Theone-body
potentialappearinginEq.(6.61)isthengivenbyVg(z)=Vg(|z|2).Acounter-intuitive
resultisthatsolutions(6.60)and(6.61)maycompletelybreakdownformostofnon-
Hermitianmatrices—i.e.fornon-Hermitianmatricesthatarenotnormalorpartialy
normal[191,206] —distributedaccordingto(6.65).InRef.[187],FeinbergandZee
4Forcomplicatedcases,theborderlinemaybefoundbyinspectionofEq.(5.55)thatisstilvalidfor
non-Hermitianmatrices.
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provedthe‘single-ringtheorem’.Itstipulatesthattheshapeoftheeigenvaluedistri-
butioniseitheradiskoranannulus,whateverpolynomialthepotentialVgis. This
isclearlyincontradictionwithwhatwecouldexpectfromEqs.(6.60)and(6.61),that
telusthatthenumberofdomainsoccupiedbytheeigenvaluesonthecomplexplain
shouldgrowwiththenumberofminimaofVg(z)=Vg(|z|2).ThepolynomialVg∼AA†
thatcorrespondstothecomplexGaussianensemble(6.59)isactualytheonlypolyno-
mialforwhichEqs.(6.60)and(6.61)arevalidwhateverthematrixAobeying(6.65)is.
Remarkably,theauthorsof[187]alsoshowedthattheeigenvaluedistributionofAcan
neverthelessbefoundfromtheresolventoftheHermitianmatrixAA†. Thisresolvent
hasalreadybeenknownintheliteratureforarbitrarypolynomialVg[187].
AsfarasERMsareconcerned,commentsgivenattheendofsection5.3.4forHer-
mitianmatricesstilholdfornon-Hermtianmatrices. WebelievethatP({Λn})may
befoundusingtherepresentationA=HTH†,withentriesHiαapproximatedbyi.i.d.
Gaussianrandomvariables. Althoughwehavenotbeenabletorigorouslyjustifythe
DysongaspictureforERMs,thelattermaybehelpfultounderstandqualitativelythe
eigenvaluedistributionobtainedbynumericaldiagonalization.Forexample,inthestudy
oftheGreen’smatrixG(ω0)(section6.5),weobservethatthesupportDofp(Λ)de-
formswhenthedensityisincreased,goingthroughatransitionfromadisk-liketoan
annulus-likeshape,andeventualysplittingintomultipledisconnecteddomainsathigh
density(seeFig.6.6).Itisdiﬃculttorefrainfrominterpretingsuchtransitionsasphase
transitionsfortheDysongasduetomodiﬁcationsofahypotheticone-bodypotential
Vg.
6.3.2 Fieldrepresentation
Letusnowbrieﬂyexplainhowtocomputetheeigenvaluedistributionofanon-Hermitian
matrixAintheﬁeld-theoreticalapproach. Westartwiththeexpression(6.8)ofp(Λ),
rewrittenas:
p(Λ)=− 1πNlim→0∂z∂z∗ lnZ(z)z=Λ, (6.66)
wherewehaveintroducedthepartitionfunction
Z =det In i(z−A)i(z∗−A†) In . (6.67)
InordertoevaluatelnZ(z),wefolowthesameprocedureasinsection5.4,namely,
weapplythereplicatrick,
lnZ(z)=limn→0
Z(z)n −1
n , (6.68)
togetherwiththerepresentation
Z(z)∝ dφ1...dφNe−H(Φ,z,), (6.69)
H(Φ,z,)=
N
i=1
φ†i(I2+ixσx−iyσy)φi−i
N
i,j=1
φ†i Ahijσx−Asijσy φi, (6.70)
wheretheN ﬁeldsφiarepairsofcomplexvariables,σxandσyarePauli matrices,
z=x+iy,andwehavewrittenA=Ah+iAs,withAhandAsHermitianmatrices.
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Thisrepresentationcombinedwiththecavity methodwasusedintherecentlitera-
ture[207]toanalyzetheeigenvaluedistributionofnon-Hermitiansparsematrices. A
slightlydiﬀerentrepresentationofp(Λ),alsobasedonthereplicatrick,canbefoundin
anicereviewofRMT[208],wheretheGirko’slawiseasilyrecovered.AsforHermitian
matrices, Z(z)n isfoundafterintegrationoverthematrixelements,introductionof
auxiliaryﬁelds,integrationoverreplicaﬁeldsφαi,andﬁnalyapplicationofasaddlepointapproximation(seesection5.4).
Fornon-HermitianERMsoftheformf(ri,rj)=f(ri−rj),itseemsfeasibletogen-
eralizetheﬁeldmethodproposedby M´ezard,ParisiandZeeinRef.[147]forHermitian
ERMs. Basicaly,itamountstomakethesameapproximations,inthecalculationof
Z(z)n,asthosepresentedindetailsinsection5.4.Althoughwehavenotperformed
thiscalculationexplicitly,webelievethatitwouldleadtoequationsthathavethesame
degreeofvalidityasEq.(5.89)withrespecttoEq.(5.113).Forexample,equationsfor
theborderlineoftheeigenvaluedomainareexpectedtobeoftheform:
z= 1g(z)+
ddk
(2π)d
f0(k)
1−ρf0(k)g(z), (6.71)
1
|g(z)|2=
ddk
(2π)d
ρ|f0(k)|2
|1−ρf0(k)g(z)|2, (6.72)
wheref0(k)istheFouriertransformoff(r).Eqs.(6.71)and(6.72)canbeobtainedfrom
Eqs.(6.40)and(6.41)byusingtheapproximation k|ˆA|k k|ˆA|kδkk f0(k)δkk.
ContrarytoEqs.(6.40)and(6.41),Eqs.(6.71)and(6.72)dependonthedensityρ=N/V
only.
6.3.3 Freeprobability
Theextensionoffreeprobabilitytheory,andinparticularthegeneralizationofthe
conceptofBluefunction,tonon-Hermitianmatricesisnaturalinquaternionspace.It
appearedrecentlyinthemathematicalliterature[209]. ThequaternionBluematrix
BX(Q)ofanymatrixXisthefunctionalinverseofthethequaternionresolventmatrix
(6.11):
GX[BX(Q)]=BX[GX(Q)]=Q, (6.73)
whereQisaquaterniondeﬁnedbyEq.(6.12).Forconvenience,wealsointroducethe
quaternionR-transform:
RX(Q)=BX(Q)−1Q. (6.74)
ForQ=Z givenbyEq.(6.14),RX(Z)issimplyrelatedtotheself-energymatrix(6.27)
by
RX(Z)=ΣX[BX(Z)], (6.75)
andthereforeRX(z)=lim→0RX(Z)andΣX(z)=lim→0ΣX(Z)arerelatedthrough5
RX(z)=ΣX[BX(z)], (6.76)
whereBX(z)istheusualBluefunction(5.29). Wenowmentiontwoimportantproperties
ofthematricesGX(Q)andRX(Q).First,GX(Q)andRX(Q)obeythefolowingscaling
5ToobtainEq.(6.76),weuseB[diag(z,z∗)]=diag[B(z),B(z∗)].
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relations[177,209]:
GαX(Q)=GX 1/α 00 1/α∗ Q
1/α 0
0 1/α∗ , (6.77)
RαX(Q)= α 00 α∗ RX Q
α 0
0 α∗ , (6.78)
whereα∈C∗. Second,bothGX(Q)andRX(Q)canbeexpressedintermsofthe
resolventgX(z)andtheR-transformRX(z)only[177,209]:
GX(Q)= 1q−q∗ [qgX(q)−q
∗gX(q∗)]I2−[gX(q)−gX(q∗)]Q† , (6.79)
RX(Q)= 1q−q∗ [qRX(q)−q
∗RX(q∗)]I2−[RX(q)−RX(q∗)]Q† , (6.80)
whereq=x0+i|x|andq∗aretwocomplexconjugatedeigenvaluesofQ.6
ForarbitraryQ,wecanusealgebraicpropertiesofthequaternionstoshowthatthe
folowingadditionlawholds[177,209]:
RX1+X2(Q)=RX1(Q)+RX2(Q), (6.81)
whereX1andX2aretwonon-Hermitian,asymptoticalyfreerandommatrices.7There-
fore,applyingsuccessivelyEqs.(5.29),(5.30),(6.80),(6.74)and(6.73)forQ=Z,we
caninferGX1+X2(Z)fromgX1(z)andgX2(z).Thestepsofthealgorithmare:
gXi →BXi → RXi → RXi → RX1+X2 → BX1+X2 → GX1+X2. (6.82)
TheresolventgX1+X2(z)andtheeigenvectorcorrelatorcX1+X2(z)areﬁnalygivenbyEq.(6.18).
Thisalgorithmisgreatlysimpliﬁedwhenwelookfortheeigenvaluedistributionof
anon-HermitianmatrixX1+iX2,whereX1andX2arefreeHermitianmatriceswith
knownR-transforms.JaroszandNowakshowedthattheproblemreducestosolvinga
simplesystemofthreeequationswiththreeunknownvariables,complexu,v,andrealt
[177,209]:
RX1(u)=x+t−1u ,
RX2(v)=y−tv, (6.83)
|u|=|v|,
wherez=x+iy. Fromthetwoﬁrstequations,weexpressuandvviat,whiletis
computedfromthethirdequation.Theresolventandthecorrelatorarethengivenby
gX1+iX2(z)=Reu−iRev, (6.84)
cX1+iX2(z)=(Reu)2+(Rev)2−|u|2. (6.85)
6Therelation(6.80)betweenRX(Q)andRX(q)holdsalsobetweenBX(Q)andBX(q)becauseQ−1=
Q†/qq∗.
7Surprisingly,ageneralizationoftheconceptofS-transformfornon-Hermitianmatrices —insucha
waythattheproperty(5.145)couldbepreservedinquaternionspace —doesnotseemtoexistinthe
currentliterature.
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Equationfortheborderlinez∈δDoftheeigenvaluedomainfolowsfromcX1+iX2(z)=0.8 FromthissimpliﬁedalgorithmitisstraightforwardtorecovertheGirko’slawfor
GaussianHermitianmatricesX1andX2[R1(z)=R2(z)=z,seeEq.(5.90)].Alesstriv-
ialapplicationofthisalgorithm,withmatricesX1andX2relevantforwavepropagation
inrandommedia,isgiveninsection6.4.
Atthisstage,weformalyhavealtheingredientstoapplythefreeprobabilitytheory
tonon-HermtianERMs. WebrieﬂyindicatehowtheR-transformofanarbitraryERM
Acouldbeobtained. ThestartingpointisonceagaintherepresentationA=HTH†,
rewrittenasinEq.(5.154):
HTH†=
M
α=1
µαh(α)†h(α), (6.86)
whereµαarethecomplexeigenvaluesoftheoperatorTˆ=ρˆA. WeassumethattheM
vectorsh(α)areindependent,suchthatthematricesh(α)†h(α)arefree.Properties(6.81)
and(6.78)yield
RHTH†(Z)=
M
α=1
Rµαh(α)†h(α)(Z) (6.87)
=
M
α=1
µα 0
0 µ∗α Rh(α)†h(α) Z
µα 0
0 µ∗α . (6.88)
Wenowhavetousetherelation(6.80),togetherwith Rh(α)†h(α)(z)=1/N(1−z). Weexpectthatthediagonalandoﬀ-diagonalelementsofRA(Z)obeycoupledequations,
thatlead,inthelimit → 0andaccordingtoEq.(6.76),toanexpressionofRA(z)=
ΣA[BA(z)]inagreementwiththeself-energyΣA(z)givenbyEqs.(6.31)and(6.32).As
wasthecaseforHermitianERMs,thiswouldshowthatEqs.(6.31)and(6.32)arevalid
evenifelementsHiαarenotGaussianvariables. Theessentialassumptionthatlimits
theapplicabilityofEqs.(6.34),(6.35),(6.40)and(6.41)wouldthenbethestatistical
independenceofthevectorshα.
6.4 IndependentReG(ω0)andImG(ω0)
Westartourstudyofnon-HermitianERMsbythecaseofa N×Nmatrix
Xij(ω0)=f(ri−rj)=(1−δij)cos(k0|ri−rj|)k0|ri−rj| +i
sin(k0|ri−rj|)
k0|ri−rj| , (6.89)
where{ri}and{ri}aretwodiﬀerentandindependentsetsofpoints. WerecognizeintherealandimaginarypartsofX(ω0)thetwoHermitianERMsstudiedindependentlyinthe
previouschapter,C(ω0)andS(ω0).ThematrixX(ω0)=C(ω0)+i[S(ω0)−IN]deﬁned
inthiswayissimilartothethreedimensionalfree-spaceGreen’smatrixG(ω0)deﬁned
byEq.(2.82)exceptthatithasnocorrelationbetweenitsrealandimaginaryparts.
8Ifwearejustinterestedintheborderlinez∈δD,i.e.theboundarybetweentheholomorphicand
non-holomorphicdomainsofgX1+iX2(z),itisalsopossibletouseaconformaltransformationthatmapsthecutst∈RofgX1+X2(t)ontoδD.Theequationz=f(t)folowsfromgX1+iX2(z)=gX1+X2(t),seeRefs.[177,178].
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Usingthedeﬁnition(5.136)ofasymptoticfreeness[143,176]itiseasytocheckthatthe
matricesCˆandSˆ areasymptoticalyfree,inagreementwiththeintuitivedeﬁnitionof
freenessasstatisticalindependence.
Onecaneasilyshowthatforthesamereasonastheonethatensuredpositiveness
oftheeigenvaluesofthematrixS(ω0)insection5.7,thecomplexeigenvaluesΛnofthe
matrixX(ω0)obeyImΛn>−1.Besides,foreachrealizationofX(ω0), Nn=1Λn=0,sothatΛ =0.
6.4.1 Analyticalsolutionsfortheresolventandtheeigenvectorcorre-
lator
SinceX(ω0)isoftheformX1+iX2,whereX1andX2aretwoasymptoticalyfree
Hermitianmatrices,wecanmakeuseofEqs.(6.83),(6.84)and(6.85)tocalculatethe
resolventg(z)andtheeigenvectorcorrelatorc(z)ofX(ω0).Inourcase,X1=C(ω0)
andX2=S(ω0)−IN.Inthelimitofγ 1,theR-transformsofX1andX2are
thoseofGaussianand Wishartmatrices,respectively:RX1(z)=γz(section5.8.1)andRX2(z)=1/(1−γz)(section5.7.1).SolvingEqs.(6.83),(6.84)and(6.85),weﬁnd:
g(z=x+iy)=x2γ−
i
2
y
γ(1+y)+
1
2+y , (6.90)
c(z=x+iy)= x2γ
2
+14
y
γ(1+y)−
1
2+y
2
− 1γ(1+y)(2+y). (6.91)
Thecorrelator(6.91)mustvanishontheborderlineδDoftheeigenvaluedomain. We
thereforereadilyobtainanequationfortheborderlinez∈δDonthecomplexplane:
x2+ y1+y−
γ
2+y
2
− 4γ(1+y)(2+y)=0, (6.92)
Theprobabilitydensityinsidethisdomainis
p(x,y)=12π[∂xReg(z)−∂yImg(z)]
= 14π
1
γ+
1
γ(1+y)2−
1
(2+y)2 . (6.93)
AbettermodelfortheR-transformofthematrixX1=C(ω0)isgivenbyEq.(5.197).
IfweusethisequationinsteadofRX1(z)=γzabove,analyticcalculationbecomesim-possiblebutwecanstilcomputeg(z)andc(z)numericaly.Theresultingborderlineof
theeigenvaluedomainisshowninFig.6.5(dashedlines)togetherwiththeeigenvalue
distributionofthematrixX(ω0)=C(ω0)+i[S(ω0)−IN]foundbythenumericaldi-
agonalizationofasetof104×104randommatrices.Atthesmalestdensityconsidered
ρλ30=0.01,theborderlinefoundusingEq.(5.197)isveryclosetoEq.(6.92).AthigherdensitiestheformerdescribesnumericalresultsmuchbetterthanEq.(6.92).
Eq.(6.92)predictsasplittingoftheeigenvaluedomainintwopartsatγ=8.The
moreaccuratecalculationusingEq.(5.197)makesasimilarprediction(seethelower
rightpanelofFig.6.5).However,theeigenvaluesofthematrixX(ω0)donotshowsuch
asplittingandforman‘invertedT’distributiononthecomplexplaneinstead.Thisis
duetothefactthatthe Marchenko-Pasturlaw(5.171)failstodescribetheeigenvalue
distributionofthematrixS(ω0)atγ>1andhencetheR-transform1/(1−γz)that
weassumedforS(ω0)isnotagoodapproximationanymore.
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Figure6.5:DensityplotofthelogarithmoftheprobabilitydensityofeigenvaluesΛnof
asquareN×NEuclideanmatrixX(ω0)withelementsX(ω0)ij=(1−δij)[cos(k0|ri−
rj|)/k0|ri−rj|+isin(k0|ri−rj|)/k0|ri−rj|]at4diﬀerentdensitiesρofpointsri,ri
perwavelengthλ0=2π/k0cube.2N =2×104pointsriandri(i=1,...,N)arerandomlychoseninsidea3DcubeofsideL;γ=2.8N/(k0L)2[seeEqs.(5.166)and
(5.186)]. Theprobabilitydistributionsareestimatedfrom10realizationsof{ri}and
{ri}. Dashedlinesshowthedomainofexistenceofeigenvaluesfolowingfromthefreeprobabilitytheory.
6.4.2 Scattering matrixandeﬀectiveHamiltonian
ItisworthwhiletonotethatthestatisticalpropertiesofourmatrixX(ω0)arestrongly
reminiscentofthoseofeﬀectiveHamiltoniansusedtocharacterizeopenchaoticsystems
[193,195,210,211].Ifweremindthephysicalmeaningofthematrixunderstudy,we
understandthatthisanalogyisnotanaccident,aswenowexplain.Therandommatrix
modelintroducedbyMahauxand Weidenm¨ulerfortheM×M scatteringmatrixofan
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openchaoticsystemis[210,211]:
S(E)=IM −iaH† 1E−H˜eH, (6.94)
H˜e=H0−ia2HH
†, (6.95)
whereH0isaHermitianmatrixthatdescribestheclosedpartofthesystemundercon-
sideration,Eistheenergyoftheincomingwave,H isaN×M matrixthatcontains
entriescouplingtheNinternalstatestotheM externalchannels,anda>0isanoveral
couplingparametercontrolingthe‘degreeofnon-Hermiticity’oftheeﬀectiveHamilto-
nianH˜e.Eqs.(6.94)and(6.95)areadirectconsequenceofthegeneralexpression(2.93)
fortheprojectionofanarbitraryresolvent.H0iscommonlydrawnfromtheGaussian
ensemble(5.1),andHischosensuchthatHH†isa Wishartmatrix.RandomnessinH0
andHH†isassumedtobeindependent,meaningthatH0andHH†areasymptoticaly
freematrices.TheeigenvaluedistributionofH˜ewasconsideredpreviouslybyHaakeet
al.[192](withthehelpofthereplicatrick),Lehmannetal.[212](usingthesupersym-
metrymethod)andJaniketal.[178](usingthefreeprobabilitytheory).Thesplittingof
thedomainofexistenceofeigenvaluesintwopartswasobservedwhenawasincreased.
ThisisslightlydiﬀerentfromourmatrixX(ω0)thathaselementswithequalvariances
γ/Nofrealandimaginaryparts(hencealwaysthesamedegreeofnon-Hermiticity)
butthatstilexhibitsthesplittingoftheeigenvaluedomainwhenγisincreased. To
fulyunderstandtheoriginofthissimilarity,letusconsiderarealisticscatteringmatrix
Sfαβ=δαβ+ ψα|Gf0Tf|ψβ (α=1,...,M),describingthepropagationoflightamongNatomswithknownpolarizability(seechapters2and3foramicroscopicderivation).
AccordingtoEq.(4.59),itisgivenby
Sf(ωL)=IM +TH† 1A(ωL)−1−G(ω0)H, (6.96)
G(ω0)=HTH†, (6.97)
whereωListhefrequencyoflight,ω0thefrequencyoftheactiveatomictransition,A(ωL)
isthepolarizabilitymatrix(4.31),andHisdeﬁnedbyEq.(5.10). Tobeconcrete,let
usnowchoosethepolarizability(4.8)ofathree-levelatomunderanincoherentpump.
Eq.(6.96)becomes
Sf(ωL)=IM +TH† Γ0ωL−HeD
(1)H, (6.98)
He=ω0IN+Γ0D(1)ReG(ω0)−iΓ02 −2D
(1)ImG(ω0)+IN+D(2), (6.99)
whereD(1)=diag[Πeqi/2(1+si)]andD(2)=diag[Wi].Intheabsenceofpump(Wi=0)andﬁeldnonlinearities(si=0),theeﬀectiveHamiltonian(6.99)reducesto
He=ω0IN−Γ02ReG(ω0)−
iΓ0
2[ImG(ω0)+IN]. (6.100)
Asalreadynoticedinsection4.4,thisexpressionisidenticaltotheeﬀectiveHamiltonian
(2.98)obtainedwiththequantumscatteringformalism.Ontheotherhand,Hereveals
importantdiﬀerenceswithrespecttotheeﬀectiveHamitonianH˜e(6.95):
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•InEq.(6.100),theHermitianpartaccountingfortheclosedsystem,H0=ω0IN,is
notrandom,contrarytoH0inEq.(6.95),becauseweassumedthatalatomshave
thesameinternalfrequencyω0.Interestingly,wenotethatarandomcontribution
cannevertheslessappearinH0ifweassumeaninhomogeneouspumpinsucha
waythatD(1)andD(2)becomerandommatrices,seeEq.(6.99).
•TheHermitianpartofEq.(6.100)containsalsotherandommatrixReG(ω0). We
recalthatitcomesfromnon-resonantcontributions(or‘oﬀ-shelprocesses’)inthe
light-matterinteraction,andrepresentsthe‘colectiveLambshift’[75,83,88,90].
ThelatterislostifRWAisusedinthederivationofthewaveequation(seesections
2.3.1and2.3.2.a).Thisshiftisabsentinthemodel(6.95)becauseitisgeneraly
assumedtobesmalerthanH0anditseﬀectisthereforeneglected9[210,211].
Inthestudyofmultiplescattering,neglectingtherealpartoftheGreen’smatrix
largelysimpliﬁestheanalysisofresonancesbutisnotvalidathighdensities(see
section6.5.4).Interestingly,inthelimitγ 1,ReG(ω0)iswelapproximatedby
aGaussianmatrix,mimickingthereforetherandomHamiltonianH0ofEq.(6.95).
However,ifitisweljustiﬁedtoconsiderH0independentfromtheanti-Hermitian
partofH˜e,itisclearlyinaccuratetoassumethatReG(ω0)andImG(ω0)are
independent(compareFigs.6.5and6.6).
•Theanti-HermitianpartofEq.(6.100)isthesincmatrixS(ω0)=ImG(ω0)+
IN,thatiswelapproximatedforγ<1bythe WishartmatrixγHH†. Hence,
werecovertheanti-HermitianpartofEq.(6.95)witha=γ=N/M. Thisis
notsurprisinginasmuchasthemodel(6.95)isobtainedwithexactlythesame
approximationastheoneyieldingtoS(ω0) γHH†.10Thisanalogysuggeststhat
themodel(6.95)shouldnotbecompletelysuﬃcientwhenthenumberNofinternal
degreesoffreedomexceedsthenumberM ofchannels. Asdiscussedabove,the
splittingobservedintheeigenvaluedistributionforlargeγisaconsequenceofthis
approximation. Hence,webelievethatthesplittingdiscussedinRef.[178,192,
212],andreportedintherecentliterature[211],isanartefactofthemodel(6.95)
thatfailstodescribethecorrecteﬀectiveHamiltonianofthesystemunderstudy,
inalregimesofdisorder11.
6.5 EigenvaluedensityoftherandomGreen’smatrixG(ω0)
LetusnowilustratethepowerofEqs.(6.34),(6.35),(6.40),and(6.41)ontheexample
oftheN×NrandomGreen’smatrix
G(ω0)ij=(1−δij)exp(ik0|ri−rj|)k0|ri−rj| , (6.101)
wherek0=2π/λ0andλ0isthewavelength. WeassumethattheNpointsriarechosen
randomlyinsideathree-dimensional(d=3)volumeV.Thisnon-HermitianERMisof
9Itamountstoneglectingtheprincipal-valuecomponentofRjj inEq.(2.97).
10Startingfromtherepresentation(5.154),werecoverS(ω0) γHH†bychoosingµα ρf0(kα)=
2π2ρδ(kα−k0)/k20(seealsosection5.7.1). Ontheotherhand,Eq.(6.95)isobtainedfromEq.(2.97)
wherethematrixVisnothingbutthematrixH(uptoanumericalprefactor).
11Notethatsplittingsare,however,observedintheeigenvaluedistributionofS(ω0)(section5.7.2)or
G(ω0)(section6.5.1).Thecrucialpointisthattheydonotoccurforγ∼N/(k0L)2∼1,butfork0L∼1.
Inparticular,inthelimitofverysmalsamplek0L 1,thecloudofeigenvaluesofG(ω0)withthe
largestimaginarypartdescribesthesuperradiance(seesection6.5.1).
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specialimportanceinthecontextofwavepropagationindisorderedmediabecauseits
elementsareproportionaltotheGreen’sfunctionofHelmholtzequation,withrithat
maybethoughtofaspositionsofpoint-likescatteringcenters.Itpreviouslyappeared
inRefs.[86,90,104–106,108,109,181],butwasstudiedonlybyextensivenumerical
simulations,exceptinRef.[90]whereanalyticresultswereobtainedintheinﬁnitedensity
limit.
SimilarlytotheeigenvaluesofX(ω0)deﬁnedbyEq.(6.89)andforthesamereasons,
theeigenvaluesΛnoftherandommatrix(6.101)obey,foreachrealization,
N
n=1
Λn=0,ImΛn>−1. (6.102)
Verygeneraly,theeigenvaluedensityofG(ω0)dependsontwodimensionlessparameters:
thenumberofpointsperwavelengthcubedρλ30andthesecondmomentof|Λ|calculatedinthelimitoflowdensity:|Λ|2 =γ=Tr(TˆTˆ†)/N[Eq.(6.51)].Eventhoughthelatter
resultfor|Λ|2 canberigourouslyjustiﬁedonlyinthelimitoflowdensityρλ30 1[seeEq.(6.50)],wecheckednumericalythatitholdsapproximatelyuptodensitiesashigh
asρλ30∼100. Eqs.(6.51),(6.50),and(5.121)showthatthesecondmomentof|Λ|isrelatedtothesecondmomentsoftheeigenvaluesofReG(ω0)andImG(ω0)accordingto
γ= |Λ|2G(ω0)= (ReΛ)2 G(ω0)+ (ImΛ)
2
G(ω0)
=12Λ
2
ReG(ω0)+
1
2Λ
2
ImG(ω0) (6.103)
= Λ2ReG(ω0)= Λ2ImG(ω0). (6.104)
Eq.(6.104)holdsfork0R 1andρλ30 100,whereasEq.(6.103)isalsovalidforanyk0Randarbitrarynon-HermitiantracelessERM[providedthatEq.(6.50)holds]. We
wilseefromthefolowingthatthetwoparametersρλ30andγcontroldiﬀerentpropertiesoftheeigenvaluedensity.
6.5.1 Borderlineoftheeigenvaluedomain
Weﬁrstfocusontheborderlineofthesupportofeigenvalueswhichiseasiertovisualize.
OurgoalistosolveEqs.(6.40)and(6.41).AswasthecasefortheHermitianmatrices
ImG(ω0)andReG(ω0),thiscanbedoneexactlyifthevolumeVpreservesthesymmetry
ofthefunctionf(|r−r|).Inthissection,weassumethattheNpointsarechoseninside
asphereofradiusR.Forarbitraryk0R,theparameterγ(6.55)isthengivenby
γ= 3N(k0R)2
1
0
dxs(x)= 9N8(k0R)2. (6.105)
InFig.6.6wepresentacomparisonofthesolutionsofEqs.(6.40)and(6.41)(see
belowforexplanation)withresultsofnumericaldiagonalizationofthematrix(6.101)for
k0R 1.
6.5.1.a Approximatesolutionatlowdensity
Letusshowhowanexplicitequationfortheborderlineofthesupportofeigenvalue
densityoftherandomGreen’smatrix(6.101)canbederivedinthelow-densitylimit.
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Figure6.6: DensityplotsofthelogarithmofeigenvaluedensityoftheN×Nrandom
Green’smatrix(6.101)obtainedbynumericaldiagonalizationof10realizationsofthe
matrixforN =104. PointsriarerandomlychoseninsideasphereofradiusR. The
solidredlinesrepresenttheborderlinesofthesupportofeigenvaluedensityfolowing
fromEq.(6.117)inpanels(a)and(b)andfromEqs.(6.135)and(6.136)inpanels(c)
and(d).Thedashedlinesshowthediﬀusionapproximation(6.121).
Ontheonehand,tracesappearinginEqs.(6.40)and(6.41)inthe|r-representation
read
TrSˆ0=Tr Tˆ1−gˆT =Tr Tˆ+gˆTSˆ0
=g
V
d3rd3rT(r,r)S0(r,r), (6.106)
TrSˆ0ˆS†0= Vd
3rd3rS0(r,r)2, (6.107)
whereT(r,r)=ρr|ˆA|r =ρexp(ik0|r−r|)/k0|r−r|andinEq.(6.106)weusedthe
factthatTrˆT=ρTrAˆ=0,asfolowsfromEq.(6.101). Ontheotherhand,S0(r,r)=
r|ˆS0|r obeys
S0(r,r)=T(r,r)+g
V
d3rT(r,r)S0(r,r), (6.108)
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asfolowsfromthedeﬁnitionofSˆ0.Notingthat
∆r+k20+i T(r,r)=−4πρk0δ
(3)(r−r), (6.109)
where →0+,weapplytheoperator∆r+k20+i toEq.(6.108)andobtain
∆rS0(r,r)+k20 1+gρλ
30
2π2ΠV(r)+i S0(r,r)=−
4πρ
k0δ
(3)(r−r), (6.110)
whereΠV(r)=1forr∈Vand0elsewhere.Inthelimitoflowdensityρλ30→ 0,anapproximatesolutionofthisequationisobtainedbyneglecting‘reﬂections’ofthe‘wave’
S0(r,r)ontheboundariesofthevolumeVandthussettingΠV(r)=1everywhere.
Thisyields
S0(r,r) ρexp[iκ(g)|r−r|]k0|r−r| , (6.111)
κ(g)=k0 1+gρλ
30
2π2. (6.112)
Wenowplugtheexplicitexpressionsfor T(r,r)andS0(r,r)intoEqs.(6.106)and
(6.107)andusetheauxiliaryresult(5.128).Thisyields
TrSˆ0=2γNgh[−iκ(g)R−ik0R], (6.113)
TrSˆ0ˆS†0=2γNh[2Imκ(g)R], (6.114)
with
h(x)=
1
0dus(u)e−2ux
1
0dus(u)
= 16x4 3−6x
2+8x3−3(1+2x)e−2x . (6.115)
Inthelow-densitylimit,gcanbeeliminatedfromEqs.(6.40)and(6.41)byneglecting
TrSˆ0/NinEq.(6.40)andsubstitutingg=1/zintoEq.(6.114).Thisgives
|Λ|2=2γh[2Imκ(1/Λ)R]. (6.116)
IftheargumentofthefunctionhinEq.(6.116)isexpandedinseriesinρλ30,Eq.(6.116)becomes:
|Λ|2 2γh −8γImΛ3|Λ|2 . (6.117)
BycomparingEq.(6.117)withtheexactsolution(seesection6.5.1.candFig.6.6),we
concludethatitisvaliduptodensitiesashighasρλ30 10.
Forγ 1,thedensityofeigenvaluesisroughlyuniformwithinacirculardomain
ofradius√2γ,seeFig.6.6(a).Thedomaingrowsinsizeandshiftsupuponincreasing
γ. Atγ 1itstartsto‘feel’the‘wal’ImΛ=−1anddeforms[Fig.6.6(b)]. Before
consideringtheshapeoftheeigenvaluedomainathigherdensities,wewouldliketoshow
howthescatteringtheorydiscussedinchapter4canalsobeusedtoderiveanequation
foritsborderline.
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6.5.1.b Mappingtothescatteringtheory
Insection4.4weintroducedamappingbetweentheproblemofmultiplescatteringof
wavesbypointlikescatterersandthepropertiesoftheGreen’smatrix.Inthestationary
regime,theintensityatriofawaveemittedbyapointsourcelocatedatrjisIij=|Gfij|2,
whereGfij= ri|Gf|rj istheGreen’soperator[seeEqs.(4.36)and(4.85)]. Letus
introduceI(˜t) = i=jIij,whereweemphasizethatIdependsont˜,thescatteringstrengthofanindividualscatterer[Eq.(4.20)]. WiththehelpofEq.(4.62),werewrite
I(˜t)as
I(˜t)=Tr 1[˜t−(Gm0)−1][˜t−(Gm0)−1]†
, (6.118)
wheretheN×NmatrixGm0 isproportionaltotheGreen’smatrix,Gm0 =−k0G(ω0)/4π.Thisistobecomparedwiththeexpressionforthecorrelatorofrightandlefteigenvectors
ofanarbitrarymatrixA,c(z)=lim→0+G12,folowingfromEq.(6.17):
c(z)=−lim→0+
i
N Tr
1
(z−A)(z−A)†+ 2 . (6.119)
ForA=(Gm0)−1andz=t˜wethushave
c(˜t)=−lim→0+
i
N I(˜t). (6.120)
Thisshouldbecomediﬀerentfromzerowhent˜entersthesupportoftheeigenvalue
densityof(Gm0)−1or,equivalently,when1/˜tentersthesupportoftheeigenvaluedensityofGm0. Theonlywaytoobtainc(˜t)=0for → 0+ istomakeI(˜t)diverge.Intheframeworkofourlinear modelofscattering,thiscanbeachievedbyrealizinga
randomlaser. Wethuscometotheconclusionthatﬁndingtheborderlineofthesupport
oftheeigenvaluedensityp(Λ)oftheN×NGreen’smatrix(6.101)ismathematicaly
equivalenttocalculatingtherandomlasingthresholdinanensembleofN identical
point-likescattererswithscatteringstrengtht˜=−4π/k0Λ. Thisconclusioncanalso
beseenasadirectconsequenceofthemoregeneralthresholdcondition(4.34)valid
foreachrealizationoftheGreen’smatrix,andnotonlyonaverage.Inthediﬀusion
approximation,forexample,thethresholdofsucharandomlaserisgivenbyEq.(4.138)
witht˜=−4π˜α/k0.Thisleadstothefolowingequationfortheborderline:
|Λ|2= 8γ√3π
√1+ImΛ 1+ |Λ|
2
|Λ|2+4γ . (6.121)
WeshowthisequationinFigs.6.6(a)and(b)bydashedlines. Asexpected,itgives
satisfactoryresultsonlyintheweakscatteringregimeρλ30 10andatlargeopticalthicknessb=2R/ls=16γ/3|Λ|2 1,wherels=4π/ρ|˜t|2isthescatteringmeanfree
path[Eq.(4.128)].Incontrast,ourEqs.(6.40)and(6.41)applyatanyρλ30andb.Theseequationscanthereforeserveasabenchmarkfortheoriesofmultiplescattering.
6.5.1.c Exactsolutionatanydensity
Theapproximateequation(6.116)fortheborderlineofthesupportofeigenvaluedensity
yieldsaclosedlineonthecomplexplaneuntilρλ30 30,afterwhichthelineopensfrombelow.ThisopeningisreminiscentofthegappredictedbyEq.(5.199)fortheeigenvalue
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distributionofthematrixReG(ω0).Thissignalsthatanimportantchangeinbehavior
mightbeexpectedatthisdensity. Andindeed,weobservethata‘hole’opensinthe
eigenvaluedensityforρλ30 30.AsweseeinFig.6.6(c),thisholeisperfectlydescribedbyourEqs.(6.40)and(6.41)whichwenowsolveinthebi-orthogonalbasisofright|Rα
andleft|Lα eigenvectorsoftheoperatorTˆ.TheseeigenvectorsobeyˆT|Rα =µα|Rα
andTˆ†|Lα =µ∗α|Lα.Inthisbasis,Eqs.(6.40)and(6.41)read
z=1g+
g
N α
µ2α
1−gµα, (6.122)
1
|g|2=
1
N α,β
µαµ∗βLα|Lβ Rβ|Rα
(1−gµα)(1−gµβ)∗, (6.123)
wherewe madeuseofthefactthatTrTˆ =0andthereforeTrSˆ0 = gTrTˆSˆ0[see
Eq.(6.106)].Theproblemessentialyreducestosolvingtheeigenvalueequation
ρ
V
d3rexp(ik0|r−r|)k0|r−r| Rα(r)=µαRα(r), (6.124)
wherer∈V. AsfolowsfromEq.(6.109),Rα(r)isalsoaneigenvectoroftheLapla-
cian,∆rRα(r)=−κ2αRα(r),withκα=κ(1/µα).InasphereofradiusR,usingthedecompositionofthekernelofEq.(6.124)insphericalharmonics,
exp(ik0|r−r|)
k0|r−r| =4iπ
∞
l=0
l
m=−l
jlk0min(r,r)h(1)l k0max(r,r)Ylm(θ,φ)Ylm(θ,φ)∗,
(6.125)
itisquiteeasytoﬁndthat[90]
Rα(r)=Rlmp(r)=Alpjl(κlpr)Ylm(θ,φ), (6.126)
whereθandφarethepolarandazimuthalanglesofthevectorr,respectively,jlare
sphericalBesselfunctionsoftheﬁrstkind,h(1)l aresphericalHankelfunctions,Ylmaresphericalharmonics,Alparenormalizationcoeﬃcients,andα={l,m,p}.Furthermore,
coeﬃcientsκlpobey[90]
κlp
k0=
jl(κlpR)
jl−1(κlpR)
h(1)l−1(k0R)
h(1)l (k0R)
. (6.127)
Integerplabelsthediﬀerentsolutionsofthisequationforagivenl.Hence,eigenvalues
µlp=ρλ
30
2π2
1
(κlp/k0)2−1 (6.128)
are(2l+1)-timesdegenerate(m∈[−l,l]).
Inthelimitk0R→∞,forl k0Randl κlpR,wecanuseasymptoticexpressions
forthesphericalfunctionsinEq.(6.127)toobtain
i
2ln
κlp+k0
κlp−k0 =−κlpR+
l
2+p π. (6.129)
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Figure6.7:Thesolidred(green)linerepresentstheborderlineofthesupportofeigen-
valuedensityfolowingfromEq.(6.135)[Eq.(6.135)approximatedbyz 1/g,respec-
tively]andEq.(6.136);N=104.Bluepointsrepresentµlp−i,withµlptheeigenvalues
givenbyEqs.(6.127)and(6.128). Theyarelocalizedinthevicinityofaroughlycir-
cularblacklinefolowingfromEq.(6.130). Thehorizontaldashedlinecorrespondsto
ImΛ=−1.
Inthislimit,theeigenvaluesµlparethereforelocalizedinthevicinityofaroughlycircular
line12inthecomplexplanegivenby
κ(1/µ)−k0
κ(1/µ)+k0
2
e4iκ(1/µ)R =1. (6.130)
Letusnowstudytheeigenvectors.Usingstandardpropertiesofsphericalharmonics
andsphericalBesselfunctions[182],wecanshowthat
R∗lmp|Rlmp =(−1)mA2lpR
3
2 jl(κlpR)
2−jl−1(κlpR)jl+1(κlpR)δl,lδm,−mδp,p.(6.131)
Fromthenormalizationcondition Llmp|Rlmp =δl,lδm,mδp,p,weﬁndthatLlmp(r)=
(−1)mRl(−m)p(r)∗and
Alp= 2R3
1
jl(κlpR)2−jl−1(κlpR)jl+1(κlpR). (6.132)
Ontheotherhand,wealsohave
Rlmp|Rlmp =
R2A∗lpAlp
κ2lp−κ∗2lp
κ∗lpjl−1(κ∗lpR)jl(κlpR)−κlpjl−1(κlpR)jl(κ∗lpR)δl,lδm,m,
(6.133)
12AnequationofacirclecanbefoundfromEq.(6.130)byexpandingκ(1/µ)inseriesin1/ρλ30.The
resultingequationis(x+ρλ30/8π2)2+(y−R/2+1)2=R2withR=4γ/3W(4k0R),µ=x+iy,and
W(t)theLambertfunction(theinverserelationofthefunctionf(W)=WeW);W(t) lntfor|t| 1.
Hence,R 4γ/3ln(4k0R)fork0R 1.
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Figure6.8:SameasFig.6.7butforhigherdensities. Arrowsindicatehowtheclouds
ofeigenvaluesΛncenteredaroundµlp−iaremovingalongtheroughlycircularblack
line[Eq.(6.130)]whenthedensityisincreasedatﬁxedN =104,i.e.,whenthesize
k0Risdecreased.SymbolSdesignatesthecloudofeigenvaluesthatwilgiveriseto
superradianceinthelimitofsmalsamplek0R→0.
and Llmp|Llmp = Rlmp|Rlmpδl,lδm,m.Itisnowconvenienttointroduceanew
coeﬃcient
Clpp=
4κ∗lpRjl−1(κ∗lpR)jl(κlpR)−κlpRjl−1(κlpR)jl(κ∗lpR)
2
κ2lpR2−κ∗2lpR2
2
jl(κ∗lpR)2−jl−1(κ∗lpR)jl+1(κ∗lpR) jl(κlpR)2−jl−1(κlpR)jl+1(κlpR)
,
(6.134)
intermsofwhichEqs.(6.122)and(6.123)become
z=1g+
g
N l p
(2l+1)µ2lp
1−gµlp, (6.135)
1
|g|2=
1
N l p p
(2l+1)µlpµ∗lpClpp
(1−gµlp)(1−gµlp)∗. (6.136)
Toﬁndtheborderlineofthesupportofeigenvaluedensityofthematrix(6.101) —
showninFigs.6.6(c),6.6(d),6.7and6.8 —weapplythefolowingrecipe.(1)Find
solutionsκlpofEq.(6.127)numericalyandthencomputethecorrespondingµlp.(2)
ComputethecoeﬃcientsClppusingEq.(6.134).(3)Findlinesonthecomplexplane
1/gdeﬁnedbyEq.(6.136)(solidgreenlinesinFigs.6.7and6.8).(4)Transformthe
linesonthecomplexplane1/gintocontoursonthecomplexplanezusingEq.(6.135).
Thelattercontoursaretheborderlinesofthesupportofeigenvaluedensityp(Λ).
Athighdensitythecrownformedbytheeigenvaluesblowsupinspotscentered
aroundµα−i,whereµαaretheeigenvaluesofTˆ,asweshowinFig.6.6(d). When
thedensityisfurtherincreased,thecloudsofeigenvaluesofAturnclockwisealongthe
circularlinegivenbyEq.(6.130)andshrinkinsize.TheeigenvaluesΛeventualybecome
equaltoµα−i(Fig.6.8).Theythenfalonthecircularline(6.130)andtheproblem
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Figure6.9: MeanmaximumvalueoftheimaginarypartofeigenvaluesΛoftheN×Nran-
domGreen’smatrixG(ω0).Ouranalyticresults(solidlines)folowingfromEqs.(6.135)
and(6.136)arecomparedwiththeresultsofnumericaldiagonalizationforthreediﬀer-
entmatrixsizesN (symbols). Analyticresultsdependbothonγandρλ30,exceptforρλ30 10whentheyreducetoEq.(6.117)(dot-dashedline).Thedashedlinerepresentsthepredictionofthediﬀusionapproximation(6.121).
loosesitsstatisticalnature.Asfolowsfromouranalysis,theparameterγcontrolsthe
overalextentofthesupportofeigenvaluedensityDonthecomplexplane,whereasits
structuredependsalsoonthedensityρλ30.Atﬁxedγ,Dgoesthroughatransitionfromadisk-liketoanannulus-likeshape,andeventualysplitsinto multipledisconnected
spotsuponincreasingρλ30. Thetransitionfromdisk-liketotheannulus-likeshapeisreminiscentofthedisk-annulustransitionintheeigenvaluedistributionofrotationaly
invariantnon-Hermitianrandommatrixensembles[187](seethediscussionattheend
ofsection6.3.1).
Quiteremarkably,ourformalismcapturesproperlythetransitiontothecontinuous
mediumregime(highdensity)andtothesmalsampleregime(lowk0R).Toilustrate
thispoint,wecalculatedmax(ImΛ) fromEqs.(6.135)and(6.136),andfoundexcelent
agreementwithnumericalresultsatalvaluesofparameters,includinghighdensities
ρλ30,seeFig.6.9.13 Inaddition,intheregimeofhighdensity,weareabletoidentifythecloudofeigenvalues(symbolSinFig.6.8)thatwilgiverise,inthelimitk0R→0,
tosuperradiance,i.e.theeigenvaluesthatwilhavethelargestdecayrateImΛ N
[82,90]. Thisidentiﬁcationispossiblebecausethediﬀerentcloudsofeigenvaluesare
welseparatedandevolvesmoothlyandcontinuouslywhenthedensityisincreased.At
thepresenttime,wehavenophysicalinterpretationforthetrajectoryfolowedbythe
cloudS.ItissomewhatcompelingthateigenvalueswiththesmalestImΛevolvein
suchawaythat,attheendoftheday,theyhavethelargestImΛandarewelseparated,
inthecomplexplane,fromalother(subradiant)states.
13Weshowmax(ImΛ)becauseitisthequantitythatcontrolsthethresholdofarandomlaserinan
ensembleofatomsinfreespace(seechapter7).ItisalsoworthnotingthatEqs.(6.135)and(6.136)do
notgiveanaccurateestimateofmin(ImΛ),seesection6.5.2.
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6.5.2 Hyperbolicspiralbranchesandsubradiantstates
AnimportantadditionalfeatureofthenumericalresultsinFig.6.6thatisnotdescribed
byourEqs.(6.40)and(6.41)istheeigenvaluesthatconcentratearoundthetwohyper-
bolicspirals,|Λ|=1/argΛanditsreﬂectionthroughtheorigin.Thesespiralscorrespond
tothetwoeigenvalues±A12ofthematrix(6.101)forN=2. Wealreadyencountered
thesespiralsinthestudyoflightemittedbytwoatoms,seeFig.3.4(a)insection3.4.
Theeigenvectorscorrespondingtotheseeigenvaluesarelocalizedonpairsofveryclose
points|ri−rj| λ0.Thesearethesuper-andsub-radiantstatesofapairofatoms.In
thelimitofρλ30→ ∞,weobservethatthelowerbranchismuchmorepopulatedthantheupperone.AroughmodelthatpartialymimicsthisbehaviorisgivenbytheN×N
matrix:
G˜(ω0)=G(ω0)12


0 1 ... 1
1 ... ... ...
... ... ... 1
1 ... 1 0

, (6.137)
whereG(ω0)12=eik0|r1−r2|/k0|r1−r2|,andr1andr2arerandomlychosenpointsinside
thesphereofradiusR. Thismatrixhastwodiﬀerenteigenvalues:thenon-degenerate
eigenvalueΛ=(N−1)G(ω0)12correspondstothesuperradiantstate(1,...,1)/√N;
andthe(N−1)-degenerateeigenvalueΛ=−G(ω0)12correspondstosubradiantstates
localizedonpairsofpoints(1,0,...,0,−1,0,...,0)/√2.InthelimitN → ∞,only
subradiantstatescontributesigniﬁcantlytotheeigenvaluedistributionofG˜(ω0).Using
thedeﬁnition(6.1)andEq.(5.128),weeasilyshowthatthelatteristhengivenby:
p(Λ)= 3(k0R)3
1
|Λ|2s
1
2k0R|Λ|δ argΛ+
1
|Λ|, (6.138)
wheres(x)isdeﬁnedbyEq.(5.130).Looselyspeaking,thetrueeigenvaluedistribution
oftheGreen’smatrixG(ω0)isasuperpositionofEqs.(6.34)and(6.35),andEq.(6.138).
WiththequalitativepictureoftheDysongasinmind,wecouldsaythatthelower
‘branch’|Λ|=−1/argΛplaystheroleofachannelforthegasofeigenvalues,through
whichthelattercanescapefromthebulkpredictedbyourEqs.(6.40)and(6.41).This
eﬀectismorepronouncedathighdensitybecausetheeigenvaluesaccumulatenearthe
axisImΛ=−1,sothattherepulsiveinteractionbetweeneigenvaluesforcesthelatterto
ﬂowintothelowerbranch.Strikingly,thevicinityofΛ=0onthecomplexplaneisalso
theplacewheresomestatesstarttobecomelocalizedforρλ30 10(sincethesestatesarelocalizedduetodisorder,theymaybeidentiﬁedas‘Anderson’states,seesection6.6.2).
Thisindicatesthattwodiﬀerenttypesoflocalizedstatescoexistinthespectrumnear
Λ=0,andthereforesuggeststhatsubradianceandAndersonlocalizationmightbetwo
competitivephenomena.ThecompetitionbetweenAndersonlocalizationandsub-and
superradiancewasrecentlydiscussedinRef.[79].
FromnumericalresultsforN≤104,weestimatethestatisticalweightofsubradiant
statestobeimportantatlargedensities,oftheorderof1−const/(ρλ30)pwithp∼1.Thisisconsistentwiththeestimationofthenumberofsubradiantstatesinalarge
atomiccloudbyErnst[86].14Atlargedensities,theabsolutemajorityoftheeigenvalues
14Physicaly,thisseemstoindicatethatmostofthestatesarelocalizedduetosubradianceinthe
eﬀectivemediumlimitρλ30→ ∞.Thiscouldbeusedforinformationstorageonsubradiantstatesina
disorderedanddenseensembleofatoms.
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Figure6.10:ZoomofthedensityplotofthelogarithmofeigenvaluedensityoftheN×N
randomGreen’smatrix(6.101)obtainedbynumericaldiagonalizationof10realizations
ofthematrixforN=104andρλ30=40.Solidlinesrepresentthepairofsubradiantandsuperradiantbranchesdiscussedinthetext.
thatlackinourmodel(6.38),(6.39),falveryclosetotheaxisImΛ=−1,inthe‘gap’
thatopensintheeigenvaluedistributionfolowingfromourtheoryontheleftfrom
ReΛ=0[seeFigs.6.6(c),6.6(d),6.7,6.8,and6.10].Thesameeﬀectwasobservedfor
theHermitianmatrixReG(ω0),seesection5.8.2.
Asexplainedearlier,thelackofthespiralbranchesofp(Λ)inourtheorycanbe
tracedbacktotheassumptionofstatisticalindependenceofelementsofthematrixH
intherepresentationA=HTH†.Itdoesnotaﬀecttheexcelentagreementofthe
borderlineoftherestoftheeigenvaluedomainwithnumericalresults.
Animportantimplicationoftheexistenceofthehyperbolicspiralbranchesisthat
quantitiessuchas min(ReΛ) or min(ImΛ),thatareaprioridiﬃculttocalculate,
canbefoundfrom2-bodyinteractionsonly. min(ReΛ) andmin(ImΛ) aredirectly
relatedtophysicalobservables.Theformermaycontrolthethresholdofarandomlaser
(seechapter7),whilethelatterdeﬁnestheaveragethresholdfordynamicinstabilities
innonlinear media. Instabilitiesappearwhenthenonlinearcoeﬃcientνdeﬁnedin
Eq.(2.102)exceedsacriticalvalueνinst(seesection2.5.3).InRef.[108]itwasfound
numericalythattheaveragevalueoftheinstabilitythresholdscalesas νinst ∝[1+
min(ImΛ)]3/2,with1+min(ImΛ) ∝(Nρλ30)−2/3. Wenowprovidesimpleargumentstoderivethefuldistributionsofmin(ReΛ)andmin(ImΛ)analyticaly,basedonthe
knowledgeofthetwoeigenvaluesΛ± =±G12(ω0)ofthe2×2Green’smatrix. The
smalestvaluesofReΛandImΛareachievedforsmaldistancek0∆r=k0|r1−r2|when
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Figure6.11:Analyticpredictions(6.143)and(6.144)fortheprobabilitydensityofthe
minimumoftherealandimaginarypartsoftheeigenvaluesoftheGreen’smatrix(6.101).
VerticallinesshowthepositionsofthemeansgivenbyEqs.(6.145)and(6.146).
wecanwrite
ReΛ−=−cos(k0∆r)k0∆r =−
1
k0∆r+O(k0∆r), (6.139)
ImΛ−=−sin(k0∆r)k0∆r =−1−
(k0∆r)2
6 +O(k0∆r
4). (6.140)
Hence,thestatisticaldistributionsofmin(ReΛ)andmin(ImΛ)aredirectlyrelatedto
thestatisticaldistributionp(∆rmin)oftheminimaldistance∆rminbetweenany2points
amongNpointsinthesphereofradiusR.Thedistributionp(∆rmin)iseasilyobtained
fromtheprobabilitytoﬁndtwopointsseparatedbyadistance∆r>xR:
p(∆r>xR)=1−
xR
0
d∆rp(∆r)
N(N−1)/2
= 1−x3 1−9x16+
x3
32
N(N−1)/2
, (6.141)
wheretheprobabilitytoﬁndtwopointsseparatedbyadistance∆r,p(∆r)=4(∆r)2
s(∆r/2R)/R3,folowsfromEq.(5.128).Theprobabilityp(∆rmin)isthen
p(∆rmin)=1R
d
dx[1−p(∆r>xR)]|x=∆rmin/R. (6.142)
ThecombinationofEqs.(6.139),(6.140),(6.141)and(6.142)yieldsthedistributions
p[min(ReΛ)]andp[min(ImΛ)].InthelimitN→ ∞ andk0R 1,thesedistributions
reduceto
p[min(ReΛ)=x]=Nρλ
30
4π2x4exp
Nρλ30
12π2x3 , (6.143)
p[min(ImΛ)=y]=9Nρλ
30
2√6π2 y+1exp −
√6
2π2Nρλ
30(y+1)3/2 , (6.144)
whichbothdependontheparameterNρλ30only. TheyarerepresentedinFig.6.11.
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Figure6.12: Meanminimumvalueoftherealpart(a)andtheimaginarypart(b)ofthe
eigenvaluesoftheN×NrandomGreen’smatrix(6.101).Analyticresults(6.145)and
(6.146)(solidlines)arecomparedwiththeresultsofnumericaldiagonalizationforthree
diﬀerentmatrixsizesN(symbols).Analyticresultsarevalidforρλ30 10.
Theirmeansaregivenby
min(ReΛ) =−Γ(2/3) Nρλ
30
12π2
1/3
, (6.145)
min(ImΛ) =−1+Γ(5/3) 2π
2
√6Nρλ30
2/3
, (6.146)
whereΓ(x)istheGammafunction. Contrarytomin(ImΛ),min(ReΛ)presentslarge
ﬂuctuationsinthelimitNρλ30→∞.Thiscanbeseeninthevariances:
Var[min(ReΛ)]=[Γ(1/3)−Γ(2/3)2]Nρλ
30
12π2
2/3
, (6.147)
Var[min(ImΛ)]= 2π
2
√6Nρλ30
4/3 4
9Γ(1/3)−Γ(5/3)
2
+[2Γ(5/3)−65Γ(8/3)]
√6Nρλ30
2π2
2/3
. (6.148)
Analyticresults(6.145)and(6.146)arecomparedwithnumericalsimulationsinFig.
6.12.Goodagreementisseenaslongasρλ30 10,conﬁrmingthescalingwithNρλ30.Athigherdensities,min(ReΛ) andmin(ImΛ) aresmalerthanpredictedbyEqs.(6.145)
and(6.146),signalingthatmin(ReΛ)andmin(ImΛ)arenotdominatedbytheeigenvalues
correspondingtoeigenvectorslocalizedonpairsofpointsanymore. Andindeed,we
observeinthenumericalsimulationsatρλ30 10thatmin(ImΛ) isimposedbythelowerboundofthebulkofeigenvalues[seeFig.6.6(b)and6.12(b)].Ourequations(6.135)and
(6.136)thatdescribethebulkofeigenvaluesseemnotaccurateenoughtocapturethis
eﬀect[notethelogarithmicscaleinFig.6.12(b)].Infact,thebulkandthelowerbranch
cannotbeconsideredindependentlyforρλ30 10.ThiscanbeinferredfromFig.6.12(a)where min(ReΛ) issmalerthanpredictedbyEq.(6.145)becauseeigenvaluesfromthe
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bulkinvadethelowerbranchandtherefore‘push’theeigenvaluesfromthebranchaway.
Furtherworkisneededtoexplaintheseobservationsquantitatively.
ThescalarrandomGreen’smatrix(6.101)istherelevantmatrixtostudylightprop-
agationindisorderedmediaaslongasthevectornatureoftheelectromagneticﬁeldcan
beneglected.Inparticular,ifpointsriareinanear-ﬁeldconﬁgurationk0|ri−rj| 1
—asitisthecasewhenconsideringeigenvaluesinthespiralbranches —thescalar
approximationisnotjustiﬁed. Hence,thespiralbranchesofthescalarGreen’smatrix
cannotquantitativelydescribeeﬀectssuchassubradianceinthelight-matterinteraction.
Wereconsiderthisprobleminthenextsectionbystudyingtheeigenvaluedistribution
oftheDyadicrandomGreen’smatrix.
6.5.3 DyadicrandomGreen’s matrix
Wenowconsiderthe3N×3N dyadicrandomGreen’smatrixG(ω0). Thismatrixis
madeofN2blocksofsize3×3deﬁnedas
Gij(ω0)=32(1−δij)
exp(ik0rij)
k0rij P(ik0rij)I3+Q(ik0rij)
rij⊗rij
r2ij
, (6.149)
whererij=ri−rj,I3isthe3×3identitymatrix,andP(x)andQ(x)aredeﬁnedby
Eq.(2.37). WerecalthatG(ω0)emergesnaturalyfromthedescriptionoflight-matter
interaction(chapter2).ItisproportionaltotheGreen’sfunctionofthepropagation
equationfortheelectricﬁeld;seeEqs.(2.36),(2.39),and(2.70). This matrixwas
consideredinchapter3tocomputethespectrumoflightemittedbyacloudofatoms,
andinchapter4tostudyelasticscatteringinthepresenceofgain.Inparticular,we
recalthateigenvaluesofG(ω0)controlthelasingthresholdaccordingtoEqs.(4.33)and
(4.34).
Weﬁrstwanttoshowthatthestatisticalpropertiesof G(ω0)arerelated,inthe
low-densityregimeρλ30 10,tothoseofthescalarGreen’smatrix(6.101)inasimpleway.Forthispurpose,werexpressGij(ω0)intermsoftheentriesofG(ω0)as:
Gij(ω0)=Gij(ω0)D(rij), (6.150)
whereDisthe3×3matrix:
D(r)=32 P(ik0r)I3+Q(ik0r)
r⊗r
r2 . (6.151)
Onaverage,D(r)isequaltotheidentitymatrix:
D(r)=
V
d3r
VD(r)=I3. (6.152)
InviewofEq.(6.150),weproposetoapproximateG(ω0)as
G(ω0) G(ω0)⊗D(r1−r2), (6.153)
i.e.astheKroneckerproductoftheN×NrandommatrixG(ω0)withthe3×3random
matrixD(r1−r2). Thetwopointsr1andr2arerandomlychoseninsidethevolumeV,andinthelimitN 1,theyareassumedtobeindependentoftheNpoints{ri}.
Eq.(6.153)meansthattheeigenvaluesofG(ω0)andG(ω0)arerelatedaccordingto
ΛG(ω0)=ΛG(ω0)ΛD(r1−r2), (6.154)
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wheretheeigenvaluesΛD(r)ofthematrixD(r)are
{ΛD(r)}=32{P(ik0r),P(ik0r),P(ik0r)+Q(ik0r)}. (6.155)
Intheregimeoflowdensitiesρλ30 10,weshowedthattheborderlineoftheeigenvaluedomainofthescalarGreen’smatrix(6.101)dependsessentialyonγ= |ΛG(ω0)|2,seeEq.(6.117).15IfweassumethatthispropertyholdsforthedyadicGreen’smatrix,the
problemreducestocalculatethesecondmoment|ΛG(ω0)|2.AccordingtoEq.(6.154),thelatterisgivenby
|ΛG(ω0)|2 = |ΛG(ω0)|2 |ΛD(r1−r2)|2 . (6.156)
Forρλ30 10andk0R 1,itissuﬃcienttotake
{ΛD(r)} 32{1,1,0}, (6.157)
sothatEq.(6.156)becomes
|ΛG(ω0)|2 32|ΛG(ω0)|
2 . (6.158)
Therefore,anequationfortheborderlineoftheeigenvaluedomainofG(ω0)folows
fromequationsderivedinsection6.5.1.abyreplacingthevarianceγby3γ/2. From
Eq.(6.117),weobtain:
|Λ|2 3γh −4γImΛ|Λ|2 . (6.159)
TheborderlinecorrespondingtoEq.(6.159)iscomparedwithresultsofnumericaldiag-
onalizationinFig.6.13.Asexpected,theagreementissatisfactoryaslongasρλ30 10.InFig. 6.13,wealsoshowtwopairsofsub-andsuperradiantbranches. They
correspondtothesixeigenvaluesofthe3N×3NmatrixG(ω0)forN=2.Inthissimple
case,therepresentation(6.153)isexactwithr1=r1andr2=r2. TheeigenvaluesofG(ω0)folowthereforefromthecombinationofEqs.(6.154)and(6.155):
{ΛG(ω0)}=±32
exp(ik0r12)
k0r12 {P(ik0r12),P(ik0r12),P(ik0r12)+Q(ik0r12)}. (6.160)
Therearetwodiﬀerenteigenvaluesthataretwo-timesdegenerate,andcorrespondto
eigenvectorsthatcanbeseenaspairsof‘dipoles’orientedperpendicularlytor12,see
Fig.6.13.Thetwoothereigenvaluesarelocatedonapairofsubradiantandsuperradiant
branches,qualitativelysimilartothoseofthescalarGreen’smatrix.Theyare,however,
quantitativelydiﬀerent.Inthelimitk0∆r=k0r12→ 0,thesubradiantbranchΛ− =
−3eik0∆r(1/k0∆r−i)/(k0∆r)2isexpandedinseriesas
ReΛ−=− 3(k0∆r)3+O
1
k0∆r , (6.161)
ImΛ−=−1+(k0∆r)
2
10 +O(k0∆r
4). (6.162)
15Insection6.5.4wewilalsoshowthatγcontrolsthefuldistributionp(Λ)forρλ30 10.
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Figure6.13:Densityplotsofthelogarithmofeigenvaluedensityofthe3N×3Nrandom
Green’smatrix(6.149)obtainedbynumericaldiagonalizationof10realizationsofthe
matrixforN=2×103.PointsriarerandomlychoseninsideasphereofradiusR.The
solidredlinesrepresenttheborderlinesofthesupportofeigenvaluedensityfolowing
fromEq.(6.159). ThefourbranchesfolowfromEq.(6.160). EigenvectorsofG(ω0)
correspondingtoeigenvaluessituatedinthebranchesarerepresentedaspairsofdipoles
localizedonpairsofpointsr1andr2,withdiﬀerentorientationwithrespecttothe
directionr1−r2.
Notethat[ImΛ−+1]vector= 35[ImΛ−+1]scalar[seeEq.(6.140)]. Thedistributionsp[min(ReΛ)]andp[min(ImΛ)]ofthe3N×3NmatrixG(ω0)folowfromEqs.(6.141),
and(6.142).InthelimitN→∞ andk0R 1,weﬁnd
p[min(ReΛ)=x]=Nρλ
30
4π2x2exp
Nρλ30
4π2x , (6.163)
p[min(ImΛ)=y]=5
√10Nρλ30
4π2 y+1exp −
5√10
6π2Nρλ
30(y+1)3/2 . (6.164)
Themeanandthevarianceofmin(ReΛ)arenotdeﬁned,andthemeanofmin(ImΛ)is
min(ImΛ) =−1+35Γ(5/3)
2π2√6Nρλ30
2/3
. (6.165)
6.5.4 G(ω0):eigenvaluedensityproﬁleandprojections
Letusnowanalyzetheshapeoftheeigenvaluedensityp(Λ)oftheN×NscalarGreen’s
matrix(6.101)insideitssupportD. Thisanalysiscanbedoneanalyticalybysolving
Eqs.(6.38)and(6.39).
ButbeforeusingEqs.(6.38)and(6.39),wewouldliketomentionaninteresting
relationbetweenthestatisticalpropertiesofthenon-HermitianmatrixG(ω0)andthose
oftheHermitianmatricesS(ω0)andC(ω0)studiedinthepreviouschapter5.Because
the matricesS(ω0)andC(ω0)representtheimaginaryandrealpartsofthe matrix
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Figure6.14: MarginalprobabilitydensityoftheimaginarypartofeigenvaluesΛofthe
N×NrandomGreen’smatrix(6.101)comparedtotheMarchenko-Pasturlaw(5.171)
withΛreplacedbyImΛ+1andγreplacedbyγ/2(dashedredline).Pointsarerandomly
choseninsideacubeofsideL;γ=2.8N/(k0L)2,seeEqs.(5.166)and(5.186).
G(ω0),respectively,onemightexpectsomelinksbetweentheprobabilitydistributionof
eigenvaluesofS(ω0)andC(ω0)andthemarginalprobabilitydistributionsoftherealand
imaginarypartsoftheeigenvaluesofG(ω0),p[ReΛG(ω0)]andp[ImΛG(ω0)].Toelaborateonthisissue,wemaketwoobservations.First,atlowdensitiesρλ30 1,theeigenvaluedistributionofG(ω0)dependsonthesecondmomentγ= |Λ|2 only.Itisthusalsothe
caseforp[ReΛG(ω0)]andp[ImΛG(ω0)].Second,Eqs.(6.103)and(6.104)suggestthat
γ= Λ2ReG(ω0)=2 (ReΛ)2 G(ω0), (6.166)
= Λ2ImG(ω0)=2 (ImΛ)2 G(ω0), (6.167)
aslongask0R 1andthedensityisnottoohigh. Wenowrecalthattheeigenvalue
distributionsofImG(ω0)andReG(ω0)dependaswelonγonly,forρλ30 1.Itisthereforereasonabletoconjecturethatp[ImΛG(ω0)]andp[ReΛG(ω0)]maybedescribedbyequationsforp[ΛImG(ω0)]andp[ΛReG(ω0)]withγreplacedbyγ/2:
pImΛG(ω0),γ pΛImG(ω0),γ2, (6.168)
pReΛG(ω0),γ pΛReG(ω0),γ2. (6.169)
Figures6.14and6.15show,indeed,thatnumericalmarginaldistributionsarenicely
describedbythelawsfolowingfromEqs.(5.171)and(5.191)wherewereplacedγby
γ/2. Themarginaldistributionp[ImΛG(ω0)]iswelapproximatedbythe Marchenko-Pasturlaw(5.171)aslongasγ/2 1(Fig.6.14),andEq.(5.191)isagoodestimateof
p[ReΛG(ω0)]forρλ30 10(Fig.6.15).
Letusnowinvestigatetheshapeofp(Λ)withthehelpofEqs.(6.38)and(6.39).
Verygeneraly,p(Λ)isroughlysymmetricwithrespecttothelineReΛ=0anddecays
withImΛ.Intheregimeoflowdensitiesρλ30 1,anapproximationofEqs.(6.38)and(6.39)canbeobtainedbyreplacingtheoperatorSˆ1bySˆ0.Thisamountstoneglecting
thetermc2TˆTˆ†inthedenominatorofEq.(6.37).Then,Eqs.(6.38)and(6.39)reduceto
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Figure6.15: MarginalprobabilitydensityoftherealpartofeigenvaluesΛoftheN×N
randomGreen’smatrix(6.101)comparedtoEq.(5.191)withΛreplacedbyReΛandγ
replacedbyγ/2(dashedredline).PointsarerandomlychoseninsideacubeofsideL;
γ=2.8N/(k0L)2,seeEqs.(5.166)and(5.186).
twoequationswheretheresolventg(z)andtheeigenvectorcorrelatorc(z)aredecoupled:
g(z)=z
∗− 1NTrSˆ†0
1
NTrSˆ0ˆS†0
, (6.170)
c(z)2=|g(z)|2− NTrSˆ0ˆS†0
. (6.171)
AssumingexplicitlythattheN pointsaredistributedinasphereofradiusR,wecan
makeuseoftheresultsofsection6.5.1.atocomputetracesintheseequations,sothat
Eqs.(6.170)and(6.171)become
g(z)=z
∗−2γg(z)∗h(iκ[g(z)]∗R+ik0R)
2γh(2Imκ[g(z)]R) , (6.172)
c(z)2=|g(z)|2− 12γh(2Imκ[g(z)]R), (6.173)
wherethefunctionsκ(g)andh(x)aredeﬁnedbyEqs.(6.112)and(6.115),respectively.
Weﬁndtheresolvent g(z)bysolvingEq.(6.172)numericalyandthenevaluatethe
eigenvaluedensityp(Λ)withthehelpofEq.(6.4). NotethatEq.(6.172)appliesonly
withintheeigenvaluedomainDgivenbyEq.(6.116).Figure6.16showsthefuldistri-
butionp(Λ)obtainedinthiswayforN=104andρλ30=1,togetherwiththeresultofnumericaldiagonalization.
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Figure6.16:LogarithmoftheeigenvaluedensityoftheN×NrandomGreen’smatrix
(6.101).Numericalresultsobtainedbydiagonalizationof10realizationsofthematrixfor
N=104(left)arecomparedwiththesolutionofEq.(6.172)(right).Pointsriarechosen
randomlyinsideasphereofradiusR;γ=9N/8(k0R)2.Foraquantitivecomparison,
seeFig.6.17.
Themarginalprobabilitydistributionsoftheimaginaryandrealpartsareﬁnaly
obtainedafterprojectionofp(Λ)ontheimaginaryandrealaxes. Agoodquantitative
agreementisfoundwithnumericalsimulationspresentedinFig. 6.17forρλ30=0.1andρλ30=1. Athigherdensitiesρλ30 1,Eq.(6.172)isnotagoodapproximationofEqs.(6.38)and(6.39)anymore.Eqs.(6.38)and(6.39)arediﬃculttosolveexactlyfor
tworeasons:g(z)andc(z)arecoupled,andTrˆS1ˆS†0hasno‘simple’expressioninthe
bi-orthogonalbasisofeigenvectorsoftheoperatorTˆ,contrarytoTrˆS0ˆS†0[seeEqs.(6.57),(6.58),(6.135),and(6.136).]Furtherworkisneededtobeabletodeducetheeigenvalue
distributionp(Λ)fromEqs.(6.38)and(6.39)athighdensitiesρλ30 1.
6.6 Green’s matrixand Andersonlocalizationinaﬁnite
andopen medium
Rigorously,Andersonlocalizationisaphenomenonthatisweldeﬁnedinaninﬁnite
medium.Inathree-dimensionalsystem,intheabsenceofgainorabsorption,andfor
agivendisorderstrength,awaveisexpectedtobeexponentialysuppressedatalarge
distancefromitssource(andthereforelocalized)ifitsfrequencyωLisbelowtheso-caled
mobilityedgeωc.16Saiddiﬀerently,andprobablymoreprecisely,al‘modes’(orstates,
oreigenfunctions)areexpectedtobeexponentialylocalizedforωL<ωcanddelocalized
forωL>ωc. Fromthesetwopictureshaveemergedtwodiﬀerenttypesofcriteriato
identifytheAndersonlocalization.
First,wecanlookatthesolutionofthetransportequationfortheaverageintensity,
withoutinvokingtheunderlyingmodestructure.Oneoftheﬁrstmicroscopictheoriesof
Andersonlocalizationisthediagrammaticself-consistenttheoryproposedinthe1980’s
byVolhardtand W¨olfe[136]. Toilustratethistheory,letusreconsidertheelastic
scatteringoflightinarandomarrangementofNidenticalpoint-likescatterers(atoms)
studiedinchapter4.Inthesimplestcase,wecanthinkoftheBethe-Salpeterequation
(4.104)intheabsenceofpump(le=ls)andforatomsonresonance(ωL=ω0),simpliﬁed
16Adetailedconsiderationshowsthatthere maybeseveral(atleasttwoforlight,seeRef.[213])
mobilityedges.
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Figure6.17: Marginalprobabilitydensityoftheimaginarypart(leftcolumn)andthe
realpart(rightcolumn)ofeigenvaluesΛoftheN×NrandomGreen’smatrix(6.101),
wheretheNpointsriarerandomlychoseninsideasphereofradiusR;γ=9N/8(k0R)2.
Resultsofnumericaldiagonalization(bluesolidlines)obtainedforN=104afteraver-
agingover10realizationsarecomparedtothesolutionofEq.(6.172)(reddot-dashed
line).
withtheISA(4.54)andtheBoltzmannapproximation(4.127).Ityieldsadiﬀusion
equationfortheaverageintensitywithadiﬀusionconstantDB =l0v/3,wherevis
thetransportvelocityandl0theon-resonancescatteringmeanfreepath(4.129)[see
Eqs.(4.121),(4.124)and(4.128)].Localizationcorrectionstothisresultareobtained
bytakingintoaccountmaximalycrosseddiagramsintheirreduciblevertexdepictedin
Fig.4.3. Thediﬀusionequationbecomesself-consistentlycoupledtoanequationfor
thediﬀusioncoeﬃcientD.Thelatterinvolvesthe‘returnprobability’,i.e.theaverage
intensitythatgoesbacktothesource[136].Inthe‘weakscattering’regimek0l0 1,
thediﬀusioncoeﬃcientreducesto
D DB 1− 1(k0l0)2 . (6.174)
Thissimpleexpressionshowsthattransportcancels(D 0)for
k0l0= k
30
4πρ 1⇐⇒ ρλ
30 20. (6.175)
Thisistheso-caledIoﬀe-RegelcriterionforAndersonlocalization[101].Fork0l0 1,
interferenceeﬀectsaresostrongthattheyoccurduringthescatteringprocessandmay
leadtolocalizationofeigenstates.
Analternativepictureconsistsinlookingatthe‘modes’ofthedisorderedsystem
understudy.Asalreadydiscussedinsections2.5.2,4.4,and6.4,themodes(or‘quasi-
modes’or‘resonances’)ofasystemof N point-likescatterersinteractingwithlight
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inaﬁniteandopenvolumeVaretheeigenvectorsoftheeﬀectiveHamiltonianHe
(6.100),whicharealsotheeigenvectorsRnoftheGreen’smatrixG(ω0).Inthiscontext,
AndersonlocalizationformalyreferstothelocalizednatureofeigenvectorsRninspace
duetodisorder. Weinvestigatethedegreeoflocalizationoftheseeigenvectorsinsection
6.6.2.Ontheotherhand,onealsoexpectsAndersonlocalizationtohaveanimpacton
thestatisticsoftheeigenvaluesEnofHe:
En=ωn−iΓn2, (6.176)
ωn=ω0−Γ02ReΛn, (6.177)
Γn=Γ0(1+ImΛn), (6.178)
whereΛnaretheeigenvaluesoftheGreen’smatrixG(ω0).Γncontrolsthedecayrateof
physicalobservables,suchastheintensityofthewaveemergingfromtherandomsystem.
Indeed,fromthelinearanalysisofsection4.2,itisstraightforwardtowritethepositive
frequencypartelectricﬁeldmeasuredatpointras
E+(r,ωL)=
N
n=1
an(r)
Γn/2−i(ωL−ωn), (6.179)
wherean(r)isafunctionthatdependsontheeigenvectorRnoftheGreen’smatrixand
thespatialdistributionoftheﬁeldattheinitialtime.Signaturesofdiﬀerenttransport
regimesmaybetracedbacktothestatisticsofeigenvaluesΛninvariousways. Two
optionsareconsideredinthefolowing.Insection6.6.1westudythebehaviorofp(Λ)as
afunctionofImΛ,andinsection6.6.2weconcentrateonthebehavioroftheThouless
numberg.Thelatteristheratiobetweenthemeanspectralwidthδωofthemodesand
theirmeanlevelspacing∆ω.17Intuitively,oneexpectsAndersonlocalizationtooccur
whenthemodesceasetooverlap.Thiscriterion,
g= δω∆ω=gc 1, (6.180)
isknownastheThoulesscriterionforAndersonlocalizationinaﬁniteopenmedium
[101,214].δω−1iscaledtheThoulesstime,and∆ω−1theHeisenbergtime.TheThou-
lessnumbergcanbeshowntobeequaltothedimensionlessconductanceofadisordered
sample,anditistheonlyrelevantparameterinthescalingtheoryofAndersonlocaliza-
tion[215].Insection6.6.2wepresentpreliminaryresultsconcerningthecalculationof
thescalingfunctionβ(g)fromtheeigenvaluesΛnoftheGreen’smatrix.
6.6.1 StatisticsofresonancesoftherandomGreen’s matrix
Thegenericbehaviorofthedistributionofdecayratesp(Γ)inadisorderedopensystem
maybeestimatedthankstothefolowingsimpleargument[103,104].Looselyspeaking,
theprobabilityofﬁndingaspectralwidthΓsmalerthanΓis
p(Γ<Γ)∼[R−r(Γ)]
d
Rd , (6.181)
17Seesection6.6.2foraprecisedeﬁnitionofδωand∆ωintermsoftheeigenvaluesΛn.
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Figure6.18:Numericalmarginaldistributionoftheimaginarypartoftheeigenvaluesof
theN×NGreen’smatrix(6.101),wheretheNpointsriarerandomlychoseninsidea
cubeofsideL. Resultsatdensitiesρλ30=1,10,20,40,60and100(curvesfromtoptobottom)forN=104arecomparedwiththeasymptoticlaw1/(ImΛ+1)shownbythe
dashedline.
whereRdisthetypicalvolumeofthed-dimensionalsystemandr(Γ)isthetypical
distance(fromboundaries)traveledbythewavesleavingthesysteminatimeΓ−1.
Then,thedistributionofdecayratesisgivenby
p(Γ)=dp(Γ<Γ)dΓ =−
dr(Γ)
dΓd1−
r(Γ)
R
d−1
∼−dr(Γ)dΓ. (6.182)
Forbalisticanddiﬀusivemotions,weobtain:
r(Γ)=vΓ =⇒ p(Γ)∼
1
Γ2 (balistic), (6.183)
r(Γ)= DΓ =⇒ p(Γ)∼
1
Γ3/2 (diﬀusive). (6.184)
Inthelocalizedregime,modesareexponentialylocalized,|ψ(r)|∼e−r/ξ(ξisthelocal-
izationlength),sothatleakageΓ∼|ψ(r)|2isessentialyduetostateslocalizednearthe
systemboundaries.Thisyields
Γ(r)∼e−2r/ξ =⇒ p(Γ)∼1Γ (localized). (6.185)
Itisworthnotingthatthethreepowerlaws(6.183),(6.184),and(6.185)applyforone-,
two-,orthree-dimensionalrandommedia. Thereasonisthatr(Γ)inEq.(6.182)is
independentofthedimensionalityofspace.
Pinheiroetal.[104]studiednumericalythe marginaldistributionp(ImΛ)ofthe
scalarGreen’smatrix,andobservedp(ImΛ)∝1/(ImΛ+1)athighdensitiesofpoints.
Ournumericalresultsalsoexhibitsuchabehavior(seeFig.6.18).Basedonthequali-
tativeprediction(6.185),theauthorsof[104]conjecturedthatthepowerlawp(ImΛ)∝
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Figure6.19:(a)Cutsoftheeigenvaluedensityp(Λ)oftheN×NGreen’smatrix(6.101)
alongtheimaginaryaxisReΛ=0.N =104pointsriarerandomlychoseninsidea
sphereofradiusR;γ=9N/8(k0R)2. Resultsofnumericaldiagonalization(symbols)
arecomparedwiththesolutionofEq.(6.172)(solidredlines).(b)Marginalprobability
densityoftheimaginarypartofeigenvaluesof(6.101).SolutionsofEq.(6.172)(solid
lines)atN=104(γ=0.34),106(γ=1.6),and108(γ=7.4)forρλ30=0.1arecomparedwiththeasymptoticlaw1/(ImΛ+1)(dashedline).
1/(ImΛ+1)wasasignatureofAndersonlocalizationofwavesinthecorrespondingpoint-
scatterermodel.Totestthisconjecture,weanalyzep(Λ)computedfromEq.(6.172)at
lowdensitiesρλ30 1,forwhichnoAndersonlocalizationisexpected,accordingtothe(qualitative)Ioﬀe-Regelcriterion(6.175).InFig.6.19(a),weshowcutsofp(Λ)
alongtheimaginaryaxisReΛ=0. Weclearlyobservethatp(ReΛ=0,ImΛ)decays
as1/(ImΛ+1),eventhoughthedensityofpointsρλ30istoolowtobringthesystemtotheAndersonlocalizationtransition.Forγ 1,althoughp(Λ)∝1/(ImΛ+1),the
marginaldistributionp(ImΛ)folowstheMarchenkoPasturlaw[seeFig.6.14]duetothe
circluarshapeofthesupportofp(Λ).Incidentaly,wenowunderstandinanewfashion
whyp(ImΛ)folowstheMarchenkoPasturlawforγ 1:thelattercanbeseenasthe
projectionofatwo-dimensionaldistributionp(Λ)ontheimaginaryaxisImΛ,provided
thatp(Λ)isdiﬀerentfromzeroinsideacircleofradius√2γcenteredat(0,γ/2)and
thatp(Λ)∝1/(ImΛ+1).18Thepower-lawdecaybecomesvisibleinthemarginaldistri-
butionp(ImΛ)[seeFig.6.18]onlywhenthesupportofp(ImΛ)issuﬃcientlywide,i.e.
forγ 1.Becausetheconditionγ 1canbeobeyedatany,evenverylowdensityby
justincreasingthenumberofpointsN,itseemsthatnodirectlinkcanbeestablished
betweenthepower-lawdecayofp(ImΛ)andAndersonlocalization.Thisalsoseemsto
beconﬁrmedbyourtheoreticalpredictionforp(ImΛ)computedatlargevaluesN>104
(thatareinaccessiblefornumericalsimulations)andlowdensityρλ30=0.1,seeFig.6.19(b).
OurconclusionisthatitisnotclearaprioriifanysignofAndersonlocalization
should(andcould)bevisibleinthedensityofeigenvaluesp(Λ),inthemarginaldistribu-
tionsp(ImΛ)andp(ReΛ),orinthemodiﬁcationsobservedintheshapeoftheeigenvalue
domainwhenthedensityisincreased(seesection6.5.1).Toelaborateonthisissue,we
analyzeinthenextsectiontheeigenvectorsofthematrix(6.101).
18EquationforacirclecanbefoundfromEq.(6.116),andp(Λ)∝1/(ImΛ+1)fromEq.(6.172),in
theregimeρλ30 1andγ 1.
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Figure6.20:(a),(b)and(c)Densityplotsofthelogarithmoftheaverageinversepar-
ticipationratioofeigenvectorsoftheGreen’smatrix(6.101). Foreachoftheseplots,
wefoundeigenvaluesof10diﬀerentrandomrealizationsof104×104Green’smatrixnu-
mericaly(withpointsrirandomlychoseninsideasphereofradiusR),computedtheir
IPRsusingEq.(6.186),andthendeterminedIPR(Λ)byintegratingEq.(6.187)overa
smalarea(∆Λ)2aroundΛ,foragridofΛ’sonthecomplexplane.(d)Densityplot
ofthelogarithmoftheeigenvaluedensityof(6.101). Thesolidredlinerepresentsthe
borderlineofthesupportofeigenvaluedensityfolowingfromEqs.(6.135)and(6.136).
6.6.2 Inverseparticipationratio
TodetermineifaneigenvectorRn={Rn(r1),...,Rn(rN)}oftheGreen’smatrix(6.101)
islocalizedornot,wecomputeitsinverseparticipationratio(IPR),alreadyintroduced
insection5.8.2:
IPRn=
N
i=1|Rn(ri)|4
N
i=1|Rn(ri)|2
2. (6.186)
WerecalthataneigenvectorextendedoveralNpointsischaracterizedbyIPR∼1/N,
whereasaneigenvectorlocalizedonasinglepointhasIPR=1. Theaveragevalueof
IPRcorrespondingtoeigenvectorswitheigenvaluesinthevicinityofΛcanbedeﬁned
as
IPR(Λ)= 1Np(Λ)
N
n=1
IPRnδ2(Λ−Λn) , (6.187)
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whereaveragingisoveralpossibleconﬁgurationsofNpointsinasphere.Ournumerical
analysisoftheaverageIPRdeﬁnedbythisequationrevealsthefolowingscenario. At
lowdensityρλ30 10,IPR 2/Nforaleigenvectorsexceptthosecorrespondingtotheeigenvaluesthatbelongtospiralbranches[seeFig.6.6(a)and(b)andsection6.5.2]
forwhichIPR 12. Thesestatesarelocalizedonpairsofpointsthatareveryclosetogetherandcorrespondtoproximityresonances[105]thatdonotrequirealargeoptical
thicknesstobuildup. Theprefactor2intheresultforIPRofextendedeigenvectors
isduetotheGaussianstatisticsofeigenvectorsatlowdensities. Forρλ30 10[Fig.6.20(a)and(b)],IPRstartstogrowinaroughlycirculardomaininthevicinityofΛ=0
andreachesmaximumvalues∼0.1atρλ30 30[Fig.6.20(c)]. Contrarytocommonbelief[105],neitherlocalizedstatesnecessarilyhaveImΛcloseto−1,norstateswith
ImΛ −1arealwayslocalized,ascanbeseenfromFig.6.20(c). Forρλ30>30,thelocalizedstatesstarttodisappearandaholeopensintheeigenvaluedensity.Ascanbe
seenfromthecomparisonofFig.6.20(c)and(d),itisquiteremarkablethattheopening
oftheholeinp(Λ)[Fig.6.20(d)]proceedsbydisappearanceoflocalizedstates[i.e.,of
stateswithIPR 1/NinFig.6.20(c)]. Furtherworkisneededtogiveadeﬁnitive
physicalinterpretationofthisscenario. Atpresent,twospeculativeconjecturescanbe
formulated,thatmightbethetwosidesofthesamecoin. Theopeningofthehole
mightbeasignatureofAndersonlocalization,meaningthatthestateslocalizedueto
interferenceeﬀects;oritcouldbeinterpretedasasignatureofatransitiontowardsan
eﬀectivemediumregime,andinthatcaselocalizedstatescouldbereminiscenttothose
thatonecanobserve,e.g.,insideabandgapofaperiodicstructureduetolocalized
defects.
6.6.3 ScalingtheoryandtheGreen’s matrix
ThepurposeofthescalingtheoryofAndersonlocalizationistocapturefeaturesthat
areimportantonmacroscopicscalesbutinsensitivetomicroscopicdetailsofdisorder.
Inparticular,itassumesthattransportpropertiesatlargescalesdependonlyonone
parameter,theThoulessnumberg=δω/∆ω. FromEq.(6.177),wecanexpressthe
meanlevelspacing∆ωintermsofthepropertiesoftheGreen’smatrixas
∆ω= ωn−1−ωn =Γ02 ReΛn−ReΛn−1, (6.188)
wheretheeigenvaluesΛnareorderedbytheirrealpart.Ontheotherhand,itisworth
notingthatthemeanspectralwidthofthemodescannotbedeﬁnedasδω= Γn,
withΓngivenbyEq.(6.178),becauseImΛn =0( Nn=1Λn=0foreachrealization).Therefore,wedeﬁneδωastheinverseofthemeanThoulesstime:
δω= 2Γn
−1
=Γ02
1
ImΛn+1
−1
. (6.189)
Thedeﬁnitions(6.188)and(6.189)areconsistentwiththeveryrecentworkof Wangand
Genack[216],thatshowsthatitisexperimentalypossibletomeasuretheset(ωn,Γn)
thatdeﬁnethemodesofanopenrandommedium.Theauthorsassumedthattheelectric
ﬁeldE+(r)hasthedecomposition(6.179)andfound(ωn,Γn)frommeasurementsof
microwavespectraatmanypointsr.TheycouldevaluateexperimentalytheThouless
numberg=δω/∆ωwith∆ωandδωdeﬁnedasinEqs.(6.188)and(6.189),andwere
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normalizedbyΓ0/2)evaluatednumericalyfromtheeigenvaluesoftheN×NGreen’s
matrix(6.101)forN=102,103,5×103and104,andat11diﬀerentdensitiesρλ30=10,12,...,28,30.ForN 103,∆ωisalmostconstantinthevicinityofk0l0 1(dashed
linesrepresentitsmeanvalueovertherangek0l0∈[0.6,2]),andδω ∆ωfork0l0 1
[seealsoFig.6.22(a)].
abletocompareitsvaluetotheensembleaverageofthetransmittance(theanalogof
thedimensionlessconductanceforclassicalwaves)[216].
Theeleganceofthescalingtheorycomesfromthefactthatuniversalfeaturesof
Andersonlocalizationarecapturedbythesimplescalingfunction
β(g)= ∂lng∂lnk0R. (6.190)
ThisfunctiontelsushowgevolveswithsystemsizeR:β(g)<0meansthatincreasing
thesystemsizeleadstoexponentialysmalg,andthereforecorrespondstothelocal-
izedregime,whileforβ(g)>0,the‘renormalizationﬂow’leadstodelocalizedregimes
(diﬀusiveandbalisticregimes).InthestronglylocalizedregimeR ξ,g∼e−R/ξand
β(g)∼lng,whileinthediﬀusiveregimeR l0,g(R)∼Rd−2andβ(g)∼d−2.This
showsthatalstatesarelocalizedford≤2.Assumingthattheshapeofβ(g)interpolates
smoothlybetweenthetwopreviousasymptotics,onepredicts,ford≥3,theexistenceof
anunstableﬁxedpointgcdeﬁnedbyβ(gc)=0.Tothecriticalpointcorrespondsalsoa
criticalfrequencyωc.AccordingtotheThoulesscriterionoflocalization(6.180),gc∼1.
TobeconsistentwiththeIoﬀe-Regelcriterion(6.175),onealsoshouldhavekcl0∼1.
Usingthelinearizedformβ(g)=ln(g/gc)/νaroundtheﬁxedpointgc,weﬁndafteran
elementarycalculation19thatthelocalizationlengthdivergesclosetothetransitionfor
19ForapedagogicalintroductiontoscalingtheoryofAndersonlocalization,see,e.g.,Ref.[217].
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Figure6.22:(a)Thoulessnumberg=δω/∆ωevaluatedfromthedataofFig.6.21.
CurvesfordiﬀerentN crossatthecriticalpointk0l0 g 1.(b)Scalingfunction
β(g)=∂lng/∂lnk0Rcomputedfromtheresultsof(a).Theslopeatthecriticalpointgc
yieldsthecriticalexponentν 1.6.
ω0<ωcasξ∼|ω0−ωc|−ν,andthediﬀusionconstantvanishesalgebraicalyforω0>ωc
asD∼(ω0−ωc)ν. Thecriticalexponentνisdeterminedbytheslopeofthescaling
functionβ(g)atthetransition. Fromextensivenumericalsimulationsweknowtoday
thatν=1.58±0.01[218,219]. Notethatnoanalytictheoryhasbeenabletopredict
thisvaluesofar.
Ourgoalistorevisitthescalingtheorythroughthestatisticalpropertiesofthe
eigenvaluesΛnoftheGreen’smatrix.InFig.6.21,weshownumericalcomputationsof
∆ωandδω. WediagonalizedtheGreen’smatrix(6.101)fordiﬀerentmatrixsizeNand
fordiﬀerentvaluesofthedisorderparameterk0l0=2π2/ρλ30,andevaluated∆ωandδωwithEqs.(6.188)and(6.189),respectively. Wenicelyobservethat∆ωandδωbecome
equalwhenk0l0 1,meaningthattheThoulesscriterion(6.180)isperfectlyconsistent
withtheIoﬀe-Regelcriterion(6.175)inanopenthree-dimensional medium. Thisis
furtherilustratedinFig.6.22(a),whereweplottheThoulessnumbergasafunctionof
k0l0.Notethatwithintheaccuracyofoursimulations,∆ωremainsroughlyconstantin
theconsideredrangeofk0l0,ataﬁxedN.FromtheresultsofFig.6.22(a)weevaluated
thescalingfunction(6.190),whichisrepresentedinFig.6.22(b). Weclearlyseethat
β(g)ispositiveforg>gc 1.3,andtakesvaluesinagreementwiththetheoretical
predictionlimg→∞β(g)=d−2=1.Ifwestartincreasingthesizefromsomeg>gc,
the‘renormalizationﬂow’drivesthesystemtowardthestableﬁxedpointg=∞. On
theotherhand,ifwestartwithg<gc,theﬂowβ(g)leadstothe‘insulating’stableﬁxed
pointg=0. Moreover,β(g)behavessmoothlyinthevicinityoftheunstableﬁxedpoint
gc.Fromtheslopeatthecriticalpointgc,weroughlyestimatedthecriticalexponent
oftheAndersontransitionasν 1.6,whichisconsistentwiththeresultofextensive
numericalsimulationsinothersystems[218,219].Evenifwefoundνveryclosetothe
expectedresult,ithappenedbychance.ThequalityofnumericalresultsinFigs.6.21
and6.22isclearlyinsuﬃcienttoestimateνwithacceptableprecision.
Inordertoobtainabetterestimateofthecriticalexponentν,wecoulddiagonalize
theN×NGreen’smatrixwithN>104,whichisapainfulnumericalwork.However,
ourpurposewasnottoprovideaprecisenumericaldescriptionofthescalingfunction
β(g),butrathertoverifythatthestatisticalpropertiesoftheGreen’smatrixindeed
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containinformationrelatedtoAndersonlocalization.Inparticular,ournumericalanal-
ysisconﬁrmsthatthescalingfunctioncanbecomputedfromthedeﬁnitions(6.188)and
(6.189).Thechalengebecomesthereforetocalculate∆ωandδω,andthusβ(g),from
Eqs.(6.188)and(6.189)analyticaly.Atthetimeofwritingthisthesis,weareworking
inthisdirection.Inprinciple,ouranalyticalequations(6.38)and(6.39)alowtosolve
fortheeigenvaluedensityp(Λ),andthereforeforthemeanspectralwidth(6.189)aswel.
Chapter7
Euclideanmatrixtheoryofrandomlasing
Recenttheoreticalmodelsofrandomlasersrelyonexpansionsofthelaserﬁeldinterms
ofoverlappingmodesof‘randomcavities’formedbytheheterogeneitiesoftheactive
medium[21,32–34,36,40,220].AlternativeapproachesconsistinsolvingMaxwel-Bloch
equationsnumericaly[22,28,30,31]orwithinthediﬀusionapproximation[6,134,221].
Thelatterhastheadvantageofyieldingasimplecriterionforthelasingthreshold(section
4.6)butitlacksrigorousjustiﬁcation,doesnotcapturethemodestructureoftherandom
laser,andbreaksdowninthestrongscatteringregime[3].
Inthepresentchapterwedevelopanewapproachtotheproblemofrandomlasing
thatdoesrelyneitherontheexpansionofthelaserﬁeldintermsofcavitymodes,noron
thediﬀusionapproximation.ItisbasedonouranalyticresultsfortherandomGreen’s
matrixderivedinchapter6. Todemonstratethepowerofthisnewapproach,wewil
mainlyconsiderrandomlasinginanensembleofalargenumberNofidenticalatoms
infreespace,aproblemofrecentinterest[61,65,134].Ourmicroscopicstartingpoint
isthedynamicequationsofmotion,derivedinchapters2and4,forNatomsthatboth
scatterandamplifylight. Weobtainanalyticresultsforthelasingthreshold(section7.1)
andtheaverageemittedintensity(section7.2)inthesemiclassicallimit,thusachieving
animportantprogresswithrespecttopreviousworksonsimilarsystemsbySavelsetal.
(whotreatedlasinginensemblesofN≤5three-levelatoms)[61]andFroufe-P´erezet
al.(whodealtwithN 1two-levelatomsbutinthediﬀusionapproximation)[134].
Thespectrumoflightemittedbelowthresholdiscomputedanalyticalyinsection7.2.1
bytakingintoaccountquantumeﬀects. Ourapproachcanbeextendedtodealwith
more‘standard’randomlasersinwhichscatteringcenters(‘particles’)areembeddedin
anamplifyinghomogeneousmatrix(section7.3).
7.1 Thresholdinacloudofcoldatoms
7.1.1 Thresholdcondition
Letusﬁrstconsidertheincoherentpumpmodelintroducedinsection3.2.2.Inthis
model,agasofNthree-levelatomsatrandompositionsri(i=1,...,N)infreethree-
dimensionalspaceissubjecttoastrongexternalpumpﬁeldresonantwiththetransition
fromthegroundstate|gi totheupperauxiliarylevel|ai ofeachatom. Theatoms
rapidlydecaytotheupperlevel|eiofthelasertransitionatarateΓae Γeg=Γ0 Γag
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[seeFig. 3.1(b)].Interactionofatomswiththeelectromagneticﬁeldwhichisnear-
resonantwiththetransitionfrom|ei to|gi (energydiﬀerenceω0)isdescribedby5N
equationsofmotionforatomicoperatorsthatarecoupledtothequantumpropagation
equation(2.39)fortheelectricﬁeld.Aftereliminationoftheelectricﬁeld,theseequations
canbereducedtoEqs.(3.42)and(3.43)foratomicraisingoperatorsSˆ+i=|ei gi|and
populationimbalancesΠˆi=|ei ei|−|gi gi|(seesection3.2.2fordetails). Wereproduce
theseequationshereforclarity:
dˆS+i
dt= i
ω0
Γ0−
1
2(1+Wi)Sˆ
+i+i2ˆΠi j
G∗ij(ω0)ˆS+j+Fˆ+i(t), (7.1)
dˆΠi
dt=−(1+Wi)ˆΠi+Wi−1−2Im

ˆS+i
j
Gij(ω0)ˆS−j

+FˆΠi(t). (7.2)
TimetisinunitsofΓ−10 ,Wiisthepumpingrate(3.37)andG(ω0)istheN×NGreen’smatrix(6.101)thatcouplesdiﬀerentatoms1. TheLangevinforcesFˆ+i(t)and
FˆΠi(t)describethequantumﬂuctuationsofthevacuumﬁeld(seesection3.3).Equations(7.1)and(7.2)arederivedinthescalarapproximationfortheelectromagneticﬁeldand
assumingΓ0 ω0,c/R,whereRisthesizeoftheatomiccloud(seesection2.4.1).They
canberegardedasageneralizationoftheopticalBlochequation[41,55]toanensemble
ofidentical,incoherentlypumpedatoms.Intheabsenceofcouplingbetweenatoms,they
describeanisolatedatomandhavethestationarysolution
0R|ˆΠi|0R =Wi−1Wi+1≡Π
eq
i, (7.3)
0R|ˆS±i|0R =0, (7.4)
where|0R isthevacuumﬁeldstate. ThisshowsthatpopulationinversionΠeqi >0canbeachievedforWi>1.Thisthresholdforachievingpopulationinversion,aswel
asthepowerbroadeningofthetransition(thenaturalline-widthΓ0isincreasedbya
factor1+Wi),areduetosharingofthesamegroundstatebythepumpandthelasing
transitions.
Equations(7.1)and(7.2)provideaquantumdescriptionoftheproblemofrandom
lasinginanensembleofthree-levelatoms.Theintensityandthespectrumoftheemit-
tedlightcanbeobtainedfromquantumcorrelationfunctions0R|ˆS+i(t)ˆS−j(t)|0R (seesection3.1).Inthepresentsectionwelimitourselvestothesemiclassicalpicturethatis
suﬃcienttoanalyzethelasingthresholdandtheaverageemittedintensity. Thesemi-
classicalapproximationofEqs.(7.1)and(7.2)isobtainedbyreplacingaloperatorsOˆby
theirquantumexpectationvaluesO= 0R|ˆO|0R.Inparticular,Langevinforcesvanish
inthisapproximation:FΠi =0andF+i =0,seeEq.(3.47).Equations(7.1)and(7.2)become
dS+i
dt= i
ω0
Γ0−
1
2(1+Wi)S
+i+i2Πi j
G∗ij(ω0)S+j, (7.5)
dΠi
dt=−(1+Wi)Πi+Wi−1−2Im

S+i
j
Gij(ω0)S−j

. (7.6)
1Inthischapter,hatsareexplicitlyaddedtoquantumoperators.Besides,weusethelooseoperator
notationImˆO=(Oˆ−Oˆ†)/2i.
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Whencouplingbetweendiﬀerentatomsisatwork,thestationarysolution S±i =0ofEqs.(7.5)and(7.6)mayloseitsstabilityforasuﬃcientlystrongpump.Folowing
standardsemiclassicallasertheories[23],wewilassociatethisinstabilitywithreaching
thelasingthreshold.Thestabilityanalysisisidenticaltotheoneperformedinsection
3.4forN=2atoms.Equations(7.5)and(7.6)arerewrittenasdZ/dt=F(Z)where
Z= S+1,...,S+N,S−1,...,S−N,Π1,...,ΠN . WeintroduceδZ=Z−Z(0)whereZ(0)isthestationarysolutionintheabsenceofinteraction.δZobeys
d
dtδZ=
∂F
∂ZZ(0)δZ. (7.7)
Sincethe3N×3NJacobianmatrix∂F/∂Z|Z(0)isblock-diagonal,werestrictourselvestothestudyoftheN×NblockgoverningthetimeevolutionofδS−= δS−1,...,δS−N .ItisconvenienttointroduceaN×NmatrixN deﬁnedbytherelation
d
dtδS
−= −iω0Γ0−
1
2 δS
−+i2NδS
−. (7.8)
AccordingtoEq.(7.7),thematrixN is
N=


iW1 −Πeq1G12(ω0) ... −Πeq1G1N(ω0)
−Πeq2G21(ω0) ... ...
...
... ... ... −ΠeqN−1G(N−1)N(ω0)−ΠeqNGN1(ω0) ... −ΠeqNGN(N−1)(ω0) iWN

,
(7.9)
sothat,intheabsenceofpump(Wi=0),itisidenticaltotheN×NGreen’smatrix
G(ω0).IfδS−(0)isa(right)eigenvectorofN associatedwithaneigenvalueλ,then
δS−(t)∼e−Γ0(1+Imλ)t/2.Thisshowsthatthelineardescription(7.8)breaksdownand
lasingstartswhentheimaginarypartofatleastoneoftheeigenvaluesofN becomes
lessthan−1.ForuniformpumpWi=W,thisconditionreducesto
2W
1+WImΛn>(1+W)+ImΛn, (7.10)
whereΛnisaneigenvalueofG(ω0).Theleft-handsideofthisconditioncanberegarded
asgainthatdependsonboththepumpingrateW andscattering(throughΛn),whereas
theright-handsidecontainspump-dependentlossesduetospontaneousemission(1+W)
andleakageoutofthesystem(ImΛn). Ascounterintuitiveasitmayseem,itfolows
fromEq.(7.10)thatrandomlasingtakesplacewhenImΛn(thatquantiﬁeslossesdueto
openboundariesintheabsenceofpump)exceeds(1+W)2/(W −1)andW>1.
Itisworthnotingthatthethresholdcondition(7.10)isaspeciﬁccaseofthecondition
Λn(ω0)= 1α˜(ωL) (7.11)
derivedinsection4.2.InEq.(7.11),α˜(ωL)isthedimensionlessatomicpolarizability
[Eq.(4.10)]atfrequencyωL that mayfeatureanarbitrarypumpingscheme.Ifwe
substitutethepolarizability(4.9)(andneglecttheﬁeldnonlinearitiessothatsi=0)
intoEq.(7.11),werecoverEq.(7.10). ButEq.(7.11)ismoregeneralthanEq.(7.10)
andisnotrestrictedtolasinginasystemofthree-levelatoms. Wecanalsoapplyit,
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Figure7.1:ThedomainDα(hatched)spannedby1/˜αandthedomainDΛ(bluearea
delimitedbythesolidline)occupiedbytheeigenvaluesΛoftherandomGreen’sma-
trix(6.101).(a)Incoherentgainα˜(ωL,W),seeEq.(4.9).(b)Coherent Molowgain
α˜(δL,∆p,Ωp)[Eq.(4.35)]with∆p=1.LasingoccurswhenDαandDΛoverlap:regions
(1),(2),(3). TheborderlineofDΛ isgivenbyEq.(7.12)withtheopticalthickness
b0=40in(a)andb0=140in(b).ThedashedlinesshowtheborderlineofDΛfolowing
fromthediﬀusionapproximation[Eq.(6.121)].
forexample,toanensembleoftwo-levelatoms(resonantfrequencyω0)intheﬁeldofa
strongnear-resonantcoherentpump(frequencyω0+Γ0∆p,RabifrequencyΓ0Ωp). When
iluminatedbyaweakprobelightatafrequencyω0+Γ0∆p+Γ0δL,eachatombehaves
asifithadtheeﬀectivepolarizability(4.35)[seesection4.2.2andFig.3.1(a)].Optical
gaininsuchasystemissometimesreferredtoas‘Molowgain’[115].
Asexplainedinsection4.2.2,thethresholdcondition(7.11)iseasilyvisualizedby
drawingthetwo-dimensionaldomainDΛoccupiedbytheeigenvaluesofG(ω0)andthe
regionDαspannedby1/˜αwhenitsfreeparameters —ωLandW inthecaseofEq.
(4.9),andδL, ∆p,andΩpinthecaseofEq.(4.35) —arevaried,onthecomplex
plane.RandomlasingtakesplacewhenDΛandDαtouch(threshold)oroverlap.This
isilustratedinFig.7.1forN 1atomsinasphereofradiusR λ0.Inthisﬁgure,
weadjustedtheparametersfortherandomlasertobeslightlyabovethreshold:DΛand
Dαbarelyoverlap. WhereasDαiseasytodeterminewhenα˜isknownasafunctionof
itsparameters,ﬁndingDΛismuchlesstrivial.Herewemakeuseofourresultsforthe
eigenvaluedistributionoftheGreen’smatrix(6.101)inthelimitoflargeN (chapter
6).ThedistributionandtheboundaryofitssupportDΛonthecomplexplanedepend
ontwodimensionlessparameters:thenumberofatomsperwavelengthcubedρλ30andtheon-resonanceopticalthicknessb0=2R/l0,whereρisthenumberdensityofatoms
andl0=k20/4πρistheon-resonancescatteringmeanfreepathintheabsenceofthepump[seeEqs.(4.128)and(4.129)].Notethatb0isproportionaltothesecondmoment
γ= |Λ|2 oftheeigenvaluesofG(ω0),b0=16γ/3[Eq.(6.105)].Atamoderatedensity
ρλ30 10,theeigenvaluedomainDΛconsistsoftwoparts:a(roughlycircular)‘bulk’andapairofspiralbranches(seesection6.5.1andFig.6.6). Dependingontheparticular
modelofatomicpolarizabilityα˜,eitherthebulkorthebranchesmaytouchDα,aswe
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Figure7.2:Theminimal(critical)opticalthicknessb0crnecessaryforlasingintheinco-
herentpumpmodel,folowingfromourEuclideanmatrixtheory(7.12)(solidline)and
fromthediﬀusionapproximation(4.138)(dashedline).
nowdiscuss.
7.1.2 Thresholdduetothe‘bulk’ofeigenvalues
Weﬁrstfocusonthelasingthresholdduetothebulkofeigenvalues. Combiningthe
analyticequation(6.117)fortheborderlineofDΛatlowdensityρλ30 10andEq.(7.11)resultsinathresholdconditionthatdependsontheopticalthicknessb0butnotonthe
densityρλ30: 3
8b0|˜α|
2h 12b0Im˜α =1, (7.12)
whereh(x)isgivenbyEq.(6.115). Notethatforbothgainmechanismsconsidered
inthissection,thethresholdcondition(7.12)involvestheeigenvaluewiththelargest
imaginarypart,ascanbeseenfromFig.7.1. Wecalculatedmax(ImΛ) basedonour
non-Hermitianrandommatrixtheory(section6.5.1.c)andfoundexcelentagreement
withnumericalresults,seeFig.6.9.Itisquiteremarkablethattheagreementispresent
atalvaluesofparameters,includinghighdensitiesρλ30 1thatwerenecessarytoreachlargeopticalthicknessesb0 1innumericalcalculationswithmoderateN≤104.
Becauseitis max(ImΛ) thatcontrolsthelaserthreshold,weconcludethatourtheory
appliestorandomlasingalthewayfromweak(ρλ30 1)tostrong(ρλ30 1)scatteringregime.
Itisinterestingtocomparethethresholdcondition(7.12)withtheoneobtained
inthediﬀusionapproximation. Thelatteramountstosolvethediﬀusionequationfor
theaverageintensityoflightinthepresenceofgain[seesection4.5,andinparticular
Eq.(4.131)]. Thethresholdisreachedwhenthesolutiondiverges. Thisyieldsthe
thresholdcondition(4.138). Thelatterissimilartoourresult(7.12)atlargeoptical
thicknessb=b0|˜α|2 1[Eq.(4.128)]butdeviatessigniﬁcantlyatb 1,ascanbeseen
fromFig.7.1.Consequently,thepredictionsofEq.(4.138)forthelaserthreshold(that
isreachedatb<1,seeFig.7.1)turnouttobeinaccurate.Inparticular,ourEq.(7.12)
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Figure7.3:(a)EigenvaluesΛofasinglerandomrealizationoftheGreen’smatrixG(ω0)
(dots)foracloudofopticalthicknessb0=40,composedofN =103atoms.(b)–(d)
Intensities|Rin|2correspondingtothemodeinthesubradiantbranch,localizedonapairofatoms(b),themodewiththelargestImΛ(c)andthemodecorrespondingtothe
smalest|Λ|(d).AmodeRn={R1n,R2n,...,RNn}isrepresentedbyspherescenteredatpositionsofatomsriandhavingradiequalto1×(b),100×(c),and10×|Rin|2(d).
predictsthattheminimumon-resonanceopticalthicknessesrequiredforrandomlasing
areb0cr 35fortheincoherent(Fig.7.2)andb0cr 110forthecoherentpump.Thisis
signiﬁcantlylessthan50and200,respectively,folowingfromEq.(6.121).
AnalysisoftherighteigenvectorsRn(modes)ofthematrixG(ω0)showsthatatal
densitiesρλ30,themodethatreachesthethresholdﬁrstisextendedoverthewholeatomiccloud[seeFig.7.3(c),andFig.6.20forastatisticalanalysisoftheinverseparticipation
ratio],evenwhenthesystemmaysupportlocalizedmodesaswel[seemodes(b)and(d)
inFig.7.3,andFig.6.20].Thisisspeciﬁcforthemodelsconsideredhereinwhich,in
particular,scatteringandgainareduetothesameatoms,andincontrastwithsystems
wheregainandscatteringareindependentand(pre-)localized modes maybebetter
candidatesforlasing[18,22,222](seealsosection7.3).
Inthehigh-densitylimitρλ30→∞,theeigenvaluesofG(ω0)thathavelargeimaginarypartscolapseonaline(Fig. 6.8)describedbythesimpleequation(6.130)which,
combinedwithEq.(7.11),yieldsthelasingthresholdconditionforacontinuousmedium
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witharefractiveindexn(˜α)=(1+˜αρλ30/2π2)1/2:
n(˜α)−1
n(˜α)+1
2
e4in(˜α)k0R =1. (7.13)
Inthislimittheproblemloosesitsstatisticalnatureandtherandomlaserturnsinto
a‘standard’laserwiththefeedbackdueto(partial)reﬂectionsattheboundariesofa
homogeneousamplifyingmedium.
7.1.3 Thresholdduetothe‘subradiantbranch’
LetusnowanalyzetheroleofthespiralbranchesofDΛ.AsweilustrateinFig.7.3(b),
theeigenvaluesbelongingtothesebranchescorrespondtoeigenvectors(modes)localized
onpairsofveryclosepoints|ri−rj| λ0(seealsoFig.6.20). Thesearethesuper-
andsubradiantstatesofapairofatoms(section6.5.2).Fortheuniformincoherentgain
(4.9),thebranchesdonotoverlapwithDα[Fig.7.1(a)],whereasthelower,‘subradiant’
branchoverlapswithDαforthecoherentMolowgain[Fig.7.1(b),region(3)].Thus,in
thelattercasethesolutionS±i =0ofEqs.(7.5)and(7.6)mayloseitsstabilityduetotheeigenvaluewiththesmalestrealpartbelongingtothisbranch.Insection6.5.2,we
calculatedmin(ReΛ) andshowedthattheresult[Eq.(6.145)]scaleswith(Nρλ30)1/3,ingoodagreementwithnumericalsimulationsaslongasρλ30 10[Fig.6.12(a)]. When(−ReΛ)exceedsacriticalvalue,apairofcloselylocatedatomsonwhichtheeigenvector
(mode)associatedwiththeeigenvalueΛislocalized,startstoemitcoherentlight. On
average,thethresholdforthiseﬀectisgivenbytheconditionmin(ReΛ) −i=1/˜αthat
reducesto
−Γ(2/3) Nρλ
30
12π2
1/3
=1α˜+i, (7.14)
whereΓ(x)istheGammafunction.Formaly,thisemissionoflightbyapairofpumped
atomsmaybecaled‘laser’,especialygiventhefactthatone-atomcavitylasers[223]and
few-atomrandomlasers[114]werealreadydiscussedintheliterature.Itisverydiﬀerent
fromthecolectivelasermechanismleadingtoEqs.(7.12)and(7.13)andassociated
witheigenvectorsextendedoverthewholeatomicsystem. WhereasEqs.(7.12)and
(7.13)aregoodestimatesofthethresholdevenforasingleatomicconﬁguration,the
thresholdforlightemissionbyapairofatomsisexpectedtoﬂuctuatestronglyaround
itstypicalvaluegivenbyEq.(7.14)[seeFig.6.11(a)andEq.(6.147)].Inthefulvector
model,ﬂuctuationsareevenstrongerthanthosepredictedbyEq.(6.147),becausethe
spiralbranchesofthedistributionaresensitivetothevectornatureoflight:takinginto
accountthiscorrectionyieldsthedistribution(6.163)formin(ReΛ)(andthereforealso
forthethreshold),forwhichthevarianceisnotdeﬁned.Inaddition,thelightemission
isexpectedtobestronglyaﬀectedbyquantumeﬀectsthatwashoutthesharpthreshold
obtainedinthesemiclassicalframework,seesection3.5andFig.3.9.
Itisﬁnalyworthwhiletostressthatlasingduetosubradiantstatescannotbepre-
dictedfromthetheorybasedonthediﬀusionapproximationandleadingtoEq.(4.138).
Becausetheemissionofthesubradiantlaserisduetoonlytwoatoms,itremainstobe
seenifthisphenomenoncanbedetectedinanexperimentorifitwilbeoverwhelmed
bytheampliﬁedspontaneousemissionoftherestoftheatomiccloud.
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7.2 Behaviorbelowandabovethreshold
Inthissection,webrieﬂydiscussthespectrumoflightbelowthreshold(subsection7.2.1),
andthencalculatetheintensityoflaseremissionabovethresholdinthesemiclassical
approximation(subsections7.2.2,7.2.3and7.2.4).
7.2.1 Spectrumbelowthreshold
Ourgoalistocomputethespectrumoflight(3.6)emittedbyNincoherentlypumped
atomsdescribedbythequantumLangevinequations(7.1)and(7.2).Insection3.1,we
showedthataspectrumoftheform(3.6)canformalyberewrittenas(3.20),wherethe
matricesY(0),M andRdependonthespeciﬁcequationsofmotionofthesystemunder
study. Forequationsofmotion(7.1)and(7.2),weproposed,insection3.6,asimple
perturbativeschemethatalowedustoapproximatethespectrumby
S(ωL)= 2W1+W
N
n=1
Re cni[(ωL−ω0)/Γ0−A(W)ReΛn]+B(W)−A(W)ImΛn ,
(7.15)
whereΛnaretheeigenvaluesoftheGreen’smatrix(6.101),andA(W),B(W),andcnare
deﬁnedbysEqs.(3.105),(3.106),and(3.107),respectively.SinceEq.(7.15)wasderived
byneglectingﬁeldnonlinearities,itisassumedtobevalidbelowtherandomlasing
thresholdandformoderatedensitiesρλ30.Theresult(7.15)isconvenientlyrewrittenintermsoftheatomicpolarizabilityα˜(ωL)[Eq.(4.9)]as:
S(ωL)=21+ 1Πeq
N
n=1
Im cn1/˜α(ωL)−Λn , (7.16)
whereΠeqisthepopulationimbalanceintheabsenceofcouplingbetweenatoms[Eq.
(7.3)]. Theresult(7.16)isreminiscentofthescatteringmatrix(6.96)thatdescribes
scatteringoflightbyNatomswithpolarizabilityα˜(ωL).Thisisnotsurprisingbecause
bothEqs.(7.16)and(6.96)characterizethepropertiesofthescatteredlightinaregime
whereﬁeldnonlinearitiesareneglected. However,despitethesesimilarities,itisworth
notingthatEq.(7.16)describesquantuminelasticscatteringwhileEq.(6.96)features
classicalelasticscattering. Werecalthattheclassicalcounterpartofthespectrum(7.16)
emittedbyincoherentlypumpedatomsiszerointhestationaryregime(seesection3.6),
whilethenon-vansihingquantumcontributiontothespectrum(7.16)comesfromthe
termY(0)inEq.(3.96).
Expression(7.16)appliesforarbitraryspatialconﬁgurationoftheNatoms. Wenow
assumethatNislarge,andthatthepositionsrioftheNatomsarerandomlychosen
insideasphereofradiusR.InordertocomputetheaveragespectrumS(ωL),we
havetoevaluatethecoeﬃcientscnthatappearinEq.(7.16)andaredeﬁnedbyEq.
(3.107). Werecalthatthelatterdonotcontainanyinformationabouttheinteraction
betweenatoms,butrathercomefromthefactthatlightsignalismeasuredinthefar-ﬁeld
(seesection3.1).Besides,wenumericalycheckedthatcoeﬃcientscnareself-averaging
quantitiesinthelimitN 1:cn c.Therefore,weproposetofocusourattentionon
thefolowingnormalizedspectrum,averagedoverdisorder:
s(ωL)= S(ωL)N c . (7.17)
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Figure7.4:Analyticpredictionforthenormalizedaveragespectrum(7.17)emittedby
Nincoherentlypumpedatoms(W =0.1),randomlydistributedinasphere(k0R=10).
ResultsfolowingfromEqs.(7.18)and(7.20)atdiﬀerentdensitiesρλ30=10,20and30(solidlines)arecomparedwiththespectrumintheabsenceofcouplingbetweenatoms
(dashedline).
AccordingtoEq.(7.16),itisgivenby
s(ωL)=2 1+ 1Πeq Im
1
N
N
n=1
1
1/˜α(ωL)−Λn
=2 1+ 1Πeq Img
1
α˜(ωL), (7.18)
whereg(z)istheresolvent(6.2)oftheGreen’smatrix(6.101).If1/˜α(ωL)belongstothe
non-holomorphicdomainDoftheresolventg(z),thelatterissolutionofEqs.(6.38)and
(6.39);otherwise,g(z)canbefoundfromEq.(6.40).Atmoderatedensitiesρλ30,theseequationsreduceto[seeEq.(6.172)]
g(z)=z
∗−2γg(z)∗h(−iκ[g(z)]R−ik0R)∗
2γh(2Imκ[g(z)]R) (z∈D), (7.19)
g(z)= 1z−2γg(z)h(−iκ[g(z)]R−ik0R) (z/∈D), (7.20)
wherethefunctionsκ(g)andh(x)aredeﬁnedbyEqs.(6.112)and(6.115),respectively.
Solutionsg(z)ofEqs.(7.19)and(7.20)areequalontheborderlinez∈δDofthe
eigenvaluedomainoftheGreen’smatrix.Sinceontheonehand,Eq.(7.18)represents
thespectrumoflightbelowtherandomlaserthresholdonly,andontheotherhand,the
condition1/˜α(ωL)∈Dreferstotheregimeabovethreshold,Eq.(7.18)canrigorously
beusedtoevaluatethespectrumonlyintherangeofparameterswhere1/˜α(ωL)/∈D.
Fortheincoherentpumpmodel(4.9),lasingmayoccuratsomefrequencyωLifboth
thepumpingrateW andtheon-resonanceopticalthicknessb0aresuﬃcientlylarge:
W > 1andb0 35(seesection7.1.2). Wecomputethespectrum(7.18)forW < 1,
ensuringthatlasingneverstarts,whateverthedensityofatoms.Usingtheholomorphic
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solutiong[1/˜α(ωL)]ofEq.(7.20),weﬁndthatthespectrum(7.18)dependsonthedensity
ρλ30butnotonb0,ifthesystemsizeislargeenough(k0R 10). ThisissomewhatsurprisingforthespectralextentoftheeigenvaluedistributionoftheGreen’smatrix
dependsonb0only[seeEq.(6.117)].Infact,theeigenvalueswithlargerealparts|ReΛn|
alsohavesmalimaginaryparts|ImΛn|,andthereforegiverisetoLorentziancomponents
inthespectrum(7.15)thathavesmalspectralweights. Notealsothatthespectrum
emittedbyNuncoupledatomsisrecoveredifweapproximateg(z)inEq.(7.20)by1/z.
Figure7.4showsthattheexactsolutiondiﬀersnotablyfromthisnon-interactingcasefor
ρλ30 1.Theblue-detuningofthemaximumofs(ωL)isreminiscentoftheasymmetryofthemarginalprobabilitydensityofReΛ[seeFig.6.15],thatrepresentstheprobability
distributionofthe‘colectiveLambshift’[75,83,88,90].
7.2.2 Non-lineardynamicsoflaseremissionandrateequations
Letusnowstudythedynamicsoflaseremissionslightlyabovethreshold.Thequestions
thatwewouldliketoaddressare: Whatistheintensityoflaseremissioninthestationary
regime?Howmanymodesofthe‘passive’cavitycancoexistabovethreshold?Toanswer
thesequestionsinthelimitN 1,itissuﬃcienttolimitourselvestothesemiclassical
picture,inwhichquantumoperatorsarereplacedbytheirquantumexpectationvalues.
OurstartingpointisthereforethesetofEqs.(7.5)and(7.6). Thesimplestintensity
signalthatwecancomputeisthesquaremodulusofthesmoothedelectricﬁeld(4.32).
Intheabsenceofexternalcavity,thelatteriswelapproximated,inthetime-domain,
by(seesection2.4.1fordetails):
Ω+s(ri,t)=−
N
j=i
Gij(ω0)S−j(t). (7.21)
Inthefolowing,wewilusevectornotationsΩ={Ω+s(ri,),...,Ω+s(rN,)},andS=(S−1,...,S−N),sothatEq.(7.21)readsΩ=−G(ω0)S.
Inthevicinityofthreshold,populationimbalancesΠicanbeadiabaticalyeliminated
fromEqs.(7.5)and(7.6)becausethedipoles(andthereforetheﬁeld)evolveslowly
withrespecttoΠi.Indeed,slightlybelowthreshold,S−(t)∼e−Γ0(1+Imλ)t/2,wherethe
eigenvalueλofthematrix(7.9)satisﬁesImλ −1(bydeﬁnitionofthethreshold),while
Πi(t)∼e−Γ0(1+Wi)t.Thelowest-ordernon-linearapproximationofEqs.(7.5)and(7.6)
isthenfoundbyapplyingastandarditerativeprocedure[23]
Π(0)i (t)=Πeqi,S(0)−i (t)=S−i(0)e−iω0t → S(1)−i (t)→ Π(1)i (t)→ S(2)−i (t),(7.22)
meaningthatateachstepofthecalculation,thesolutionΠ(j)i(t)orS(j)i (t)isfoundbyinsertingsolutionsfoundatthepreviousstepintoEqs.(7.5)and(7.6).
TheresultingequationfortheﬁeldΩ(t)=−G(ω0)S(2)(t)is
dΩ
dt=− i
ω0
Γ0+G(ω0)A−G(ω0)C|Ω|
2 +G(ω0)BG(ω0)−1 Ω, (7.23)
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whereweintroducedN×Ndiagonalmatrices
A=12diag
Wi−1
Wi+1 , (7.24)
B=12diag(Wi+1), (7.25)
C=diag Wi−1(Wi+1)3 , (7.26)
|Ω|2=diag[|Ωi|2]. (7.27)
NotethattheeigenvectorsofthelinearkernelofEq.(7.23)coincidewiththeright
eigenvectorsRkoftheGreen’smatrixG(ω0)thatplaytheroleofeigenmodesofthe
‘coldcavity’onlyifthepumpisuniform:Wi=W.
Restrictingfurtherconsiderationtothelattercase(Wi=W),weexpresstheﬁeld
inthebasisofrighteigenvectorsRkofG(ω0),Ω(t)= Nn=1bk(t)Rk.SinceG(ω0)isasymmetricmatrix,lefteigenvectorsareLk=R∗k. Theeigenvectorscanbenormalizedtosatisfy
Lk|Rn =
N
i=1
RikRin=δkn, (7.28)
whereRik= ri|Rk arethecomponentsofRn. MultiplyingthecomponentiofEq.(7.23)byRikandsummingoveri,weobtain
dbk
dt=− i
ω0
Γ0+AΛk +B bk+iCΛkm,n,l
αmnlkbmb∗nbl, (7.29)
whereαmnlk= Ni=1RikRimRi∗nRil,andA,BandCaretheelementsofmatricesdeﬁnedabove(wekeepthesamenotationforsimplicity). Wenowintroducetheansatzbk(t)=
ak(t)e−iωkt,where‘envelopes’ak(t)areweaklytimedependent[23].Inotherwords,the
ﬁeldisdecomposedas
Ω(t)=
N
k=1
ak(t)e−iωktRk with 1ak
dak
dt ωk. (7.30)
IfwemultiplyEq.(7.29)byb∗k,thelasttermofther.h.s.oftheresultingequationisproportionalto
m,n,l
αmnlkbmb∗nblb∗k=
m,n,l
αmnlkama∗nala∗ke−i(ωm−ωn+ωl−ωk)t. (7.31)
Inthissum,termsthatareweaklytime-dependentcorrespondtothreediﬀerentcombi-
nations:
(1)ωm=ωn and ωl=ωk,
(2)ωm=ωk and ωn=ωl,
(3)ωm+ωl=ωn+ωk.
Thecase(3)represents‘phaselocking’thatcanplayanimportantroleinstandardlasers
whereafewmodescancoexist[23].Suchaneﬀectmayalsooccurinarandomlaser,
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butwewilnotconsideredithere,i.e.wewilconﬁneouranalysistoafree-running
situationwherephasesoftheoscilationsareuncoupled.Hence,wemultiplyEq.(7.29)
byb∗kRk|Rk,andkeep,inthesum(7.31),thetermsoftypes(1)and(2)only. Theimaginarypartoftheresultingequationgiveslaserfrequenciesofmodesk:
ωk=ω0+Γ0AReΛk−2Γ0C
n
Re(Λkηnk)In, (7.32)
whiletherealpartyieldsrateequationsformodeintensitiesIk=|ak|2Rk|Rk:
dIk
dt=−2κkIk+ n
WnkInIk, (7.33)
where
κk=Γ02 W +1−
W −1
W +1ImΛk , (7.34)
Wnk=−4Γ0 W −1(W +1)3Im(Λkηnk), (7.35)
ηnk=
N
i=1(Rik)2|Rin|2
N
i=1|Rin|2
. (7.36)
Thethresholdforthemodekisgivenbytheconditionκk=0[werecoverEq.(7.10)]and
dependsonlyontheeigenvalueΛk,whereasthemodecompetitionabovethethreshold
involvestheoverlapofeigenvectorsηnk.Itisworthnotingthatalthoughrateequations
similartoEq.(7.33)appearedinpreviousworksonrandomlasers[21,36,40,220],
lossratesκkandnonlinearcouplingsWnkweremostoftenassumedtofolowfromad
hocrandommatrixmodels[36–38],exceptinone-dimensionalsystemswheretheycould
becalculatedwithareasonableeﬀort[40]. We,incontrast,provideexplicitgeneral
expressionsforthesequantitiesandshowthattheyaredeterminedbytheeigenvalues
ΛkandeigenvectorsRkoftherandomGreen’smatrix.Thelinkbetweenκk,Wnkand
Λk,Rkisindependentofthegeometryordimensionalityoftheproblem.
7.2.3 Stationarysolutions
Letusnowanalyzethestationarysolutionsofrateequations(7.33).InEq.(7.33),the
sumovernrunsfrom1toNL,whereNListhenumberoflasingmodesthathasto
befoundself-consistently,requiringthatalintensitiesIk(k=1,...,NL)arepositive.
Beforestudyingthegeneralcaseofmultimodelasing,itisinstructivetoconsiderthe
single-modesituation,whereonlyonemodek1isexcited(NL=1).Then,thesolution
ofEq.(7.33)is
Ik1= 1ηk1k1
(W +1)2
4 1−
ym
ImΛk1 , (7.37)
ym=(W +1)
2
W −1, (7.38)
whereweassumedthatηk1k1isrealandpositive(seebelowforexplanation).Thesolution(7.37)exists(Ik1>0)providedthatImΛk1exceedsymandW>1.IntensityIkisgreaterwhenthemodeisdelocalized(largeηk1k1),orwhenImΛk1isfarbeyondthethreshold
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ym (largeImΛk1−ym).Asweshalnowdiscuss,thissimplepictureisstronglymodiﬁedinthemultimodesituation,whereseveralmodescompeteforgain.
InthelargeNlimit,wenumericalycheckedthatcoeﬃcientsηnkareself-averaging
quantitieswithnegligiblysmalﬂuctuationsaroundtheirmeansηnk.Inaddition,atlow
atomicdensityρλ30 10,RikbehavealmostasindependentGaussianrandomvariables(seeFig.6.20)andthus
ηnk 1N(1+2δnk). (7.39)
ReplacingηnkinEq.(7.33)by(7.39),wecanexpressthestationarysolutionsformode
intensitiesintermsoftheinverseoftheNL×NLmatrixη(withmatrixelementsηnk):
η−1nk=
N
2
NL+1
NL+2δnk−
N
2
1
NL+2(1−δnk). (7.40)
Thisyields:
Ik=N(W +1)
2
4
1
NL+2−
ym
2
1
ImΛk−
1
NL+2
NL
n=1
1
ImΛn , (7.41)
wherethenumberNLoflasingmodesisstilunknown.
Adaptingstandardanalysisofmodecompetition[23,36,39],weintroduce
y0=min{k=1,..,NL}(ImΛk), (7.42)
thatcorrespondstothelessfavorablelasingmode,i.e.theonethathaszerointensity.
AccordingtoEq.(7.41),y0isgivenby
1
y0=
1
NL+2
2
ym +
NL
n=1
1
ImΛn . (7.43)
Besides,thenumberNLoflasingmodescanformalybewrittenas
NL=
N
k=1
∞
y0
dyδ(y−ImΛk). (7.44)
Ourgoalistocomputetheintensityofthesmoothedﬁeld,
I=
N
i=1
|Ωi|2=
N
i=1
NL
k=1
NL
n=1
a∗kane−i(ωn−ωk)tRi∗kRin
N
i=1
NL
k=1
|ak|2Ri∗kRik=
NL
k=1
|ak|2Rk|Rk
NL
k=1
Ik. (7.45)
Forthispurpose,weuseEq.(7.43)toreduceEq.(7.41)to
Ik=N(W +1)
2
8 ym
1
y0−
1
ImΛk . (7.46)
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CombiningEqs.(7.43),(7.45)and(7.46),weﬁnalyobtainasimpleexpressionforthe
intensity:
I=N(W +1)
2
4 1−
ym
y0 . (7.47)
ThefactthatIisproportionaltoy0−ym issomewhatsurprisinginasmuchasmodes
withImΛk<y0donotparticipateinthelasingprocess.Inthissense,wecouldhave
expectedI∝max(ImΛk)−y0. Notealsothaty0isnotequaltoym evenforNL=1.
Indeed,itispossibletorecoverEq.(7.37)fromEqs.(7.43)and(7.47),withηk1k1=3/N.Equations(7.43),(7.44)and(7.47)applyforanyrealizationoftheGreen’smatrix,
i.e.foranyspatialconﬁgurationoftheNatoms.Coupledequations(7.43)and(7.44)
canbesolvediterativelytoﬁndy0andthereforetheintensity(7.47).Inthenextsection,
wecalculatetheaverageintensity IandtheaveragenumberNL oflasingmodeswith
thehelpofouranalytictheoryfortheeigenvaluedensityp(Λ)oftheGreen’smatrix
(chapter6).
7.2.4 Statisticaltreatment
WeaverageEqs.(7.43),(7.44)and(7.47)overalpossibleconﬁgurationsof Natomsin
spaceandapproximate1/y0 by1/y0 (thisisreasonablesincey0hassmalﬂuctuations
arounditsmean):
1
y0
1
NL +2
2
ym +N
∞
y0
dImΛp(ImΛ)ImΛ , (7.48)
NL N
∞
y0
dImΛp(ImΛ), (7.49)
I N(W +1)
2
4 1−
ym
y0 . (7.50)
Tosolvetheseequations,weneedamodelforp(ImΛ),themarginaldistributionofthe
imaginarypartoftheeigenvaluesoftheGreen’smatrix.Fromhereon,weassumethat
theN atomsarerandomlydistributedinasphereofradiusR,atamoderatedensity
ρλ30 10.Fromtheanalysisofsection6.5,weknowthatp(ImΛ)vanishesforImΛ=yM,withyM solutionof[seeEq.(6.117)]
y2M =38b0h −
b0
2yM , (7.51)
whereh(x)isgivenbyEq.(6.115).Inaddition,p(ImΛ)∝1/(ImΛ+1)forImΛ<yM
[seeFigs.6.18and6.19];and,bydeﬁnitionofG(ω0)[Eq.(6.101)],ImΛ=0.Thelatter
propertiescombinedwiththenormalizationconditionofp(ImΛ)yield
p(ImΛ) 1(yM +1)(ImΛ+1) for −1+(yM +1)e
−(yM+1)<ImΛ<yM, (7.52)
andp(ImΛ)=0elsewhere. HereweassumedthatyM 1,whichissatisﬁedbecause
lasingoccursforyM > y0 >ym ≥8[seeEq.(7.38)].Inserting(7.52)intoEqs.(7.48)
and(7.49),weﬁndthaty0 issolutionof
1
y0 =
1
Nln yM+1y0+1 +2(1+yM)
2(1+yM)
ym +Nln
yM
y0 −Nln
yM +1
y0 +1 .
(7.53)
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Solvingthisequationalowstoﬁndthenumberoflasingmodes
NL = N1+yMln
yM +1
y0 +1 , (7.54)
aswelastheaverageintensity(7.50).AgoodapproximationofEq.(7.53)isfoundin
thelimitN→∞,wherewehaveyM − y0 1.Expandingthelogarithmsinseriesin
Eq.(7.53),weobtain2
y02
yM −2
(yM +1)2
Nym +1 y0 +
2
N(yM +1)
2=0. (7.55)
InthelimitN→∞,thesolutionofEq.(7.55)reads:
y0 =yM 1− 2(yM +1)
2
N
1
ym −
1
yM +O
1
N , (7.56)
Hence,foragivenopticalthicknessb0 1,yM− y0 scalesas1/
√N,meaningthatthe
fractionoflasingmodes,NL/N,vanishesinthelimitN→ ∞.Theintensityandthe
numberofmodesare
I=N(W +1)
2
4 1−
ym
yM +O
√N , (7.57)
NL =
√2N yMyM +1
1
ym −
1
yM +O(1), (7.58)
whereym andyM aregivenbyEqs.(7.38)and(7.51),respectively.Theseresultscanbe
comparedwiththeintensityI0 andthenumberoflasingmodesN0L thatwewouldhavefoundintheabsenceofmodecompetition,whenal modeswithImΛk>y0=ym
participateinthelasingprocess. Repeatingthereasoningoftheprevioussectionwith
ηnk=cδnk/Ninsteadof(7.39)yields
I0 =N
2
c
(W +1)2
4
yM −ym
yM +1 1−
ym
yM , (7.59)
N0L =NyM −ym(yM +1)2. (7.60)
Thescalingof IandI0 withNcanbequalitativelyunderstoodbyexpressingthe
totalintensityasaproductofthenumberoflasingmodesandtheintensityofatypical
mode(yM −y0)/η(η∼1/N):
I∼ NL yM −y0η with
NL
N ∼yM −y0, (7.61)
I0 ∼ N0L yM −y0η with
N0L
N ∼yM −y0. (7.62)
While yM −y0∼1intheabsenceofmodecompetition(y0=ym),yM −y0∼1/
√N
whenthemodescouplebetweenthem.
2Eq.(7.55)canalsobederivedfromEq.(7.49)withp(ImΛ) 1/(yM +1)2fory0 <ImΛ<yM.
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Figure7.5: NumericalcalculationoftheintensityI(t)= Ni=1|Ωi(t)|2folowingfromEqs.(7.5),(7.6)and(7.21),foratypicalrandomconﬁgurationofN=103atomsdis-
tributedinasphereofradiusR;b0=6N/(k0R)2=40.ThepumpingrateW isvaried
from2to5.5.
Inordertotestthevalidityoftheresult(7.57),wesolvednumericalythe2Nequa-
tions(7.5)and(7.6)withN=103andb0=40,fordiﬀerentvaluesofthepumpW,and10
randomconﬁgurationsoftheNatoms.TheresultfortheintensityI(t)= Ni=1|Ωi(t)|2[Ωi(t)isdeﬁnedbyEq.(7.21)]ofatypicalconﬁgurationisshowninFig. 7.5. For
W 2,thenumberoflasingmodesincreaseswiththepumpingrate. Asaresult,the
meanintensityinthestationaryregimeincreases,andtheproﬁleofI(t)eventualybe-
comeschaoticifthenumberoflasingmodesislargeenough.Fig.7.6(a)showsthatour
analyticsolution(7.57)isingoodagreementwiththenumericalsolutionofEqs.(7.5)
and(7.6)averagedover10randomconﬁgurationsofatoms. WealsoilustrateinFig.
7.6(b)howthenumberoflasingmodes(7.58)evolveswithW andb0. NotethatNL
isalwaysboundedfromaboveby√N/2,avaluethatisreachedforW =3inthelimit
b0→∞.
AninterestingfeatureoflasinginacloudofcoldatomsilustratedbyFigs.7.5and
7.6isthehaltoflasingattoostrongpumps.Thiscanbeeasilyunderstoodbynoting
thatrandomlasingrequiresbothampliﬁcationandscatteringtobesuﬃcientlystrong,
andthatbothoftheseimportantingredientsareprovidedbythesameatoms. Atlow
pump[W 2inFigs.7.5and7.6(b)],thescatteringisstrong,buttheampliﬁcation
isnotenoughtolase.Incontrast,whenthepumpisstrong(W 5),thescattering
strengthdecreasesbecausetheatomictransitionstartstobesaturated,andlasingstops.
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Figure7.6:(a)Theaveragestationaryintensity I atb0=40obtainedfromthenu-
mericalsolutionofEqs.(7.5)and(7.6)forN=103(ρλ30=32.23)afteraveragingover10randomconﬁgurationsofatoms(symbols).ForeachconﬁgurationandeachW,we
averagedthenumericalsolutionI(t)overt=(200–250)Γ−10 (seeFig.7.5).Theanalyticsolution(7.57)isshownbythesolidline.ThedashedlinecorrespondstoyM =9.15in-
steadof8.93[thisvaluefolowsfromEq.(7.51)]forthesolidline.(b)Averagenumberof
lasingmodes(7.58),i.e.ofeigenvectorsRkofG(ω0)thathavenon-vanishingamplitudes
ak(t)intheexpansion(7.30)oftheﬁeldΩ,inthelong-timelimit.
7.3 Thresholdforpassivescatterersembeddedinanam-
plifying medium
7.3.1 Thresholdcondition
LetusnowconsiderlasinginanensembleofN passive(i.e.notpumped)scatterers
embeddedinanamplifyingmedium.AmpliﬁcationisdescribedbyapolarizationPain
thepropagationequationfortheelectricﬁeld:
∆r+ω
2L
c2 E(r,ωL)=−
ω2L
0c2[P(r,ωL)+Pa(r,ωL)], (7.63)
whereP(r,ωL)= NiDi(ωL)δ(r−ri)isthepolarizationduetotheNpassivescatterers[Eq.(2.5)]. Forsimplicity,weusethescalardescriptionoftheﬁeld. Asdiscussedin
section4.1,whenpopulationinversionintheamplifyingmediumisstationary,Eq.(7.63)
canberewrittenas
∆r+ω
2L
c2na(r,ωL)
2 E(r,ωL)=−ω
2L
0c2P(r,ωL), (7.64)
wherena(r,ωL)istherefractiveindexoftheamplifyingmedium.Ifthelatterismade
ofatomsofpolarizabilityαa,thelinearpolarizationisPa(r,ωL) 0ραa(r,ωL)E(r,ωL),
yielding
na(r,ωL)= 1+ραa(r,ωL). (7.65)
Eq.(7.65)isvalidifthesizeofthemediumissmalerthanthescatteringmeanfreepath
associatedwiththeamplifyingmedium,andfor|ραa| 1.Correctionstotheexpression
(7.65)canbeobtainedusingtheLorentz-Lorentzformula[49].Fromhereon,weassume
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thatthepumpisuniform,sothatampliﬁcationisentirelycharacterizedbytherefractive
index
na 1+iImna with Imna<0. (7.66)
Eq.(7.64)showsthattheN×N Green’s matrixthatcontrolsthelasingthreshold
condition(4.33)isnowgivenby
Ga(ω0)ij=(1−δij)exp(ik0na|ri−rj|)k0|ri−rj| . (7.67)
Inaddition,sincethepassiveatomsarenotpumptheirdimensionlesspolarizabilityα˜
satisﬁestheopticaltheorem(4.29).IntermsoftheeigenvaluesΛk(ω0,na)ofGa(ω0),the
lasingthreshold(4.33)becomes(ωL ω0):
ImΛk(ω0,na)=−1, (7.68)
meaningthatlasingstartswhenatleastoneoftheeigenvalueofGa(ω0)hasitsimaginary
partsmalerthan−1. Onaverage,thisoccurswhenthetwo-dimensionaldomainDΛ
occupiedbytheeigenvaluesofGa(ω0)crossesthelineImΛ=−1onthecomplexplane.
ThenextsectionisdevotedtothedeterminationofthedomainDΛ.
7.3.2 EigenvaluedistributionofanamplifyingGreen’s matrix
Theeigenvaluedistributionandtheeigenvectorcorrelatorofthenon-HermitianERM
(7.67)canbefoundbysolvingEqs.(6.34),(6.35),(6.40),and(6.41),withA=Ga(ω0).
Letusconcentrateonthelowdensityregimeρλ30 10,forwhichthereasoningofsection6.5.1.acanbeeasilyadapted.TracesappearinginEqs.(6.40)and(6.41)areexpressedin
the|r-representationaccordingtoEqs.(6.106)and(6.107),whereT(r,r)=ρr|ˆA|r =
ρexp(ik0na|r−r|)/k0|r−r|obeys
∆r+k20n2a T(r,r)=−4πρk0δ
(3)(r−r). (7.69)
Ontheotherhand,theunknownquantityS0(r,r)isthesolutionoftheintegralequation
(6.108).Applyingtheoperator∆r+k20n2atoEq.(6.108)andmakinguseofEq.(7.69),weobtain
∆rS0(r,r)+k20 n2a+gρλ
30
2π2ΠV(r)S0(r,r)=−
4πρ
k0δ
(3)(r−r), (7.70)
whereΠV(r)=1forr∈Vand0elsewhere.Atlowdensities,anapproximatesolution
ofthisequationis
S0(r,r) ρexp[iκa(g)|r−r|]k0|r−r| , (7.71)
κa(g)=k0 n2a+gρλ
30
2π2. (7.72)
Then,weinserttheexplicitexpressionsforT(r,r)andS0(r,r)intoEqs.(6.106)and
(6.107)andassumethatthevolumeVisasphereofradiusR,sothatEqs.(6.40)and
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Figure7.7: DensityplotsofthelogarithmofeigenvaluedensityoftheN×Nrandom
Green’smatrix(7.67)obtainedbynumericaldiagonalizationof100realizationsofthe
matrixforN =103,ρλ30=5(k0R=22.79),Imna=−0.02(leftpanel)andImna=−0.057(rightpanel).PointsriarerandomlychoseninsideasphereofradiusR. The
solidredlinerepresentstheborderlineofthesupportofeigenvaluedensityfolowingfrom
Eq.(7.78)[orequivalently,fromEq.(7.80)];b0=6N/(k0R)2andba=−4k0RImna.The
dashedwhitelinerepresentstheborderlineintheabsenceofampliﬁcation(Imna=0).
ThehorizontallineIm=−1correspondstothelaserthreshold,andthehatcheddomain
indicatesthepartofthecomplexplanewhereeigenvaluesΛparticipateinthelasing
process.
(6.41)fortheborderlinez∈δDofthesupportofeigenvaluesbecome
z=1g+2γgh[−iκa(g)R−ik0naR], (7.73)
1
|g|2=2γh[2Imκa(g)R], (7.74)
whereγandh(x)aregivenbyEqs.(6.105)and(6.115),respectively;z∈δDisfound
uponeliminationofg.Inaddition,anexplicitequationfortheresolventg(z)withz∈D
folowsfromEq.(6.170):
g(z)=z
∗−2γgh[iκa(g)∗R+ik0n∗aR]
2γh[2Imκa(g)R] , (7.75)
alowingtosolvefortheeigenvaluedistributionp(Λ)withthehelpofEq.(6.3).Finaly,
thesecondmomentof|Λ|evaluatedfromEq.(6.50)reads
|Λ|2 Tr(TˆTˆ
†)
2N =γh(2k0RImna). (7.76)
Notethath(x)isamonotonicalydecayingfunctionthatobeysh(0)=1,andexponen-
tialydivergesforx<0,meaningthatthesecondmoment|Λ|2 growsrapidlywhen
increasingtheampliﬁcationparameterImna<0.
Atlowdensities,anaccurateapproximationofEqs.(7.73)and(7.74)isobtainedby
replacinggby1/z.Thisleadstoaborderlineequation
|Λ|2=2γh[2Imκa(1/Λ)R], (7.77)
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Figure7.8:SameasFig.7.8butforImna=−0.1.Therightpanelpresentsazoomof
thedensityplotoftheleftpanel.Itshowsthatmostoftheeigenvaluesareconcentrated
nearΛ=0andinthevicinityofthe‘subradiantbranch’.
thatcanbefurthersimpliﬁedinto
|Λ|2=2γh 2k0RImna−8γImΛ3|Λ|2 , (7.78)
whereweassumedρλ30 1andImna 1. Despitetheseassumptions,theborder-linefolowingfromEq.(7.78)isalmostundistinguishablefromtheoneinferredfrom
Eqs.(7.73)and(7.74)intheregimeρλ30 10wheretheseanalyticalpredictionsarealsoinagreementwithnumericalsimulations. Asexpected,Eq.(7.78)reducestothe
borderlineequation(6.117)oftheGreen’smatrixG(ω0)forImna=0.
InFigs.7.7and7.8,wecomparethesolutionofEq.(7.78)withresultsofnumerical
diagonalizationoftheN×Nmatrix(7.67)forN=103,ρλ30=5(k0R=22.79),andnagivenbyEq.(7.66)withImna=−0.02,−0.057,and−0.1. Whentheampliﬁcation
|Imna|isincreased,theeigenvaluedomaingrowsinsize.ItdeformsnearΛ=0for
smalvaluesofk0R|Imna|(Fig. 7.7),andbecomesacircle|Λ|2=2γh(2k0RImna)
(=2|Λ|2)inthelimitk0R|Imna| 1(Fig.7.8).NotethatthesubradiantbranchΛ=
−Ga(ω0)12,thatplayedtheroleofan‘escapechannel’forthe‘gas’ofeigenvaluesinthe
caseImna=0(seesections6.5.2and7.1.3),stilpreferentialyattractstheeigenvalues
inthecaseImna<0,despitethefactthattheborderlineδDofthebulkgoesbeyond
−min[Ga(ω0)12](seetherightpanelofFig.7.8).
Physicalimplicationsrelativetothelasingthresholdarebrieﬂyinvestigatedinthe
nextsection.
7.3.3 Predictionforthelasingthreshold
InordertodiscusstherandomlasingthresholdfolowingfromEq.(7.78),itisconvenient
tointroducethelineargainlengthlg.Thelatterisdeﬁnedasthepathlengthoverwhich
lightintensityisampliﬁedbyafactore(providedthatpurelygeometricalattenuation
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oftheintensityisdisregarded):
lg= −12k0Imna. (7.79)
Byanalogywiththeon-resonanceopticalthicknessb0=2R/l0,wealsodeﬁnea‘gain
thickness’ba=2R/lg.Intermsofb0andba,theborderlineequation(7.78)reads:
|Λ|2=38b0h −
ba
2−
b0
2
ImΛ
|Λ|2 . (7.80)
Aswedidinsection6.5.1.bforthefree-spaceGreen’s matrix,wecancomparethe
borderlineequation(7.80)withtheoneobtainedinthediﬀusionapproximation. When
scatterersareembeddedinacontinuousamplifyingmedium,thediﬀusionequationfor
theaverageintensityisstilofthegenericform(4.131),withD=vl0/3|˜α(ωL)|2,and
Q=v[|˜α(ωL)|2/l0−Im˜α(ωL)/l0+1/lg][seeEq.(4.121)].Thedimensionlesspolarizability
α˜(ωL)ofthescattererscanbearbitrary;inparticular,wedonotassumeatthisstage
thatthescatterersarenotpumped.Thethresholdcondition(4.135)becomes
√3
2πb0|˜α(ωL)| |˜α(ωL)|2−Im˜α(ωL)+
ba
b0 1+
1
1+3b0|˜α(ωL)|2/4 =1, (7.81)
whereba/b0=−4π2Imna/ρλ30.Asweexplainedinsection6.5.1.b,thediﬀusivepredictionfortheborderlineδDoftheeigenvaluedomainfolowsbyreplacingα˜(ωL)by1/Λin
Eq.(7.81):
|Λ|2=
√3
2π 1+ImΛ+
ba
b0|Λ|
2 1+ |Λ|
2
|Λ|2+3b0/4 . (7.82)
Forpassivescatters,lasingstartswhenthecondition(7.68)isobeyed.Sinceinthe
absenceofpump,aleigenvaluesofGa(ω0)satisfyImΛk>−1,lasingistriggeredby
theeigenvalueofGa(ω0)thathasthesmalestimaginarypart.Onaverage,lasingstarts
whentheborderlineδDcrossesthelineImΛ=−1. Furthermore,theinverseofthe
polarizabilityofpassivescatterersis1/˜α=2δL−i,whereδL=(ω0−ωL)/Γ0[see,e.g.,
Eq.(4.9)forWi=0andsi=0],sothatthelasingfrequencyωL=ω0−Γ0δLcanbe
deducedfromtheabscissa2δLoftheintersectionpointofδDwiththelineImΛ=−1.In
Fig.7.9,wecomparetheborderlineinferredfromEq.(7.80)(solidline)withthediﬀusive
prediction(7.82)(dashedline)intheregimeofrelativelylargeopticalthicknessb0 1.
IfEq.(7.80)givesabetterglobalestimateofthedomainoccupiedbytheeigenvaluesof
Ga(ω0)onthecomplexplane(leftpannel),Eq.(7.82)isundoubtedlymoreaccuratethan
Eq.(7.80)asfarasfarasthe‘bottom’ofthedistributionisconcerned(rightpannel).
ThisdemonstratesthatEq.(7.82)shouldyieldafairlygoodpredictionforthelasing
threshold,aslongasb0 1andρλ30 10. Atthetimeofwritingthisthesis,wearetryingtoobtainabetterapproximationofEqs.(6.40)and(6.41)than(7.80)thatcould
beasgoodas(7.82)todescribethebottomoftheeigenvaluedistributionofGa(ω0).
FurtherworkisalsoneededtoinvestigatetheeigenvaluedistributionofGa(ω0)inthe
regimeofhighdensityρλ30>10.PreliminaryresultspresentedabovedemonstratethatourEuclideanmatrixapproach
isweladaptedtocalculatetherandomlasingthreshold,notonlyformodelswhere
scatteringandgainareduetothesameatoms(section7.1),butalsoforsystemswhere
gainandscatteringareindependent.Interestingly,thenatureofthelasingmodesin
thelattercaseisradicalydiﬀerentfromthoseintheformerone. Whilelasingwas
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Figure7.9:EigenvaluesoftheN×NrandomGreen’smatrix(7.67)obtainedbynumerical
diagonalizationofthematrixforN=104,ρλ30=1(k0R=83.98)andImna=−0.005.PointsriarerandomlychoseninsideasphereofradiusR.Thesolidredlinerepresents
theborderlineofthesupportofeigenvaluedensityfolowingfromEq.(7.80).Thedashed
lineshowstheborderlinefolowingfromthediﬀusionequationinanamplifyingmedium
[Eq.(7.82)].
triggeredbytheeigenvaluesoftheGreen’smatrixG(ω0)withthelargestimaginarypart
ImΛforboththeincoherentgainandthecoherentMolowgain(section7.1),itisnow
controledbytheeigenvaluesofGa(ω0)thathavethesmalestImΛ.Inthissense,the
situationwheregainandscatteringareindependentismuchmoreintuitivebecausethe
ﬁrstlasingmodesarethosethathavethesmalestdecayratesintheabsenceofpump.
Lasingmodesmayalsodiﬀerbytheirdegreeofspatiallocalization.Indeed,contrary
tothemodeswithlargeImΛ,eigenvectorsofG(ω0)orGa(ω0)withsmalImΛmaybe
localizedoverasmalfractionoftheNpointsri(seeFig.6.20).Aswesawinsection
7.2,thiscanhaveimportantconsequencesforthebehavioroftherandomlaserabove
threshold.
7.4 Conclusionandperspectives
Inthischapter,weappliedournon-HermitianEuclideanrandommatrixtheorytothe
problemofrandomlasing.Italowedustoﬁndthelasingthresholdwithoutrelyingonthe
diﬀusionapproximationortransporttheory. Wepredicted,forexample,thepossibility
ofrandomlasinginacloudofcoldatomsforon-resonanceopticalthicknessexceeding35
forthree-and110fortwo-levelatoms(‘Molowlaser’).Inaddition,microscopicquantum
equations(7.1)and(7.2)forthedynamicsofatomicoperatorsinfreespacealowedusto
expressthespectrumoflightbelowthreshold,aswelastheintensityoflaseremission
beyondthreshold,intermsofthepropertiesoftheGreen’smatrix.Inparticular,we
obtainedtherateequationsforthelasingmodeswithoutinvokingaphenomenological
‘bath’asinthestandardlasertheory[23],andwithoutusingtheFeshbachprojection
techniquepromotedbyHackenbroichandcoworkers[24–27,36]. Ourequationshave
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theadvantageofbeingapplicableforanygeometryordimensionalityoftheproblem.
Performingastatisticalanalysis,weprovidedanalyticalexpressionsforthespectrum
belowthresholdthatisreminiscentoftheprobabilitydistributionofthe‘colectiveLamb
shift’,aswelasfortheaverageintensityandtheaveragenumberoflasingmodes. We
showedthatmodecompetitionplaysanimportantroleintherandomlaserandleadsto
thescalingofthenumberoflasingmodeswith√N(insteadofNintheabsenceofmode
competition),whereN isthenumberofatoms. Atthesametime,thelaserintensity
scaleswithN(insteadofN2).
Regardingrandomlaserswherescatteringandgainareduetothesameatoms,various
extensionsofthepreviousresultsmaybeconsidered. Weshowedthatlasingiscontroled,
inthecaseofuniformpump,bythemodesoftheGreen’smatrixthathavethelargest
imaginarypart.Itwouldbeinterestingtocharacterizethenatureofthesemodes,thatare
delocalizedoverthewholesystem,intermsoftransportordynamicproperties,andthus
tocomparethemtoothertypesofpeculiarmodesthatmayoccurindisorderedorchaotic
systems(suchas,e.g.,necklacestatesorwhisperinggalerymodes).Anotherextension
wouldbetostudythefulprobabilitydistributionsoftheintensityandofthenumberof
lasingmodes,thatseemtobeaccessibleusingtheresultsofsection7.2.3togetherwiththe
marginaldistributionp(ImΛ).Finaly,amorechalengingproblemisthecharacterization
ofﬁrst-andsecond-ordercoherenceoftherandomlaserbeyondthreshold,takinginto
accountthequantumnatureofthelight-matterinteraction. Second-ordercoherence
maybestudiedbyconsideringtheintensity-intensitycorrelation I(t,r)I(t,r)orby
consideringthemode-spacingstatisticsoftheGreen’smatrix.
Lastbutnotleast,wealsohaveseenthatlasinginanensembleofpassivescatterers
embeddedinanamplifyingmatrixistriggeredbythemodesofthe‘amplifying’Green’s
matrix Ga(ω0)thathavethesmalestimaginarypart. Atsmalampliﬁcation,these
modesdonotdiﬀermuchfromthoseofG(ω0),meaningthattheyappearinapartof
theeigenvaluedistributionwherecancoexistverydiﬀerenttypesofstates:delocalized
states,stateslocalizedonsmalclustersofscatterers(theyarestatesthatbelongtothe
‘subradiantbranch’),andAnderson-localizedstates.Alofthemmayhaveanimpacton
thelasingprocess. WehopethatourEuclideanrandommatrixapproachwilhelp,in
thefuture,toclarifytherespectiveroleofthesediﬀerentstatesinthephysicsofrandom
lasers.
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Thisthesisisdevotedtothestudyofthepropertiesoflightemittedbyacolectionofatomicscatterers
distributedatrandompositionsinEuclideanspace. Inthisrespect,anabinitiotheoryofrandomlasingis
formulatedintermsofthestatisticalpropertiesoftheso-caled‘Green’smatrix’.Thismatrixbelongstothe
familyofEuclideanrandommatrices(ERMs),forwhichwedevelopananalytictheorygivingaccesstotheir
eigenvaluedistribution.
First,wederivequantummicroscopicequationsfortheelectricﬁeldandatomicoperators,andshowhowthe
non-HermitianGreen’smatrix(amatrixwithelementsequaltotheGreen’sfunctionoftheHemholtzequation
betweenpairsofatomsinthesystem)emergesinthequantumformalism. Weprovideexpressionsforthe
intensityandthespectrumoflightintermsoftheGreen’smatrix,characterizequantumLangevinforces,and
revealhowthesemiclassicalrandomlaserthresholdiswashedoutbyquantumﬂuctuations(chapters2and3).
Amesoscopicandsemiclassicaldescriptionoflightscatteredbypumpedatomsisthesubjectofchapter4.
Weprovideamicroscopicderivationofthetransportequationinthepresenceofgain,revealamappingto
ERMs,andanalyzethelasingthresholdinferredfromthetransportequation.
Inchapters5and6,wedevelopananalytictheoryforHermitianandnon-HermitianERMsinthelimit
oflargematrixsize. Weobtainself-consistentequationsfortheresolventandtheeigenvectorcorrelatorofan
arbitraryERMandapplyourresultstothreediﬀerentERMsrelevanttowavepropagationinrandommedia:
therandomGreen’smatrix,itsimaginarypart,anditsrealpart. Weareabletodescribeanalyticalywith
reasonableprecisionthefulprobabilitydistributionofdecayratesoflightemittedbyalargenumberofatoms,
aswelasofthecolectivefrequencyshiftinducedbythelight-matterinteraction.ThesignaturesofAnderson
localizationinthepropertiesoftheGreen’smatrixarealsodiscussed.
Finaly,wecombinemicroscopicequationsofmotionoflight-matterinteractionwithourresultsfornon-
HermitianERMstotackletheproblemofrandomlasing.Thelasingthresholdandtheintensityoflaseremission
arecalculatedanalyticalyinthesemiclassicalapproximation,andthespectrumoflightbelowthresholdis
computedbytakingintoaccountquantumeﬀects.Ourtheoryappliesfromlowtohighdensityofatoms.
Cetteth`esepr´esenteunee´tudedespropri´et´esdelalumi`eree´misepardesdiﬀuseursatomiquesdistribu´es
al´eatoirementdansl’espaceeuclidien.Danscecadre,uneth´eorieabinitiodeslasersal´eatoiresestformul´eeen
termedespropri´et´esstatistiquesdela‘matricedeGreen’.Cettederni`ereappartienta`lafamiledesmatrices
al´eatoireseuclidiennes(MAE)pourlesquelesnousd´evelopponsuneth´eorieanalytiquedonnantnotamment
acc`es`aladistributiondeprobabilit´edeleursvaleurspropres.
Dansunpremiertemps,nous´etablissonsles´equationsquantiquesmicroscopiquesr´egissantladynamiquedu
champ´electriqueainsiqueceledesop´erateursatomiques,etexplicitonscommentlamatricedeGreen(dont
lese´l´ementssonte´gauxa`lafonctiondeGreendel’´equationdeHelmholtze´valu´eeentrelesdiﬀ´erentespaires
d’atomesconstituantlemilieu)e´mergeduformalismequantique. Nousexprimonsa`lafoisl’intensit´eetle
spectredelalumi`ereentermesdelamatricedeGreen,caract´erisonslesforcesdeLangevinquantiques,et
montronsdequelemani`ereleseuilsemi-classiqued’unlaseral´eatoireestaﬀect´eparlapriseenconsid´eration
desﬂuctuationsquantiques(chapitres2et3).
Unedescriptionm´esoscopiqueetsemi-classiquedelalumi`erediﬀus´eepardesatomessoumisa`unepompe
externeestpr´esent´eedanslequatri`emechapitre.Nousd´erivonsune´equationdetransportob´eieparl’intensit´e
moyenneenpr´esencedegain,´etablissonsun‘mapping’aveclesMAE,etanalysonslaconditiondeseuillaser
d´eduitedel’´equationdetransport.
Dansleschapitres5et6,nousd´evelopponsuneth´eorieg´en´eraledesMAE,hermitiennesetnonhermitiennes,
validedanslalimitedegrandetailematriciele.Nousobtenonsdes´equationscoupl´eespourlar´esolvanteetle
corr´elateurdesvecteurpropresd’uneMAEarbitraire,puistestonslavalidit´edenosr´esultatssurtroismatrices
jouantunrˆoleimportantdansl’´etudedelapropagationdesondesenmilieuxd´esordonn´es:lamatricedeGreen,
sapartieimaginaire,etsapartier´eele.Noussommesainsicapablesded´ecrireanalytiquementavecunebonne
pr´ecisionladistributiondeprobabilit´edestauxd’´emissionlumineuxdusa`ungrandnombred’atomes,ainsi
queceledud´eplacementlumineuxcolectifdˆu`al’interactionlumi`ere-mati`ere.Lessignaturesdelalocalisation
d’Andersondanslespropri´et´esdelamatricedeGreensont´egalementdiscut´ees.
Finalement,nouscombinonsles´equationsmicroscopiquesdel’interactionlumi`ere-mati`ereavecnosr´esultats
relatifsauxMAEnon-hermitiennesaﬁndecaract´eriserdansled´etaillecomportementdeslasersal´eatoires.Le
seuillaserainsiquel’intensit´eaudel`aduseuilsontcalcul´esanalytiquementdansl’approximationsemi-classique,
etlespectredelalumi`eresousleseuileste´valu´eenprenantencompteleseﬀetsquantiques. Notreth´eorie
s’appliqueaussibien`abassedensit´equ’`ahautedensit´edediﬀuseursatomiques.
